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Photothermal single particle detection in theory & experiments
Universität Leipzig, Dissertation
226 S., 349 Lit., 122 Abb., 6 Tab., 1 Anhang
Referat
The dissertation presents theoretical and experimental studies on the physical origin of the signal in
photothermal microscopy of single particles. This noninvasive optical far field microscopy scheme
allows the imaging and detection of single absorbing nanoparticles. Based on a heat-induced pertur-
bation in the refractive index in the embedding medium of the nanoscopic absorber, a corresponding
probe beam modification is measured and quantified. The method is well established and has been
applied since its first demonstration in 2002 to the imaging and characterization of various absorbing
particle species, such as quantum dots, single molecules and nanoparticles of different shapes.
The extensive theoretical developments presented in this thesis provide the first quantitative assess-
ment of the signal and at the same time enlarge its phenomenology and thereby its potential. On
the basis of several approximation schemes to the Maxwell equations, which fundamentally gov-
ern the interaction of light with inhomogeneities, several complementing models are devised which
describe the photothermal signal both qualitatively and quantitatively. In succession an interdepen-
dent and self-consistent set of theoretical descriptions is given and allows important experimental
consequences to be drawn. In consequence, the photothermal signal is shown to correspond to the
action of a nanoscopic (thermal) lens, represented by the spherically symmetric refractive index pro-
file n(r) which accompanies the thermal expansion of the absorber’s environment. The achieved
quantification allows the direct measurement of absorption cross-sections of nanoparticles. Further,
a qualitatively new phenomenology of the signal is unraveled and experimentally demonstrated. The
separate roles of the probing and the heating beams in photothermal microscopy is dismantled and
the influence of their relative alignment shown to allow for a controlled adjustment of the effective
detection volume. For the first time, both positive and negative signals are demonstrated to occur and
to be the characteristic signature of the lens-like action on the probe beam. The detection of the probe
beam’s modification is also shown to sensitively depend on the aperture used in the detection chan-
nel, and a signal optimization is shown to be feasible. Also, a generalization of the detectable signal
via the use of a quadrant photodiode is achieved. Specifically, measuring the far field beam deflec-
tion the result of the beam passing the lens off-center manifests in a laterally split detection volume.
Hereby, finally each classical photothermal spectroscopic techniques has been shown to possess its
microscopic counterpart. Central to the understanding of this generalized and new phenomenology
is a scalar wave-optical model which draws an analogy between the scattering of a massive particle
wave-packet by a Coulomb potential and the deflection of a focused beam by a photonic potential
connected with the thermal lens.
The significance of the findings is demonstrated by its methodological implications on photother-
mal correlation spectroscopy in which the diffusion dynamics of absorbing colloidal particles can
be studied. The unique split focal detection volumes are shown to allow the sensitive measurement
of a deterministic velocity field. Finally, the method is supplemented by a newly introduced sta-




ACF auto correlation function
AOM acousto-optic modulator
Au aurum – gold
BA BORN approximation
BSC beam shape coefficient(s)
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E. Hecht, ”Optics”, Addison Wesley, 4th edition (2002):2
”In the most general terms, a lens is a refracting device (i.e. a discontinuity in the pre-
vailing medium) that reconfigures a transmitted energy distribution.”
C.F. Bohren and D.R. Huffman, ”Absorption and Scattering of Light by Small Particles”,
Wiley-VCH (1998):3
”Everything except a vacuum is heterogeneous in some sense. . . . . Therefore, all media
scatter light. In fact, many phenomena that are not usually referred to as scattering
phenomena are ultimately the result of scattering.”
In view of the recent interpretations of the actual speed of light originating from the interaction






THE understanding of processes and their dynamics in biology, soft- and condensed-matter physicshas experienced an enormous progress over the past few decades. These disciplines have bene-
fitted greatly from the growing insight into the underlying microscopic processes which were enabled
by the advent of techniques which probe length-scales that nowadays easily reach down to the single
molecule level. On the theoretical side, such length scales are studied by dedicated molecular dy-
namics simulations and provide a great deal of insight into nanoscopic heat-transfer, entropy fluxes or
polymer glass transition phenomena. On the experimental side, a wide range of standard techniques
have been developed which optically address the heterogeneous distribution of single molecules and
their local environments. While also many other non-optical experimental techniques, such as NMR
or EPR, are sensitive to the molecular structure of a given system, only a few of them are true local
and single measurements on length scales comparable to the molecular heterogeneities. Examples
are electron microscopy in all its variants, and atomic force spectroscopy. However, as standard tech-
niques which find broad applications in non-specialist communities, the optical approaches have been
especially successful.
To this end, single molecules have been used as reporter units which locally interact with their im-
mediate surrounding. These individual molecules may be addressed optically to yield a wealth of
information on themselves and their surrounding, provided the method is highly selective.6, 7 Only if
the photonic interaction with the light used for optical interrogation of the reporter molecule is vastly
different from the background of all the other molecule interactions, it will produce a readable signal
available for analysis. Such a selective interaction is provided by the excitation and fluorescence of
fluorophores in fluorescence microscopy. The light absorbed by the typically organic dye molecules
is efficiently reemitted as fluorescence light which is then detected by the microscope using appropri-
ate filters. Since optical techniques are limited in their ability to distinguish separate sources unless
they are apart by a certain distance of the order of half the wavelength, the reporter molecules need
to be spaced accordingly. This is easily achieved by adjusting the concentration of these reporter
molecules to a degree where statistically each detected signal corresponds to a single molecule only.
Single molecule video imaging in wide-field microscopy has provided the means to study many in-
dividual molecules simultaneously and thereby to probe many individual nano-environments. These
have been used to characterize heterogeneous polymer dynamics close to the glass-transition tem-
perature or to study single molecule hydrodynamics and their obedience to the mesoscopic (DEBYE-
)STOKES-EINSTEIN relation. Further extension such as FÖRSTER resonant energy transfer between
individual monitored dyes allowed the unraveling of folding of proteins and other macromolecular
dynamical processes. Fluorescence correlation spectroscopy (FCS,8–11) on the other hand can mea-
sure with high spatial resolution the dynamics in a small fraction of space using many molecules. In
FCS, the confocal detection volume of a few femtoliters (fL) serves as a sensitive and high-resolution
probe for the active or passive dynamics of fluorescent tracer molecules and allows the study of
heterogeneous environments by correlating time-traces of their fluorescence signal.
Now, apart from the many techniques which utilize the radiative interactions and emission of sin-
gle molecules, the energy which is absorbed by a molecule may also be released nonradiatively
via dissipative decay-channels. While such particles, characterized by low quantum yields, are un-
suitable for studies which rely on the analysis of the emissive properties, they allow for another
selective optical contrast mechanism nonetheless. The heat which is released via such processes af-
fects the temperature in the vicinity of the absorbing particle. Since the refractive index is typically
sensitive to the temperature, a corresponding perturbation of the embedding materials’ refractive
index accompanies the selective absorption of such molecules or nanoparticles. This perturbation
can serve as an optical contrast which again may be detected optically in standard microscopy se-
tups. The technique, called photothermal (PT) microscopy,12–16 rests on the optical probing of the
refractive index perturbation caused by absorption via a focused laser. This probing beam is cho-
sen such that it is not or only weakly absorbed, while the perturbation itself is generated by an-
other focused heating laser with a wavelength chosen for maximum absorption by the particle or
molecule. The type of nanoparticles accessible in PT detection range from differently shaped and
sized metal-nanoparticles,12, 13, 17, 18 semiconductor nano-wires,19, 20 carbon nanotubes16, 21, 22 over


















Figure 1.1: Common optical far field detection schemes based on a) fluorescence, b) scattering or interference
and c) the photothermal effect.
quantum dots13, 15, 16 to single molecules.14, 23
While so far the optical detection methods based on fluorescence emission and scattering have been
used in the vast majority of biological studies and in colloidal and material sciences, these techniques
suffer from several drawbacks which render them unfeasible for certain types of studies. In direct
scattering microscopy, such as dark-field or bright-field microscopy, it is the scaling of the scattering
efficiency of small particles which decreases rapidly with the volume squared µ V 2 of the scatterers
which limits the accessible particle sizes range to above & 40nm. Smaller particles do simply not
provide enough contrast to be distinguishable from the background with common CCD or photo-
diode detectors. Also, the required selectivity is hard to achieve as the samples of interest provide
ample background-scattering as well. In transmission microscopy, it is the extinction, which for
small particles equals the absorption and scales with the particles volume µ V , that sets feasible de-
tection limits. While spatial lock-in techniques such as spatial modulation spectroscopy (SMS,24–28)
have been devised to filter the small extinction signal, they have an intrinsically restricted practica-
bility for dynamical studies due to inertia effects. In fluorescence microscopy, the selectivity and
sensitivity of a standard wide-field or confocal microscopy system is enough to detect single fluo-
rescent dye molecules. However, it is the poor photostability of single molecules which then poses
a problem in terms of observation time and repeatability in many cases. Typical photothermal sig-
nal sources, such as the widely used gold nanoparticles (AuNPs), do allow for practically unlimited
observation-times while providing a contrast mechanism, the photothermal signal, which exhibits the
weaker size-dependece µ V and thus sufficiently large signals for small particles and even single
molecules.14, 16, 22, 23 Apart from the PT contrast, also polarization contrast and interference methods
have been suggested29–34 to detect nanoparticles without modulation. Interference detection schemes
also provide sensitivities µ V .30, 31, 34 Distinctively, by utilizing a temporal lock-in approach, the PT
method becomes highly selective, i.e. essentially background free and suitable for dynamical studies.
Apart from the enhanced stability of markers used in PT microscopy as compared to the organic dyes
used in fluorescence microscopy, also costs are an issue. AuNPs are about an order of magnitude
cheaper than moderately stable high quantum-yield fluorophore molecules. Still, the convenience
of fluorescent labeling of special structures in fluorescence microscopy studies is paralleled by the
ability to tag structures with AuNPs via antibodies35, 36 and other linkers like DNA strands37 for
photothermal studies.
Dynamic studies on time-scales comparable to FCS have been demonstrated feasible using the pho-
tothermal contrast mechanism. Typically, using ultra-stable metal nano-particles dispersed in a so-
lution, photothermal correlation spectroscopy (PhoCS38–42) reveals dynamical processes through the
analysis of recorded PT signal time-traces. These aspects render PT microscopy feasible and even
advantageous for biological studies or colloidal sciences. A growing number of studies have therefore
adopted PT imaging43–47 or used plasmonic nanoparticles as biosensors.47–50
Apart from the signal generating aspects and the detection sensitivity and selectivity of this new form
of microscopy, several unique aspects make the absorption based microscopy favorable under certain
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conditions as compared to direct emissive imaging methods. The intrinsic absorption occurring in
the PT detection process allows for the introduction of controllable and localized temperature fields.
Thereby, biological matter may be influenced purposefully. Cells may be influenced nondestructively
by mild heating and weak inhomogeneous temperature fields as demonstrated by G. Baffou et al.,51
or they may also be exposed to high local temperatures rises to generate therapeutic destructive ef-
fects.37, 52–54 As the temperature fields around heated nanoparticles decay on the length-scale of the
nanoparticle-size to half of the perturbation, the destruction achieved may be very local and pre-
cise. In the broad field of nanoplasmonics,55–57 nanoparticles of various sizes and shape may also be
used as local hotspots,56–60 exhibit second-harmonic generation capabilities55 and even allow for the
guided transport of light if arranged in appropriate functional arrays.61 Further, acoustic vibrations
of NP excited with pulsed lasers can be of interest as a probe of the local environment.62–64 Intrinsic
to such experiments is an accompanying PT signal contribution.
Using PhoCS, a new non-equilibrium phenomena has been observed and studied for the first time,38
known as hot BROWNian motion.65–67 Further interesting physical phenomena under thermal non-
equilibrium conditions may be expected to be accessible also via PT microscopy.
Obviously, most of these applications and future progress in pushing the limits of sensitivity will
benefit from an understanding and quantification of the signal generating mechanism. The detailed
shape of the PT microscopy detection volume enables PT correlation spectroscopy to quantify dy-
namics and concentrations of diffusing and advected particles. The ability to model the absolute
value of the signal in PT microscopy would elevate the method to the status of a quantitative spectro-
scopic technique without the recourse to signal standards. Thereby, the extraction of induced particle
temperatures and absorption cross-sections would become viable as well as the dedicated study of
nano-scale heat-diffusion dynamics. The conceptual and quantitative approaches, which shall be
layed out in this thesis, are thus of great importance to the field of nano-optics and nanoplasmonics.
The primary aim of this thesis is to present a comprehensive and extensive analysis, characteriza-
tion and modeling of the PT signal of single nanoparticles and its experimental support. The present
monograph presents in a systematic and structured manner the various individual conceptual ap-
proaches taken which have resulted in a series of publications on the subject of the PT signal.68–72
Predictions of the theoretical model(s) will be verified on a near ideal system comprised of a standard
confocal PT microscopy setup and single AuNPs embedded in a homogeneous polymer (PDMS)
layer wherein the AuNPs are located far from any interface. Agreement in the rich and novel phe-
nomenology of single particle PT microscopy will be demonstrated and shown to be understandable
in terms of the proposed models. The broad theoretical treatment pursued bringing together concepts
from several concepts in optics will further allow to entirely bridge the gap between the rather young
field of PT microscopy to the older spectroscopic techniques.
Several technical consequences of the gained insight into PT microscopy will then be explored rather
briefly. The presented theoretical and experimental findings will be put to use in a significant advance-
ment of photothermal correlation spectroscopy.38, 39, 41, 65 This method, now becoming twin-PhoCS42
or generalized PhoCS,71 complements fluorescence correlation techniques and allows for the mea-
surement of ultrastable absorbing metal NP tracer dynamics, i.e. of markers in biological systems or
in colloidal systems. The method shall be shown to benefit greatly from the newly found phenom-
ena and characteristics of the PT signal. It will deliver new information on spatial heterogeneities
and 3D flow velocities. The method was further put on a quantitative footing via the complete char-
acterization of the induced particle temperatures and the signal shape and magnitude, such that hot
BROWNian motion66 of laser heated nanoparticles has been studied quantitatively65 with this new
technique. As a further direct consequence of the theoretical and experimental findings, a statistical
analysis method was introduced in Ref.73 Starting from the detection volume, a framework called
photothermal signal distribution analysis (PhoSDA) which analyzes the occurrences of recorded PT
signals from a liquid sample containing diffusing and absorbing nanoparticles was devised. It nat-
urally complements twin-PhoCS and provides additional information which is otherwise hidden or
hard to retrieve from the correlation approach alone.
CHAPTER 1. INTRODUCTION 6
Structure of the theses
• Chapter 1 is the present introduction.
• Chapter 2 represents the theoretical background: Section 2.1 shortly traces the historical de-
velopment of the PT microscopy technique for single nanoparticles and gives a brief overview
of the literature on the topic of the PT signal generation. The following sections 2.2, 2.3 in-
troduce heat-conduction in solids as applied to spherical heat-sources and the corresponding
thermorefractive response to a temperature field in a medium. Section 2.4 gives the theo-
retical foundations necessary to adequately describe and comprehend the PT signal and the
optical microscopy setup used throughout the experimental parts of this work and the theoret-
ical modeling achieved. Section 2.5 applies these concepts to discuss the main characteristics
of a transmission microscopy system, while section 2.6 reviews the theory of the interaction of
electromagnetic fields with weak inhomogeneities and arbitrary spherically symmetric parti-
cles. In section 2.7, the presented framework for spherical particle scattering is used to outline
the optical properties of gold nanoparticles. Section 2.8 introduces the concept of hot BROW-
NIAN motion, i.e. the description of the diffusion of laser heated nanoparticles. For reasons
detailed only later, a section 2.9 on RUTHERFORD scattering in classical mechanics and quan-
tum physics completes this chapter.
• Chapter 3 describes the experimental setup which was used for the measurements throughout
this thesis is described. Also, some details on the sample preparation are given.
• Chapter 4 presents the the theoretical results regarding the PT signal generation. In sections
4.1 - 4.5, the various models and frameworks are detailed. Alongside these theoretical develop-
ments, complementing experiments on single gold nanoparticles which support the theoretical
results are presented.
• Chapter 5 draws consequences from the revealed shape of the signal relating to correlation
spectroscopy (PhoCS, photothermal correlation spectroscopy) and to signal distribution analy-
sis (PhoSDA, photothermal signal distribution analysis) in section 5.1 and 5.2, respectively.
• Chapter 6 provides a summary of the results and gives a perspective on future investigations
and possible applications of the findings of this thesis.
• Appendix 7 finally gives details on certain certain peripheral aspects which were omitted to
the benefit of readability throughout the exposition of the main part of the thesis.
Chapter links
Introduction 1 Background 2 Exp. Setup 3 PT signal 4 Methods 5 Conclusion 6 Appendix 7
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On the notation Although the symbolic notation has been chosen carefully, some symbolic ambi-
guities and duplicate parameter affiliations could not be avoided without disturbing the readability.
However, the context should lift the ambiguities and leave no room for misinterpretations. The fol-
lowing list is meant to preemptively bring attention to some of these possible sources of confusion in
order to avoid them upon reading the thesis.
• a: complex polarizability. Also: Polar angle in some calculations.
• C: COULOMB interaction constant. Also: heat capacity.
• S: POYNTING vector, also its components Sr,Sq,Sf. Also: S(1,2) (q) scattering function(s).
Further: The eikonal S .
• Q: Heat source power. Also: Qext,sca efficiencies in scattering theory.
• P: Transmitted / integrated powers in a transmission microscope. Further: Pmn denotes the
associated LEGENDRE polynomials.
• nm, n0: Refractive index of the unperturbed embedding medium. n0 is preferred in treatments
which suggest a perturbation. Further: n is the multipole order in LORENZ-MIE theory.
• n: Refractive index. Also: normal vector n. Further: Multipole order.
• M: Relative refractive index. Also: Angular function M (q) describing the interference term in
on-axis scattering theory.
• p: Dipole vector p. Also: Diffusion propagator p(r,r0,t). Further: Semi-latus rectum.
• F : Appearing in the symbol for the hypergeometric functions, i.e. 1F1 (a;b;z). Also: Aperture
dependent normalization factor F (NAd).
• f : Focal length of a lens. Also: scattering amplitude in the BORN approximation and scalar
scattering theory.
• f: Phase of the signal and of the lock-in amplifier. Also: Angle in polar coordinates and
azimuthal angle in spherical coordinates.
• q: Polar angle in spherical coordinates. Also: Scattering / deflection angle in polar coordinates.
• g: Perturbation parameter in photonic RUTHERFORD scattering. Also: Ratio of axial to lateral
focal volume extent.
On the coloring The thesis is meant to be viewed in color. To facilitate cross-section comparisons
and to unify the various graphs and plots in this thesis, some conventions for the colors chosen have
been tried to adhere to as much as possible:
• The PT signal and its decompositions: F, Pd , DPd etc.: Black. DPsca, ∂ssca, etc.: Blue, DPext,
∂sext, etc.: Red.
• Cross-sections and efficiencies: Absorption sabs, Qabs: Red. Scattering ssca, Qsca: Blue. Ex-
tinction sext, Qext: Black.
• Coloring and filling of the PT signal: Positive signals F > 0: Blue, negative signals F < 0 Red.
• Coloring and filling of the rel. scatter signal: Positive signals DPd > 0: Blue, negative signals
DPd < 0 Red.
• Scatter scans and images: Red-orange color scale: probing laser at l = 635nm, green color
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2.1 The current literature on the subject of the photothermal signal
THIS section will briefly introduce the existing literature the photothermal imaging and summarizeshortly the signal origin and its current status of understanding in the field.
In general, photothermal (PT) detection rests on the optical probing of a refractive index perturbation
that is induced by absorption of a heating laser, either by a bulk sample, a surface or a single nanopar-
ticle. The detection is achieved by a separate probing laser beam. The phenomenon of PT detection
is therefore the outcome of two separate light-particle interactions. The first and well-understood
constituent of the PT detection process is the interaction of the heating laser with the sample. The
wavelength lh of the heating laser is chosen such that the nanoparticle shows a maximum absorp-
tion of light. The accompanying release of heat to the immediate surrounding and the temperature
dependence n(T ) of the refractive index of the embedding medium lead to a corresponding spatially
extended refractive index perturbation. The second constituent intrinsic to PT detection is the probing
of this perturbation, that is, the interaction of the focused light of the probing laser with the refractive
index field. The wavelength ld of this second probing (detection) laser beam is typically chosen such
that it is only weakly absorbed. At the heart of PT detection therefore lies the description of the
perturbation n(r) and the modification and detection of the focused probing laser beam that interacts
with the inhomogeneity.
A wealth of macroscopic PT techniques are used for bulk samples, either solid or liquid, and sur-
faces.74 Photothermal lens spectroscopy (PLS) for instance has become a valuable tool in the study of
solids and liquids75–77 since its development in the late 1960s78–80 and later interferometric schemes
in the 1980s.81 Recent publications include the study of non-linear effects82 and nanoparticles in
solution.77 Many authors have focused on the theoretical description of the thin-sample slab geome-
try which is common in such macroscopic lensing experiments, often providing numerical equations
which may be used to obtain absorption coefficients.83, 84 In all these models the thermal lens induced
originates from the bulk-absorption of a heating laser which constitutes a spatially extended cylin-
drically symmetric, typically to first order parabolic, heat-source in the heat equation. The solution
obtained is then used to study the effect on the propagation of a probing laser beam. In PLS the
probing beam is coaxial (possibly offset) with the heating beam83–85 while in photothermal (beam)
deflection spectroscopy86–88 (BDS or PDS or mirage spectroscopy86) the probing and the heating
beams are aligned at an angle or perpendicularly to each other. Both methods have in principle the
same sensitivity,89 are meanwhile well understood74 and rest on the measured modification of a prob-
ing beam by a refractive index perturbation which varies over length-scales much larger as compared
to the wavelength of the probing laser. As the names of these methods already suggest, many theroret-
ical descriptions of the PT phenomena used concepts from ray optics. PTL and PDS are sensitive to
the curvature and the gradient of a heat-induced refractive index profile, respectively.74, 89 Using PTL
even percent-inhomogeneities in the thermal diffusivity may be detected by measuring the phase of
the signal relative to a modulated heating.90 Detection schemes which are susceptible to both are
generally classified as photothermal refraction spectroscopy techniques. The more direct method to
detect a heat-induced refractive index perturbation is the use of an interferometer, a technique which
is called photothermal interferometry and which is sensitive to the accumulated phase advance in the
sample placed in one arm of an interferometer.74 The experimental schematics of these three basic
techniques are summarized in Fig. 2.1.
In contrast to these macroscopic techniques, a new microscopic approach has been developed in the
1990’s by M. Harada and T. Kitamori,91–94 termed thermal lens microscopy. These early works still
observed bulk absorption, though on smaller scales, within a microscopy setup and using a detection
microscope objective as an aperture to measure the change in the beam divergence, see Fig. 2.3a). The
development of true single particle PT microscopy12–16 followed around the year 2002 and detects a
very different kind of thermal lens: A spherically symmetric profile n(r), created by the point-like
heat-source such as an absorbing nano-particle, is created and probed with diffraction-limited highly
















Figure 2.1: Experimental setup scheme for PT spectroscopy methods.74 Typical schemes for a) PT beam
deflection (PBD) spectroscopy (coaxial and lateral) probing the gradient —n, b) thermal lens spectroscopy
(TL) probing the curvature ∂2n/∂r2?, c) PT interference spectroscopy sensitive to a phase advance Dc =
R
k nds.
These techniques use thin macroscopic samples and weakly focused beams.
focused beams. Now, instead of a profile that decays on the macroscopic length-scales of a broad
heating beam focus, in PT single particle microscopy a thermal lens is probed which decays to half
its value on the length-scale of the nanoparticle, which is typically much smaller than the wavelength
of the probing beam. In this case, geometrical optics concepts which have been commonly applied
in the photothermal domain could not be used. Nonetheless, the conceptual connection to the early
thermal lens microscopes has been acknowledged12, 95 and the term thermal lens has been used14, 96
also for this rather nanoscopic refractive index perturbation. To suppress any unwanted background
of the small PT signal in the microscopic variants, a dynamic approach is typically adopted: the
heating laser intensity is modulated with a frequency Wh and the probe-beam signal is demodulated
on the same frequency.
The two general constituents of the electromagnetic interactions which are involved in PT single par-
ticle microscopy are depicted in Fig. 2.2. Again, as in PT spectroscopy, the heating laser induced
refractive index profile is probed by a second probing beam. The first part of the PT detection process
is well understood. The absorption of electromagnetic energy of the incident beam is determined by
the nanoparticles absorption cross-section sh at the wavelength of the heating laser. The resulting
thermal field and the corresponding refractive index perturbation have been described in many refer-
ences.12, 16, 97, 98 The probing and the various means to do so are the non-trivial and crucial part in PT
microscopy. Ultimately, the characteristic profile of an ideal TL in this new detection scheme extends
infinitely as 1/r and thus misses a characteristic length-scalea) . While models for the PT signal of
a) Only the dynamics of the heating constrain the modulated part of the perturbation of the refractive index effectively to
within a finite volume determined by the thermal diffusion length, see Refs.97, 98 and section 2.3.
a) b)
Figure 2.2: Epiphenomena of illuminating a light-absorbing nanoparticle. a) The spherically symmetric tem-
perature profile T (r) around an AuNP absorbing energy of the incidence electric field |Ei|2 of a focused heating
beam (green) of diffraction-limited beam-waist w0,h ⇡ 0.42lh/NAill. b) Corresponding refractive index profile
n(r), i.e. the thermal lens. The refractive index field can be effectively probed via a nonresonant laser beam
(red), focused down to a diffraction limited beam-waist w0,d ⇡ 0.42ld/NAill. The scattered dipole field |Es|2
from the AuNP is shown. The probing beam interaction with the refractive index field determines the forward
detected photothermal signal F.


















































Figure 2.3: Experimental setup schemes for thermal lens microscopy, PT DIC and PT lens microscopy.16 a)
Thermal lens microscopy due to M. Harada and T. Kitamori91, 92 in the context of microscopic systems. b)
PT differential interference contrast microscopy due to M. Orrit and co-workers.12 c) PT heterodyne imaging
introduced by B. Lounis and co-workers.13, 98
spherical absorbers have been put forward,99, 100 these were numerical in nature and again targeted
for particles in the µm-size regime, thus unfit for the description of diffraction limited probing. Two
schemes have been put forward to probe the nanoscopic TL:16
1. Interferometric and heterodyne via phase contrast with a reference wave, photothermal interfer-
ence contrast (PIC)12, 97 which is the microscopic counterpart to photothermal interferometry
as in Fig. 2.1c).
2. Self-interferometric by single beam probing of the TL, known as photothermal heterodyne
imaging (PHI).13, 98 This in part is the microscopic counterpart to thermal lens spectroscopy as
in Fig. 2.1b).
It is only the true heterodyne interferometric detection scheme, in which a well-defined reference
field is used, that could be regarded as being well-understood33, 101 and rigorously founded theoreti-
cally prior to the analysis in this thesis. A first realization of this heterodyne detection scheme was
done in the group of M. Orrit and used a Wollaston prism to superimpose and interfere the perturbed
probing beam with the unperturbed laterally offset reference beam16, 97 forming two arms of an inter-
ferometer, see Fig. 2.3b). However, due to depolarization effects of the microscope objectives and the
somewhat problematic overlap of the two arms, the second self-interferometric probing method first
demonstrated in the group of B. Lounis was reported to be somewhat more sensitive and is ultimately
only shot-noise limited.16, 96
This coaxial transmission detection scheme was only insufficiently characterized at the time the ar-
ticles which this thesis summarizes were published. As the most robust, sensitive and simple ex-
perimental realization of PT single particle microscopy, a thorough theoretical understanding of this
method is naturally highly desirable. Intrinsic but formerly untapped capabilities and potential appli-
cations will be shown to emerge from the sound theoretically understanding of the signal generating
mechanism in this variant of PT microscopy.
The first effort of a theoretical description of the signal due to a nanoscopic refractive index pro-
file n(r) around a single absorbing nanoparticle has been undertaken by S. Berciaud et al.98 in 2006.
Within this work, an optical heterodyne extinction mechanism was proposed where the reference field
of the incident probing laser self-interferes with the scattered field shifted by ±Wh. This scattered
field was evaluated using an incident plane wave and an effective electric dipole moment density
P(r) = e0Eic(r) induced by the probe beam field Ei. To this end, a HERTZian superpotential ap-
proach102 was pursued as adopted from Ref. [103, Appendix A]. Considering only the interference
of the then assumed spherical wave-fronts of the incidence field and the spherical scattered wave
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on the difference frequency Wh, several parameter dependencies were already described: The linear
proportionalities to the heating and probing beam intensities Id and Ih, the thermo-refractive coef-
ficient dn/dT , the inverse probing beam waist w 1d and the inverse thermal conductivity k
 1 were
obtained. The treatment rests on the plane-wave approximation to the probe field in the focal re-
gion for the scattered field evaluation while in the last step the far field interference was evaluated
assuming a spherical wavefront of the focused probe beam which is concentric with the scattering
particle. Thus, it did not contain any signal dependence on the axial particle coordinatea) . This early
framework turned out to be semiquantitative but did not predict anything but a negative (extinction)
signal as a consequence of the used plane-wave probing. However, both positive and negative signals
were experimentally observed already in early correlation spectroscopy experiments.39 The com-
mon assumption96, 98 that the PT signal is proportional to the product of the two beam’s individual
intensities does not account for this phenomenology. A purely interferometric interpretation is due
to J. Hwang and W. E. Moerner34 in terms of on-axis scattering by a point-like scatterer that only
acts as to modify the phase of the probing beam by a constant value. This work already pointed at
the importance of considering the NP position within the focus for a meaningful quantification. The
general line of reasoning appears in growing number of publications in which a single equivalent
dipole39, 96 was referred to. However, already the before mentioned first theoretical analysis98 pro-
vided the correct picture of a distribution of dipoles which effectively extends over the size of the
probe-beam, recognizing the need to go beyond the dipole-limit of scattering in the general situation
and the need to account for the angular spectrum of the PT signalb) . While further theoretical inves-
tigations regarding the detection limits have been put forward using this model,96 the precise signal
generation mechanism remained vague in the PT transmission scheme. Thereby, the possibilities and
potential improvements were limited to finding materials with higher thermorefractive sensitivities
such as liquid crystals,104–106 or to use materials with lower thermal conductivities.96 This amounts
to enhancing the refractive index perturbation only, while the optimization and working principle of
the probing has not yet been systematically and thoroughly investigated.
It is thus clear, that a thorough understanding is missing and a comprehensive picture of the PT phe-
nomenology is needed. Indeed, the rich phenomenology summarized in the following list emphasizes
the imperative of having a suitable framework at ones disposal in each experimental situation. Better
yet, a single framework capable of quantitatively and qualitatively predicting each effect connected
with any variant of a photothermal signal of single nanoparticles would be beneficial. Evidently, the
properties of a system studied by PT microscopy can best be inferred on from the PT signal if it is
understood in detail. Also the technical progress of any given method will always benefit from an
improvement in its mathematical and physical description. Already in regard of the enumerated list of
microscopic variants of photothermal spectroscopy techniques as summarized in Fig. 2.1, a missing
deflection detection scheme can be identified for nanoscopic absorbing particles in PT microscopy:
3. Deflection-based using a position sensor, later introduced as photothermal Rutherford scatter-
ing microscopy,71 i.e. the microscopic counterpart to PDS as in Fig. 2.1a).
This promising new detection technique will naturally result from the intuitive understanding of the
electromagnetic scattering by a TL that will be developed throughout this thesis. Specifically, a series
of important questions require a clarification such that the full potential of PT microscopy can be
realized (see next page).
a) More details regarding the theory of Ref.98 are discussed in section 4.5. A reported discrepancy by a factor of O (10)
was obtained in this first model and correctly accredited to the simplified assumption of a spherical probe-beam wavefront.
b) However, in Ref.98 half-space solid angle detection domains have been suggested. This thesis will demonstrate that
this scenario yields a zero PT signal. Instead, a finite solid angle detection must be considered.
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Figure 2.4: The rich phenomenology of the PT signal shape exemplified by various zx-scans of a AuNP of
radius R = 30nm in PDMS. a) PT signal dependence on the relative laser offset Dz f . b) Dependence of the
PT signal in shape and magnitude on the detection aperture. c) A PT deflection signal of a nanoscopic particle
recorded with half-apertures and position detectors.
Remaining questions regarding PT imaging
• What are the consequences of the self-interference in the PT transmission microscopy? Is is
true that it is a pure interference phenomenon?
• Is an exact quantification possible? May absolute temperatures and absorption cross-sections
be extracted without prior calibration?
• Apart from the magnitude of the PT signal, what is its sign? And what is the reason for it?
• Are aberrations of the microscopic system of any importance? And what is their influence?
• Are there parallels to the classical PT spectroscopy methods in the nanoscopic regime? How
far do these similarities go?
• Is the specific spatial form of the refractive index perturbation important? And can a study
on spherically symmetric perturbations also provide transferable insight into the photothermal
probing with different perturbations?
• What is the optimal calibration and the influence of the heating to probing beam offset?
• What is the influence of different apertures in the detection path? And what is the angular
spectrum of the PT signal?
• What is the resolution of PT microscopy and is a resolution beyond the diffraction-limit achiev-
able?
• What is the influence of a finite NP size on the shape and magnitude of the PT signal? Can it
be included in the evaluation of the PT signal?
• Do minimal models exists for PT single particle microscopy which provide an intuitive picture
or even a semi-quantitative description?
Figure 2.4 shows an excerpt of the rich phenomenology of the signal shape which is unaccounted
for in the current literature on the subject. The understanding of PT single particle microscopy,
especially of its probably most simple transmission variant, will prove to be an important foundation
for future application and development in photothermal imaging and its corresponding spectroscopic
techniques. The intuitive and quantitative descriptions which are presented in this thesis will allow to
answer all of the above questions.
The following sections will provide the theoretical foundations necessary to derive a series of frame-
works which in sum are able to give answers to the questions listed above.
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2.2 Thermal conduction, and the temperature field around heated nanoparticles
PHOTOTHERMAL detection rests on the detection of a thermally induced refractive index perturba-tion. This section will provide the relevant expressions for the temperature distributions which
are encountered under typical experimental conditions in PT microscopy. Knowing the thermore-
fractive response n(T ) of a given material which embeds the nanoscopic absorbers, the well-known
characteristic thermal lens profile will then be specified in the section hereafter. The heat-source
power provided by the absorption of single nanoparticles will here first be related to the resulting
temperature field T (r) in the embedding medium. The NP absorption itself will only be quantified
later and is here taken as an input parameter.
Heat conduction equation Heat conduction in solids is described by FOURIER’s law,
q = k—T, (2.1)
wherein q is the heat flux in units of [W/m2], k is the thermal conductivity [W/Km] and T = T (r, t)
the time-dependent spatial temperature distribution. The equation can be generalized to a tensorial




= k—2T +Q, (2.2)
where r and cp are the mass density and specific heat capacity, respectively. These material pa-
rameters are often combined to the thermal diffusivity ath = k/rcp which describes the pure heat





and is in general a function of position and time.
Special solutions for spherical heat sources On nanoscopic length scales the heat-transfer is usu-
ally fast enough such that steady-state solutions to the heat equation represent a good approximation
to time-dependent problems in which the heat source power Q(t) changes slowly. It is therefore in-
structive to consider the steady-state solution for a point heat source Q = d(r)Pdiss dissipating at a
constant rate determined by the heat source power Pdiss. Such solutions exist for several special cases
of interest in photothermal microscopy and include a point heat source in an infinite medium,108
two semi-infinite media in contact58 and a slab between two semi-infinite media,109 see Fig. 2.5.
While the temperature distribution remains analytical in the second case and uses a single image heat
sourcea) , the third case is already semi-analytical as it involves an integration of infinite number of
image heat sources. Only the simplest one of these point source solutions will be used in the theo-
retical considerations of the photothermal effect. It is a temperature profile with an inverse distance
dependence r 1 from the heat source at the center of the coordinate system:
T (r) = Pdiss
4pkr
+T0, r = |r|, (2.3)
where T0 is the temperature for r ! •, i.e. the ambient room temperature. The expressions for the
other two cases which more closely resemble the actual experimental conditions do not change the
profile significantly in the near proximity of the heat source under achievable conditions, as seen
in Fig. 2.6. If instead of an isotropic material an anisotropic one such as liquid crystals are cho-
sen, the temperature profile loses its spherical symmetry and becomes ellipsoidal.107 However, the
experiments and theoretical models discussed in this thesis focus on isotropic media.
a) The temperature field is given in Ref.58 A typo in the expression given in the reference is corrected here. For a heat
source in a semi-infinite medium with thermal conductivity k placed at a distance d above a semi-infinite medium with k1













r for z < 0, with r
2 = x2 + y2 +(z d)2 being the
squared distance from the heat source and r02 = x2 + y2 +(z+d)2 the squared distance from the image heat source placed
at a distance d below the surface.
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Figure 2.5: Temperature fields T (z,x) for a) a point heat source in an infinite medium, b) close to a planar
interface and c) in a layer bounded by two semi-infinite media. The point heat source is located 1µm above
the lower interface, the slab has a thickness of d = 2.5µm and k = 0.6W/Km for the medium embedding the
source, and k = 1W/Km (glass) are assumed.
Time-harmonic point heat sources If the point heat source is harmonically modulated as
Pdiss [1+ cos(Wht)] the solution is found to be:12, 98, 108


















2k/CWh = Rth being the thermal diffusion length,12, 98 and C being the heat capacity per
unit volume of the embedding material. Obviously, DT (r, t) is also a function of the heat source
modulation frequency W. A retardation caused by the  r/Rth-term within the cosine is noticeable
only for high frequencies. In the case of a small W, the difference is 2⇥ the steady state temperature.
This is important in photothermal detection and means that a suitably small reference frequency
should be chosen if the measurement is to be compared to a steady-state measurement. For most of
the measurements performed for this thesis, a modulation frequency of Wh = 300kHz was chosen.
Using the material parameters summarized in Table 7.1, the corresponding thermal diffusion lengths





















































Figure 2.6: Temperature fields T (z,x = 0) for a point heat source in an infinite medium (black), close to a
single planar interface on the left (red) and in a layer bounded by two semi-infinite media (blue). a) A thin slab
of thickness d = 2.5µm with a asymmetrically placed heat source at zs = 1µm left of the first interface. b) A
thick slab with d = 30µm wit a centrally placed heat source. Again, ks = 0.15W/Km (PDMS) for the medium
embedding the source, and k1 = 1W/Km (water) were assumed.
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Time-scales of thermal conduction for heat-sources The dynamics of the heating can also be
understood in terms of an impulse response of a heat source behaving as a time-like delta function.
While thus far neglected, the time-scale of energy deposition for a given optical excitation is naturally
not instantaneous. A three-step process roughly describes the dynamics of a NP illuminated by a
light-pulse.110 A part of the energy of the excitation light is absorbed by the free electrons of the NP
on a timescale of te ⇠ 100fs. It is then transferred to the lattice and thereby the bulk material of the
NP by subsequent electron-phonon thermalization on a timescale of te ph ⇠ 1.7ps. Extensive studies
on pulsed nanoparticle heating have been performed in the group of G. Hartland using time-resolved
spectroscopy62, 64, 111, 112 and the acoustic oscillations of single AuNP have also been studied in the
group of M. Orrit.63
Now, assuming a given spherical heat source with finite interfacial resistivity g, an analytical solution
for the time-dependent temperature increase DT (t) can be found for instance in Ref.108, 113 The
solution shows the characteristic timescale of heat conduction to the medium. Values of about g =
130MW/m2K for the interfacial resistivity for AuNPs have been reported.110, 113 The characteristic
times which describe the thermal equilibration within the particle, tpd , and the timescale on which the
temperature field in the surrounding fluid establishes, tfld , conveniently describe the main temporal










For a 30nm gold nanoparticle, the former is in the range of pico-seconds tpd ⇡ 7ps while the latter is
in the range of nano-seconds tfld ⇡ 6ns, assuming the physical properties as listed in 7.1. Taking all
effects into account, the response to optical heating of absorbing AuNPs on time-scales longer than
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Figure 2.7: R = 30nm NP in water: Temperatures fields T (r) at various times t after a pulse. The red solid
lines show the simulated (according to the numerical algorithm [110, Appendix 1]) particle temperatures rises
DT , blue dashed lines show the exact analytical result.113 The upper and lower graph of the two simulation
runs shows the results for g = 130MW/m2K and g = •, respectively. The dashed-solid line shows the results
for the same finite interfacial resistivity but in PDMS. The radial profiles are shown in the right graph for
g = 130MW/m2K at the times indicated by red circles in the left graph.
17 2.3 The linear thermorefractive response and the thermal lens
2.3 The linear thermorefractive response and the thermal lens
THIS section will specify the refractive index perturbation detected in single particle photothermalmicroscopy. The term ”thermal lens” already anticipates the findings of this theses. It shall
denote the spatially non-uniform refractive index change around a spherical particle upon heat-release
by the same particle in a transparent thermally conducting medium. The absorbed and non-radiatively
dissipated power Pabs of the NP under illumination will be the point-heat source power Pdiss discussed
in section 2.2 which determines the resulting temperature profile T (r). The NP’s absorption-cross
section sabs quantifies the amount of power absorbed by a specific NP via the proportionality to the
illuminating heating laser beam intensity Ih:
Pdiss (r) = Ih,0 sabs (r)⇡ Ih (r)sRAabs , (2.6)
where the last equality will be seen to hold for small particles only, and sRAabs denotes the RAYLEIGH
approximation. The origin of the optical response to heat-releasing particles rests in the temperature
dependence of the refractive index of the embedding material n(T ) in connection with the spatial
temperature profile T (r) created around the heat source in the medium. Typical embedding media
for nanoparticles in photothermal microscopy are either fixating polymers or aqueous solutions. For
polymers, the major contribution to the thermally induced change in the refractive index is due to the
thermal expansion of the medium.114 Therefore, for most polymers an empirical relation between the
volumetric expansion coefficient and the thermo-refractive coefficient can be found dn/dT ⇡  a =
(∂V/∂T )p /V , yielding typical values of ⇠  10 4/K. For water, the thermo-refractive coefficient is
also about ⇡ 1⇥10 4/K, while for the polymer PDMS used for the experiments in this thesis has
dn/dT ⇡  3.6⇥10 4/K, see appendix 7.1. However, also materials with positive thermorefractive
indices dn/dT exist, such as liquid crystals (see Ref.115 for the optical properties of the common
liquid crystals 5CB and 8CB). The most simple thermal lens will be determined by the steady-state
temperature field created by a spherical heat-source in an infinite and unbounded medium as described




[T (r) T0] = n0 +Dn
R
r
, r > R, (2.7)







At low frequencies, the fully developed steady-state TL given above may be taken to be modulated
harmonically at distances small as compared to the thermal diffusion length r < Rth. On average
a steady-state TL with the profile (2.8) can be attributed to the harmonic heating scenario with an
average dissipated power Pdiss corresponding to the time-averaged heating intensity. If the frequency
and time-dependence is retained, as in Eq. (2.4), the instantaneous TL at time t reads:12, 98
















At small distances compared to the thermal diffusion length r ⌧ Rth, the TL in the vicinity of the heat
source will be for most times Wht   r/Rth simply a cosine modulated r 1 profile, i.e. n(r, t) = n0 +
DnRr 1 [1+ cos(Wht)]. In general, a time-constant TL as in Eq. (2.7) is superposed by a modulated
exponentially screened thermal spherical wave with wavenumber kth = R 1th .
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2.4 MAXWELL equations and approximation schemes
HAVING described the thermal lens which is to be detected optically in PT microscopy, this sectionwill introduce the necessary foundations of electrodynamic theory upon which the theoretical
models presented in the results section of this thesis will built and the experimental findings will
be discussed. In the context of an exposition of the fundamental electromagnetic concepts, starting
from the classical electrodynamic field theory embodied in MAXWELL’s equations, also various ap-
proximation schemes and special limits will be discussed. Among them, the scalar HELMHOLTZ
equation, the paraxial HELMHOLTZ equation, the eikonal and the BORN approximation and further
the limit of geometrical optics will be derived for inhomogeneous media starting from MAXWELL’s
equations. The exposition will thereby lay a variety of frameworks which are in principle suitable
to approach the problem of the inhomogeneous refractive index problem posed by the theoretical
description of photothermal microscopy. Although one might argue that a single wisely chosen ap-
proximation scheme would suffice to fulfill the task satisfactorily, the results section will by contrast
provide sequentially the solution to each of these frameworks. The benefit of having the solution in
each case will be the enhanced insight and intuition regarding the problem at hand which can only
be gained by such a combined and diverse approach of an all-encompassing investigation on all these
fronts. Each framework will provide a unique perspective on the PT signal. Depending on wether an
exact quantification or a semi-quantitative but clearer qualitative picture is needed, a corresponding
picture will lend itself to be used for a specific purpose naturally. The concepts and the notions used
in this section will almost exhaustively cover the theoretical foundations of the theoretical results and
experimental findings presented in this thesis.
While the refractive index inhomogeneity which lies at the heart of photothermal microscopy will
prove to be the single most important ingredient to the understanding of the uncovered phenomena,
the description of a central absorbing nanoparticle is nonetheless crucial for the method. Moreover,
since the spatial structure of the photothermal signal shall later be unraveled, a fixed coordinate
frame of reference is necessary. The central scattering particle can provide this coordinate system
as it allows, with the extensive but rigorous modeling which will be developed later on, to relate the
measured power which is transmitted in the microscope setup to the position of the particle in the
focus region. Equally important will be the description of the beam fields and the relative alignment
of the two lasers involved. It becomes accessible when the scattering on the bare particle without
the refractive index perturbation is studied. Therefore, the following section shall also outline the
theoretical framework which describes the interaction (scattering) of light with spherically symmet-
ric particles of arbitrary size. The generalized LORENZ-MIE theory which will be introduced to this
end, is able to handle any concentrically multilayered scatterer placed in an arbitrary shaped beam in
a homogeneous, isotropic and lossless medium. As such, it is able to characterize the absorption of
a nanoparticle in the heating beam and provides alongside a rigorous solution to the full MAXWELL
equations of the photothermal problem without the recourse to any approximation scheme. Within
this framework, the transmission microscopy used in photothermal single particle microscopy will
later be modeled both qualitatively as well as quantitatively (see section 4.1), and the provided co-
ordinate system supplements each simplification scheme which is not ab-initio (abstracts from the
physical situation to a different level).
As the probing of the thermal lens will always be done by a focused laser beam in a microscopy setup,
it is a natural prerequisite in the framework of photothermal microscopy to discuss the basic concepts
of focused beams. This brief summary is incorporated into the exposition of the electromagnetic
theory. It includes the common Gaussian beam, but will also address the general plane-wave spectrum
representation of (focused) fields and more exact beams such as the so-called Davis beam.
With the exposition of all these components, all that is necessary to exhaustively discuss the electro-
dynamic part of photothermal single particle microscopy will have been presented.
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2.4.1 The MAXWELL equations
For macroscopic fields in the presence of a medium the MAXWELL equations (MEs) are formu-
lated116 utilizing the concepts of polarization P and magnetization M, which are defined through
their relation to D, the displacement current and to the magnetic field H:
—⇥E = ∂B
∂t
, — ·B = 0, —⇥H = J f +
∂D
∂t
, — ·D = r f . (2.10)
The terms J f and r f represent the source densities of free currents and charge, respectively. The fields
D and B (also known as ”magnetic induction”) may be related to the fields E and H via constitutive
equations whose form depends on the medium. Typically, these equations are formulated using the
concepts of bound charges and currents and the corresponding electric and magnetic polarizations P
and M, respectively, via
D = e0E+P, H = B/µ0  M. (2.11)
The electric and magnetic polarizations P and M describe the densities of induced electric and mag-
netic dipole-moments in a medium, respectively. In most media one may introduce a conductivity s,
i.e. for metals, to determine the current via J f = sE, OHM’s law. The charge and currents in typi-
cal dielectrics and metals may be set to zero in most situations. The electric part of the constitutive
equations under the assumptions of isotropy and locality reads P = e0ceE and defines the electric
susceptibility ce, while e0 is the electric permeability of free space. The electric displacement field
is then D = e0 (1+ce)E = ere0E = eE, such that the relative electric permeability is er = 1+ ce.
Similarly, the magnetization M is given by M = cmH, wherein the magnetic susceptibility is cm
such that B = µ0 (H+M) = µ0 (1+cm)H = µrµ0H = µH. Here, µ0 is the magnetic permeability of
free space, and the relative magnetic permeability is µr = 1+cm. Obviously, these linear response
relations of the induced electric and magnetic polarizations will be frequency dependent, since the
driving response must not be instantaneous. Therefore, the optical material parameters introduced
here will in general be frequency dependent. These equations, supplemented by the LORENTZ force
dF acting on an infinitesimal volume element dV ,
dF = (r f E+J f ⇥B)dV, (2.12)
constitute, up to quantum mechanical effects, the most accurate and exact theoretical framework of
most classical electromagnetic phenomena and optics. However, in order to solve a given electrody-
namic problem, boundary conditions need to be specified.
Boundary conditions The electromagnetic fields are continuous in space and time while disconti-
nuities are allowed at medium-interfaces at which physical properties change. The boundary condi-
tions at such an interface can be obtained from the MEs:116
n12 ⇥ (E2  E1) = 0, (2.13)
n12 · (B2  B1) = 0, (2.14)
n12 ⇥ (H2  H1) = Js, (2.15)
n12 · (D2  D1) = rs, (2.16)
wherein n12 is a normal vector at r on the interface between medium 1 and medium 2 and Js and rs
are the free surface currents and charge density, respectively. The sketch shows the corresponding
continuity condition (2.13) and (2.15) for the tangential components Et = n12 ⇥ [E⇥n12] and Ht
for the case without surface currents. Similarly, eqs. (2.14) and (2.16) signify the continuity of the
normal components of the Dn = n12 [D ·n12] and Bn fields in the absence of a free surface charge.
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The POYNTING vector The conservation of electromagnetic energy for the fields is represented
by POYNTING’s theorem. It introduces the POYNTING-vector S with units [W/m2], which rep-
resents the energy flux in direction and magnitude. It therefore constitutes a pivotal quantity for
measurable powers associated with EM fields. In free space the theorem reads — ·S+ ∂u/∂t = 0,
where u = [E ·D+B ·H]/2 is the electromagnetic energy density.116 the POYNTING-vector is
thereby seen to define the energy-flux vector associated with an electromagnetic field and is given
by S = E ⇥ H. The average energy flux for a time-harmonic field (i.e. exp(iwt) dependence on




Scalar, vector and HERTZ potentials In electromagnetic theory, potentials and super-potentials
play an important role. These fundamental physical entities, if defined properly, may simplify certain
EM problems considerably and supplement the framework of MAXWELL’s equations. The second
MAXWELL equation in (2.10) implies the existence of a vector potential A by YOUNG’s theorem,
such that B = —⇥A. The first MAXWELL equation in (2.10), FARADAY’s law of induction, may then
be written as —⇥ (E+∂A/∂t) = 0. This implies the possibility to define a scalar potential j with the
property E+∂A/∂t = —j. The degrees of freedom remaining in the choice of these potentials can
be fixed by imposing a further condition to be fulfilled, i.e. considering the so-called LORENZ-gage,
— ·A+µe∂j/∂t = 0.
Further, as originally introduced by H. Hertz117 in 1889, one may define102, 118 the electric vectorial
HERTZ potential Pe via Pe =  —j and A = µe∂Pe/∂t and retrieve the electric field outside the
region of finite polarization (or polarization perturbance in a medium) via E = —⇥ (—⇥Pe) and
B = µe∂(—⇥Pe)/∂t.102, 103 Naturally, a similar magnetic potential exists as well.
Wave equations for the fields (inhomogeneous medium) A starting point for the solution to many
problems in electromagnetic theory is to consider an equivalent set of differential equations derived
from the MAXWELL equations. Important in this respect, conceptually and practically, is the formula-
tion of the wave-equation for the fields. Considering for the moment a linear, isotropic and source-free
but spatially inhomogeneous medium with {er (r) ,µr (r) ,s(r)}, one may manipulate the MAXWELL




















+[—s s—(lner)]⇥E = — [H ·—(lnµr)]  [—(lner)]⇥ [—⇥H] ,
(2.18)
where c = 1/
p
e0µ0 is the speed of light in vacuum. Assuming a nonconducting medium, these two
wave-equations are equivalent under the replacement E(r, t) ! H(r, t) and er ! µr. Among their
famous solutions in a homogeneous medium or vacuum are propagating spherical and plane waves.
Wave equations for the potentials (charge- and current-free) Similar to the electromagnetic
fields, also the potentials satisfy certain wave-equations which may be used in order to solve a specific
EM problem. Using the last two MAXWELL equations one may write down a wave equation for the
potentials A and f in a homogeneous medium, Eq. (2.19), where the LORENZ-gage has been used to
uncouple the differential equations. In the absence of magnetic polarization one may similarly arrive
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While the solution to the former two homogeneous wave equations are the usual wave solutions,116
the latter inhomogeneous equation has a formal solution Pe (r, t) = [4pe] 1
RRR
[P(r0)]ret /|r  r0|dr03
with [P(r0)]ret indicating that the polarization has to be evaluated at the retarded time t   |r  
r0|n0/c.102 For a weakly perturbed medium an effective polarization can be defined.98, 103 Similar
retarded wave solution are well-known for the former two equations in (2.19) when the current and
charge source terms  µJ f (r) and  r f (r)/e are allowed for on the right-hand side.116
2.4.2 HELMHOLTZ equations
HELMHOLTZ equation for the field components Considering the MEs in frequency space one
may oftentimes simplify a given EM problem. Assuming a nonconducting (s = 0) medium and








and using the real-valued refractive index erµr = n2 (r) one finds for a nonmagnetic (µr = 1) medium
that equations (2.18) simplify to the following differential equations for the amplitudes:
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⇥ [—⇥H] , (2.21)
where also —n2 = 2n—n can be used to further simplify the right-hand side, k0 = w/c and k = nk0. If
now the refractive index n(r) varies in space only slowly as compared to the local wavelength of the
EM wave [116, 8.10] [120, Ch. 13.1], or the gradient of the inhomogeneity is perpendicular to the
electric field,121 E(r)? —n(r), one may omit the right-hand-side terms to find the scalar source-free
HELMHOLTZ equation for the field components in an inhomogeneous medium122
⇥
—
2 + k20 n
2 (r)
⇤
U (r) = 0, (2.22)
for the complex amplitude U [120, Ch. 1.3]. The equation holds for each component of the two com-
plex time-independent field amplitudes E(r) and H(r), i.e. U = Ex and so forth. The HELMHOLTZ
equation can thus only give information on time-averaged stationary quantities.119 The well-known
solution in free space or a loss-less homogeneous medium are plane waves.122 If the assumption
of homogeneity is maintained but the assumption of nonconducting relaxed to a finite conductance


















H = —2H+ k20 n2H = 0, (2.24)
with the now complex-valued refractive index defined via n2 = erµr + isµr/ [ce0k0], thereby defining







. Therefore, a finite conductivity translates into a complex-valued relative dielectric
constant or equivalently a complex-valued refractive index. A common example are metals, such as
gold (Au) which was used in this thesis and whose optical properties are introduced in section 2.7. In
a homogeneous non-conducting medium, the dispersion relation is k2 = w2µe = w2/c2.
HELMHOLTZ equation for the potentials (homogeneous medium) Similarly, the vector,
scalar and HERTZ potential wave-equations (2.19) may be transformed into their corresponding
HELMHOLTZ equations. Assuming time-harmonic potentials and the LORENZ-gage116 for the vector
potential A and the scalar potential j one finds:
—
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Angular spectrum representation of focused fields Oftentimes, a characterization and description
of an arbitrarily electromagnetic field is of interest. Of special interest is here the decomposition of
fields into their plane-wave and frequency spectrum. An EM field which satisfies the HELMHOLTZ
equation with a harmonic time-dependence e iwt may be represented by a linear superposition of
plane-wave solutions, called its angular spectrum representation. Following the book of L. Novotny






eE(kx,ky;0)exp(i [kxx+ kyy+ kzz])dkxdky, (2.26)






















/w20), a corresponding Gaussian

















resulting field distribution propagated to a finite z can be found analytically in the paraxial limit.
However, using a representation of the above form (2.26), arbitrarily complex fields may be described
which identically satisfy the MEs.
The Davis beam (Gaussian beam + higher order corrections) Another description of a particular
EM field of interest will be a focused beam. The Davis beam describes such a shaped beam solution
obtained from the vector potential HELMHOLTZ equation (2.25). Such a solution may be found via
the ansatz A(r) = Y(r)exp(ikz) êx. This approach has been pioneered by L.W. Davis124 and later
extended by J.P. Barton and D.R. Alexander125a) . Equation (2.25) then simplifies to an equation for






















For confined beams reduced variables {x+,y+,z+} are conveniently introduced via substitutions
x = w0x+, y = w0y+ and z = 2zRz+, with w0 describing the lateral confinement and zR = kw20/2
being the RAYLEIGH-range, anticipating the fundamental Gaussian beam whose axial confinement
may be taken as the spreading length 2zR. For a weakly confined beam, the small quantity s = w0/2zR
naturally provides an expansion parameter of the envelope Y = Y0 + s2Y2 + s4Y4 + . . . . Eq. (2.28)
then produces coupled differential equations which connect lower to higher order solutions. The
total solution can then be found iteratively125, 126 and analytically and satisfies MEs to arbitrary pre-
cision. It is then called the Davis beam of order s, depending on how many terms are considered
in the series. Using again the LORENZ-condition, the electromagnetic fields are then expressed126
via H = µ 1—⇥A and E = [(i/k)—(— ·A)+ ikA]/peµ. The zeroth-order component Y0 of the vec-
tor potential satisfies the paraxial HELMHOLTZ for the field components with the usual fundamental
Gaussian beam solution given in the next section. The Davis beam provides the means to conve-
niently evaluate higher-order corrections resulting from the terms Ys. This beam description will be
considered in the most rigorous scattering model of PT microscopy.
2.4.3 Paraxial HELMHOLTZ equation for the field components
In many situations of interest, the full HELMHOLTZ equation (2.22) poses a formidable problem to
solve exactly. In such cases, approximations are in order. The paraxial approximation122 is a common
ansatz when a field is considered that predominantly propagates in a single direction. This may be
translated into the ansatz U (r) =U (r)exp(ikz) to be inserted into the HE (2.22). Assuming a weakly
a) Both standard references124, 125 are in Gauss units and choose a exp(+iwt) time-dependence.
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k2 + k2, where the medium


















U = 0, (2.29)
which is the paraxial inhomogeneous medium HELMHOLTZ equation for the complex scalar wave
amplitude U (r). In Eq. (2.29), the term ∂2U/∂z2 was omitted under the assumption that it is much
smaller than the maintained term of magnitude 2k∂U/∂z. This amounts to the assumption of the
beams paraxiality, meaning that the beam amplitude U varies axially only weakly over a wavelength
l. Considering a homogeneous medium with some constant refractive index n(r) = n0, the following















While the treatment when applied to a single component such as U = Êx has some inconsistencies
and will not be in strict conformity with the MEs,128 the fundamental solution called a Gaussian beam
turns out to be the lowest order Davis beam and can be further corrected if needed.
The FRESNEL diffraction integral solution First, however, a general solution to the paraxial HE
(2.30) in a homogeneous medium shall be given. While it will be later seen to be conceptually
describable in terms of a superposition of HUYGENS wavelets, i.e. elementary spherical waves as
detailed in section 2.5, its place among the approximation schemes of electromagnetic theory is here.
To this end, let eU (x0,y0) =
RR +•



























which can be solved readily to give eU (x0,y0,z) = eU (x0,y0,0) eH (x0,y0) = eUa (x0,y0) eH (x0,y0), where
















taking the inverse FOURIER transform to recover U and subsequently utilizing the convolution theo-
rem in the form U (x,y) = (Ua ?H)(x,y), the FRESNEL diffraction integral may be obtained:
















One may use Eq. (2.32) to propagate a scalar wave in the paraxial regime.119 If a weakly inhomoge-
neous medium should be considered the solution is more complex.129 However, a common approx-
imation is obtained by including a complex-valued transmission function T (x0,y0) in the diffraction
integral accounting for absorption or phase-modification, see section 2.5. This scheme is therefore
useful for paraxially treating the PT signal.
The Gaussian beam solution The most simple analytic solution to the paraxial HELMHOLTZ
equation in a homogeneous medium of refractive index n0 is the Gaussian beam. The solution
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RAYLEIGH range local beam waist local radius of curvature GOUY phase
(2.34)
The focused Gaussian beam behaves similar to a spherical wave far from its waist and has a charac-











This paraxial electromagnetic beam exhibits a Gaussian plane-wave spectrum as discussed in section
2.4.2. Assuming the transverse wave vector components {kx,ky} being small as compared to k = |k|,





/2k. Expressing the electric field E(x,y,z) for the Gaussian spectrum eE(kx,ky;0)
as defined in section 2.4.2 and using the paraxial expansion of the wave-vector component kz, one
may find the electric field
















which is naturally identical to UG if it is taken as the x-component of the field. The GOUY phase
in this notation is hidden in the complex-valued prefactor which can be rewritten to find the usual
from130 (the same holds true for the Davis beam). The Gaussian beam described by Eq. (2.36) is not
an exact solution to MAXWELL’s equations, but an approximate only. By considering additionally
the MAXWELL equation — ·E = 0 one may correct for this deficiency somewhat whereby the spatial
electric field distribution is found to be given by E(r) =UG (r) [ êx+ xz+izR êz]. The same next-higher-
order correction may be found in the Davis beam formulation, see section 2.4.2. This is the simplest
focused field description commonly used in microscopy and approximates the general characteristics
of a focused beam well. The error becomes larger the tighter the focusing and smaller the beam
waist is [123, ch. 3.6, focused fields]. The time-averaged intensity pattern122 of a Gaussian beam is a
LORENTZIAN in axial direction with a maximum intensity I0 = 2P0/pw20 which is determined by its



















































Figure 2.8: a) Schematic of the corrected Gaussian beam. The paraboloidal lines show the beam waists
w(z) and the image shows the intensity distribution. b) Electric field structure E(r), Eq. (2.36), in the focal
region. Shown are b) the field amplitude |Ex|2, the phase structure arg(Ex)(r) overlaid by a contour-plot of
the logarithm of the field amplitude, c) the components intensities |Ex|2, E2z in the xy-plane and d) the phase
structure in the xy-plane (left to right). l = 532nm, n = 1.46, w0 = 233nm.
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b)a)
Figure 2.9: a) Schematic of Gaussian beam focusing by a convex lens of focal length f . b) Schematic for
Gaussian beam transformation optics using ray-transfer matrices M to act on the beam parameter q.
which in lateral direction is a Gaussian profile which decays to 1/e2 a distance of the beam waist
w(z) from the peak intensity on the axis, and over a distance w0 from the focus peak intensity I0. The
RAYLEIGH-range zR is thus seen to correspond to the axial distance at which the on-axis intensity
has dropped to half its peak value and the beam waist has increased by a factor of
p
2 as compared
to the focus, see Fig. 2.8, thereby defining the axial extent of the beam. The field structure is shown
in Fig. 2.8, while the actual field is more complicated and shown in Fig. 2.13 in section 4.1. An
important feature for interferometric considerations in scattering34 is the GOUY-phase anomaly due
to the confinement of light131, 132 in the focal region. As a result of this property, the beam acquires a
relative phase of  p/2 in the far field as compared to a plane wave traveling in the same direction.
ABCD Gaussian beam matrix transformation optics Any Gaussian beam may be character-
ized122 by a complex parameter q, see Eq. (2.38). For a Gaussian beam propagating in a homogeneous
and isotropic material this parameter evolves according to q(z) = z0 + z. This behavior is paralleled
by the evolution of the radius of curvature of a spherical wave with a radius of curvature R0 at z = 0,
i.e. Rs (z) = R0 + z. The transformation of a Gaussian beam by an optical element can be described
by a matrix122, 133 acting on a vector {qin,1}T. The parameter q describes the Gaussian beam at a
certain position along the optical axis and is a function of the radius of curvature R and the beam
waist w, as defined in Eq. (2.38). The beam transfer matrices characterize the optical elements which
the beam passes and may be concatenated if the beam passes a series of elements. The matrices are
2⇥ 2 ray-transfer matrices M = {A,B;C,D} and the ABCD law for Gaussian beams transforms an











The output beam parameter qout then encodes the transformed beam shape in its real and imaginary







beam passes multiple optical elements successively, these matrices can be concatenated to obtain the
transfer matrix describing the combined optical system. The individual transfer matrices describing
common optical elements may be found in Ref.122 and are Md = {1,d;0,1} for free space propagation
by a distance d, M f = {1,0; 1/ f ,1} for a thin lens of focal length f and Mi = {1,0;1,n0/n1} for
the refraction by a flat dielectric interface from n0 to n1. The focusing of a Gaussian beam with a
beam waist of w0 results in the paraxial approximation in another Gaussian beam with a new beam
waist w00. If the incident Gaussian beam has its beam waist located at the position of the lens, and
for a weakly focused nearly collimated Gaussian beam focused by a lens with f   zR one then finds
w
0
0 = f qdiv. Thus, the transformed beam waist is inversely proportional





0 . It is by this inverse relation that a tight focusing of a collimated beam is best achieved
when the illumination microscope objective is overfilled by the beam.
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2.4.4 Geometrical optics and the eikonal ansatz
While the wave-nature of light is captured by the field equations of electrodynamics, that is by
MAXWELLS’ equations and their approximation schemes presented thus far, the geometrical optics
approximation (GOA) successfully describes many aspects of macroscopic optical phenomena well.
This limit treats light as rays to explain for instance the geometrical shadows behind large objects. As
an approximation it may be obtained from MEs in the small wavelength limit l ! 0 (or equivalently
k0 ! •), i.e. the first-order MAXWELL’s equations [120, Ch. 3.1]. It is thus a well-suited approxi-
mation for EM problems in which the details of interference phenomena are not of interest or when
the object modifying the propagation of light is much larger than the wavelength of light. Starting
point for the derivation of the ray equation will be the eikonal ansatz, which retains the wave-nature
of light but assumes phase-modified and almost plane-wave like EM fields.
The eikonal equation Instead of using a plane wave of the form E(r, t) = e(r)exp(ik0S (r)  iwt)
and H(r, t) = h(r)exp(ik0S (r)  iwt) with S (r) = ês ·r which propagates in the direction ês, the
eikonal ansatz assumes a general real-valued spatially dependent so-called eikonal S . Herein, the
field amplitudes e and h are in general complex-valued vectors and surfaces of constant eikonal
define wave-fronts. Insertion of this form of the EM fields into MAXWELL’s equations, allowing for
an inhomogeneous medium but omitting small terms proportional to µ 1/k0 µ l, one arrives at a set
of corresponding equations
e · [—S ] = 0, h · [—S ] = 0, [—S ]⇥ e = cµh, [—S ]⇥h = cee. (2.39)
The last two equations can be combined to eliminate the magnetic field vector h, such that a scalar
identity, the eikonal equation, is obtained
|—S |2 = µec2 = n2. (2.40)
The formal solution to the eikonal equation is given by135























with r0 being an arbitrary point outside the weak perturbation and the last expression constitutes
the so-called eikonal approximation and takes this point to negative infinity while further assuming
predominant forward scattering, which is true for small and smooth refractive index perturbationsa) .
Specifically, this will be satisfied by the thermal lens. So far, the eikonal approximation consisted
of a certain scalar wave-function ansatz combined with the limit of vanishingly small wavelengths
or, equivalently, high energies. Geometrical optics now considers rays instead which are defined by
their property to be tangent to wave-front normals at each point. A normalized wave-front normal is
given in the language of the eikonal via ês (r) = n 1—S (r), which is a unit vector with |ês| = 1 due
to the above Eq. (2.40). The energy flow may be shown to be along the direction of rays, meaning
that the time-averaged POYNTING-vector hSi (see section 2.6.7) points in the direction of ês, hSi =
cn 2hwi—S , wherein hwi is the time-averaged energy in the electromagnetic field (which in the GOA
is equal in electric and magnetic energy). A ray may thus be defined via a parametric equation with


















Calculating now d [—S ]/ds from the left-hand side of Eq. (2.42), after some algebra [120, Ch. 3.2],







= —n(r) , (2.43)
a) If the eikonal ansatz in a medium is chosen such that µ exp(ikS (r)  iwt), k0 is to be replaced by k and the refractive
index n in above equation should be replaced by the contrast M = n/n0.136
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a generalization of SNELL’s law [116, 8.10], which can now be used to obtain straight rays in a ho-
mogeneous medium or curvilinear rays in an inhomogeneous mediuma) . The ray equation stands
now without any reference to a wavelength and is the starting point of geometrical optics. It further
describes the propagation of the center of a Gaussian beam in a weakly inhomogeneous medium.137
Considering the curvature vector defined as K = dês/ds = ên/r with magnitude 1/r, one finds120
from the ray equation (2.43) that |K| = ê
n
·— ln(n) > 0, i.e. light bends towards the optically denser
medium, see Fig. 2.10. A specific choice of another stepping parameter s, such that instead of
|dr/ds| = 1 one defines it via |dr/ds| = n,138 leads to the fully equivalent ”F=ma”-optics. Its for-
mulation shall however be traced starting from an arguably more universal variational principle in the
following lines. The purpose for this treatment lies in the particle analogy which will be drawn in the
discussion sections of photonic RUTHERFORD scattering.
Figure 2.10: Schematic of a parametric ray r(s) (red curve) in an inhomogeneous refractive index field n(r).
The surfaces of constant eikonal S = const. are the wave-fronts which the ray intersects orthogonally at each
point. Since dS/ds = [dr/ds] ·—S = n, the distance between two eikonals S and S + dS is inversely propor-
tional to n and thus proportional to the phase velocity v = c/n [120, Ch. 3.1].
”F=ma”-optics and FERMAT’s principle The refraction of rays of light by a dielectric interface
leads to SNELL’s law of refraction of light, while naturally the polarization details described by the
wave-treatment of light and resulting in the FRESNEL equations are absent in the GOA. Also, since the
analogy of the GOA treatment of the TL with a specific case of classical massive particle dynamics,
namely with RUTHERFORD scattering, will be used extensively later on, a formulation of ray optics
which stems from a unification of optics and particle dynamics is chosen here. A differential equation
suitable for both massive particles and light is obtained via a variational principle with fixed path end-




















= n2 (r)v(r) . (2.44)
Here, s is now a special stepping parameter along the ray defined by the second Eq. in 2.44. The
difference in treating light or massive particles rests in the proper choice of the velocity v(r) and
the stepping parameter s. For massive particles one may take n = 1, such that Eq. (2.44) reduces to
NEWTON’s first law, Eq. (2.45). The usual classical dynamics are obtained with the choice of the
stepping parameter s = t as the time and by setting v2/2 = E/m V/m, which is the difference of
total and potential energy per unit mass.140 To describe the paths of rays of light, Eq. (2.44) is to be
supplemented by setting v = c/n to the phase-velocity of light in matter, where c is the vacuum speed
of light. This case will correspond to FERMAT’s principle of the least optical path and allows the
calculation of light trajectories through a spatially inhomogeneous refractive index field n(r). The
a) These quasi-geometrical optics equations could also have been derived starting from the inhomogeneous HELMHOLTZ
Eq. (2.22) inserting the scalar ansatz U µ exp(ikS (r)), see Ref. [116, 8.10]
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= n(r) . (2.46)
This formulation provides a classical picture of light propagation and corresponds to the zero-
wavelength limit of wave-optics.120 The result, Eq. (2.46), is the ”F=ma”-optics developed by J.
Evans and M. Rosenquist in 1985 and explored since then by many others.138, 141–143 Eq. (2.44) may
even be used to describe relativistic gravitational mechanics of massive particles in a static space-time
metric by an appropriate non-unit refractive index.139, 140
2.5 Diffraction and the optical resolution limit in far field microscopy
WITH the essential electromagnetic concepts summarized in the previous section, the basic fea-tures of a typical scanning far field optical microscopy system shall be presented. The de-
scription of the EM fields in such a microscope system is the prerequisite to subsequently describe
the illuminating field’s interaction with scatterers.
2.5.1 Transmission scanning microscopy
The setup that was used for the experimental part of this thesis shares many aspects of a typical
scanning sample confocal microscope. The working principle and the optical resolution of such a
microscope shall therefore be described briefly. The basic design is depicted in Fig. 2.11. The il-
lumination of the specimen is achieved by focusing light onto the sample to illuminate only a small
diffraction limited volume. This volume is imaged to a pinhole in front of the photodetector. Light
collected from other positions within the sample do not reach the detector. Due to the point-wise
imaging, either the sample or the light spot has to be scanned to achieve a 2D image. Using this
technique, the contrast can be strongly enhanced compared to a wide-field microscope. Also the res-
olution is increased slightly. The optical resolution of a microscope can be described mathematically
by the point spread function (PSF), which gives information about how a point-like source is imaged
by an optical system, e.g. a microscope objective. Caused by diffraction, a point is not imaged onto a
point but to an extended diffraction pattern. The PSF is always of great interest in microscopy since
it describes this pattern of the light or field intensity and determines the optical resolution, i.e. the
ability to tell individual objects apart from each other.
2.5.2 Point spread functions and aberrations
A point spread functions (PSF) describes the spatial electric field distribution in the focal region as
obtained by imaging a point light source at infinite distance through a specific imaging system. The
term may be further specified by either considering the field PSF, which describes the spatial electric
field structure, or the intensity PSF which describes the spatial intensity distribution. The latter term
is usually meant when referring only to the PSF. The PSF thus depends on the wavelength of the light
and the constituents of the optical imaging system, such as the lenses and apertures. Depending on
the level of accuracy and on wether the polarization characteristics of the EM field in the focal region
are of interest, either the theory for the focusing and diffraction of vectorial or scalar electromagnetic
fields by an arbitrary finite-sized lens should be used. In any case, the wave-nature of light and the
related process of diffraction leads to a spatially extended intensity distribution. The actual quantity
which is to be evaluated either rigorously or approximately is then the focal electric field and intensity
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point spread function Eq. (2.47) as given by:144
PSF = |Ei (r) |2 = |Eix|2 + |Eiy|2 + |Eiz|2. (2.47)
In the following, the simple scalar approximation as well as the rigorous vectorial approach shall be
outlined for the simplest assumed optical system, i.e. a focusing lens with focal length f and a finite
diameter D. The influence of the (partial) coherence of the illumination shall not be considered here.
2.5.3 Scalar diffraction approximation for weakly focused beams
Scalar wave theory, the HUYGENS principle and diffraction may be used to describe the propagation
of light behind an aperture illuminated by monochromatic light. As such, this approximation provides
the simplest means to assess the PSF for a given optical system where usually the objective’s numer-
ical aperture determines the effective aperture. The diffraction integral is an approximate solution
to the scalar HELMHOLTZ Eq. (2.22) in a homogeneous medium. In its simplest form, it connects
the complex field-amplitude of an aperture illuminating field Ua (x0,y0) in the aperture plane at z = 0
to the complex field amplitude U (x,y,z) in the image plane at some distance z. Writing down the
FRESNEL-KIRCHHOFF diffraction formula for an extended aperture-illuminating light source in the
forward direction one has













with the aperture function A (x0,y0), s being the distance between a point in the aperture plane at
{x0,y0} and the observation point at {x,y}. It may be interpreted as a coherent superposition of
excited spherical wave sources with an inherent  p/2 rad phase shift signified by the imaginary
factor  i.34, 131 The aperture function may also include a transmission function T (x0,y0). A thin
spherical lens of relative refractive index contrast nL/n0 and variable thickness d of at most d0, for



























Figure 2.11: a) Schematic of a scanning confocal fluorescence microscope. A short wavelength laser (green)
is used to excite long-wavelength fluorescence light which is imaged onto a photodetector. An out-of-focus
object is not imaged onto the pinhole (thin dark red, dashed) and therefore not detected by a photodiode behind
it or at the pinhole position. An image is generated by scanning the sample relative to the fixed microscope
objectives, typically via a piezo scanner, see c). In the simplest terms, each lens is characterized by its ability to
focus light, i.e. transform planar wavefronts to converging spherical ones, and a finite aperture. b) Schematic
of a transmission microscope setup similar to a). c) Typical realization for b) with two microscope objectives
matched in their focal point.
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Figure 2.12: a) Aperture diffraction geometry. b) Optical resolution criterion (see text).






/2, where r2 = x02+y02, and depends on the radii of curvature R1,2. Expressed via the




, apart from a constant
phase shift. The integral Eq. (2.48) cannot be solved analytically, and hence various approximation
schemes are common. A rigorous derivation of each may be found in Ref.119 and the limiting ranges
of validity are discussed in the book of Jackson [116, 10.9]. For light focusing, the aperture field
can also be substituted by a spherical wave e ik f / f converging at the focal distance f , whereby Eq.
(2.48) becomes the DEBYE diffraction integral, proposed by P. Debye in 1909.120
FRESNEL approximation Already in section 2.4.3 the FRESNEL diffraction integral was derived
as a solution to the paraxial HELMHOLTZ equation. Now, it shall be seen as an approximation to the
FRESNEL-KIRCHOFF diffraction formula (2.48). In the so-called FRESNEL approximation the length
r in the integral is approximated by s ⇡ z+[(x  x0)2 +(y  y0)2]/2z in the exponential factor, while
it is approximated simply by z in the denominator. Thereby, the FRESNEL diffraction integral Eq.
(2.32) is obtained (with A (x0,y0) now included in the integrand to allow for a transmission function
and a finite aperture). The domain of validity of the approximation is typically stated via a condition
which relates the next-order expansion term of r to the period of the exponential 2p, whereby the
inequality r4/l4 ⌧ 8z3/l3 allows to assess wether the FRESNEL-approximation is sufficient. If a























FRAUNHOFER approximation In the FRAUNHOFER regime it is assumed that z   x0,y0 such that


























a) In this case polar coordinates are convenient. Two sets can be used in the aperture plane the coordinates {r,f} are
used such that x0 = rcosf and y0 = rsinf, and in in the image plane {r,j} are used to write x = r cosj and y = r sinj.
Then, the distance of two points in a plane becomes (x  x0)2 +(y  y0)2 = r2 + r2  2rr cos(f j). Using the definition
of the zero-order BESSEL function J0 (z) = 12p
R 2p
0 exp( izcos(f))df and identifying the argument as krr/z, one arrives
at the simple form given in Eq. (2.49).
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which is valid in the far field. The above expression may be reformulated into a FOURIER-
transformation of the aperture function such that far field diffraction patterns are easily computed.
For a circular aperture of diameter D = 2R, i.e. for a finite sized lens or for a given aperture of an
microscope objective, the aperture function becomes A (x0,y0) = H (r R). For plane-wave illumi-
nation of intensity Ii, and using the circular diffraction formulation (2.49) without the curvature term,
the result may be expressed in terms of the first-order BESSEL-function J1 as








This intensity pattern is known as the AIRY-disc. It either describes the detected intensity for a point-
source of monochromatic light imaged through an optical system with an effective aperture D, or,
apart from replacing z ! f , the spatial intensity pattern of a converging spherical wave in the focal
plane, i.e. the PSF of a weakly focused beam by a lens of the same diameter.147 This corresponds to
the paraxial DEBYE diffraction integral. Therefore, the diffraction limited resolution of a lens is now
defined by the radial distance r0 between the central maximum and the first radial minimum of the
AIRY-disc. For a given numerical aperture NA = nsin(qmax) and using ABBE’s sine condition120 to







Two point sources can thus be distinguished apart from each other if the radius r0 of the AIRY-disc
is less than their separation. This defines the regular optical resolution limit. An effective beam
waist147 of the corresponding PSF may be given as w0 ⇡ 0.69r0. For a confocal microscope, the
resolution is described by the product of the illumination and the detection PSF. By assuming the
wavelength as well as the numerical aperture of illumination and detection are equal, the lateral
confocal resolution limit is given by rconf0 ⇡
0.44l
NA . If the detection pinhole is finite in size, the detection
intensity is a convolution of detection PSF and the pinhole, which blurs the PSF, but can increase
the detected intensity. In practice one has to find an optimum between resolution and signal-to-
noise ratio. The side-maxima in the AIRY-disc are effectively suppressed by the product of the
PSFs, leading to an enhanced image contrast. While these analytic solutions were based on the
FRAUNHOFER approximation and give principle guidance and intuition on the imaging characteristics
and resolution limits, more rigorous vectorial EM treatments are necessary if an exact knowledge
in high-focusing optical systems is needed. To appreciate the importance of a rigorous vectorial
treatment of the aberrations, the following section 2.5.4 will briefly explicate the general properties
of the PSF for a highly focused laser beam as it is realized under realistic experimental conditions in
any laboratory.
2.5.4 Vectorial diffraction for highly focused electromagnetic fields
Especially under tight focusing conditions for a high numerical aperture NAill objective lens the scalar
approximation to the PSF misses important features of the actual focus field structure (2.47). These
are well described by vectorial electromagnetic diffraction theory147–149 developed by E. Wolf and
B. Richards around the year 1960. The ideal focusing theory has been extended to include aberration
effects due to the focusing through dielectric interfaces and more complex stratified media in the
1990’s by S. Hell and P. Török, among others.150–154 Furthermore, in a realistic microscope setup,
deviations of the refractive indices of the used cover-glass slides, the immersion oil or the cover-glass
thickness are present with respect to the optimal design conditions used by the manufacturer of the
focusing lens, i.e. the microscope objective. These deviations lead to phase-modifications144 which
deteriorate the focusing of the beam and enhance asymmetric PSF features. A match in thickness and
exact refractive index is never perfect and such sources of mismatches therefore need to be included
in the computations if a realistic modeling of the focus field structure is to be obtained. The incidence





























Figure 2.13: Incidence field structure Ei (r) in the focal region. Shown are a) the PSF |Ei|2, the phase structure
arg(Ex (r)) overlaid by a contour-plot of the logarithm of the PSF, b) the components intensities |Ex|2, |Ey|2,
E2z in the xy-plane and c) the phase structure in the xy-plane (left to right). Parameters: l = 532nm, d = 15µm,
kd0 = 720, n1 = 1.525, n01 = 1.514, n2=1.525, n3 = 1.46, NAill = 1.4. xy-Slices at z = 2.5µm.
field in the focal region for the experimental conditions of the setup used for this thesis is shown in
Fig. 2.13. As seen in Fig. 2.13a), additional aberration-caused features appear below the focal plane
and show a periodic structure. These features can be on either side of the focal plane depending on the
exact experimental conditions.144, 150 Apart from the mismatch induced asymmetries, tightly focused
beams exhibit characteristic features such as the presence of nonzero components of all polarizations.
While still the aperture field polarization (x) is the dominating one in the focal region, also y and z-
polarized electric field components are present with lower amplitudes, see Fig. 2.13b). Although
qualitatively the main features remain their resemblance to the Gaussian beam, additional electric
field components in the y-direction and an asymmetric axial profile of the PSF emerge and are a
result of the tight focusing encountered in high-resolution microscopy. As a result of the aberrations
introduced by refractive index mismatches the focal peak-intensity can be reduced significantly.
2.5.5 Theoretical description of transmission signals
The rising interest in the optical properties of nanoparticles of various composition and shape has
spawned the appearance of new forms of quantitative high resolution and high-NAill transmission
microscopy schemes. Further, the development of optical tweezing as a valuable contact-free ma-
nipulation tool on the micro-scale has led to the theoretical description of particle-light interactions
under tight illumination conditions. Quantitative assessments of the optical signal in the framework
of vectorial focusing and coherent scattering has been given by A. Rohrbach and E.H.K. Stelzer32, 155
and later for Laguerre Gaussian beams by P. Török et al.156 A few years later, static imaging in such
setups has been demonstrated to be a quantitative and valuable tool. The spatial modulation spec-
troscopy technique25, 28 is able to sensitively detect single nanoparticles and measure their extinction
cross-sections. For small particles as compared to the wavelength, this technique thereby measures
absorption cross-sections. A detailed quantification of such transmission microscopy schemes has
been formulated in terms of vectorial diffraction theory by J. Lermé et al.26, 27 These approaches
provided analytical expressions for the transmitted powers and angular distributions of transmitted
intensities. A similar treatment was given by N.M. Mojarad et al.157 and G. Zumofen et al.158
without considering the particle placement in the focal region. However, all these frameworks intrin-
sically only allow for the computationally demanding application to focused diffracted beams and
provide no tractable simplification for paraxial Gaussian beams. While such a simple ansatz using
the analytical description of the Gaussian beam interacting with a scattering particle may be found
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in the literature for transparent particles for instance in Ref.,31 these works are designed for trapping
applications and are not applicable to absorbing nanoparticles with complex refractive indices. A
small-particle handling of focused beam interaction with REIGHLEIGH-scatterers having a complex
polarizability was first done by M.A. Taubenblatt and J.S. Batchelder30 and also recently by J. Hwang
and W.E. Moerner,34 who considered particles placed on the optical axis only. Especially the latter
treatment dealt with the role of the particle placement in the focal region and revealed the influence
of the complex-valued polarizability on the shape of the signal. It showed that the detected signal
must not be maximal if the particle is in-focus and that in general an intermediate signal is obtained
showing characteristics of a dispersive and a peak signature. However, both approaches take only the
experimentally less important case of detection with a low numerical aperture microscope objective,
i.e. NAd = 0, and point-like particles into account. Recently, also high-NA differential transmission
framework was developed for dipole scatterers and two-level systems only.159
2.6 Elastic scattering of light
SO far, the previous sections dealt with the formulation and approximation schemes to theMAXWELL equations in arbitrary inhomogeneous media in general. In this thesis, the inho-
mogeneities of interest will be two-fold. On the one-hand side, the typical textbook example of a
spherical scatterer needs to be treated when the absorption in photothermal microscopy is to be in-
vestigated. On the other hand, a less standard scatterer will be the key to understand PT microscopy,
the continuous refractive index profile, i.e. the thermal lens n(r). While still possessing spherical
symmetry, this special scatterer is of infinite extend, if considered ideally, and therefore be subject
to critical scrutiny. The plane-wave assumption of the incidence illumination will then be given up
in favor of a focused beam illumination which will be of pivotal importance for the phenomenology
encountered in transmission microscopy.
2.6.1 Overview of optical elastic scattering theory
For a finite and single scatterer of size R and refractive index np in some medium with refractive
index n0, the size-parameter x = kR and the contrast of the scatterer’s refractive index M = np/n0
usually determines which approximation is adequate in order to retrieve the important aspects of the
scattering characteristics, see Table 2.1. For particles with spherical symmetry, an exact solution
to the vectorial electromagnetic scattering problem was first given by Gustav Mie in 1908,163 now
known as MIE theory,3, 164, 165 or, in memoir of L.V. Lorenz’ earlier work that was however not based
on MAXWELL’s equations, as LORENZ-MIE theory.166 Many simpler approximation schemes have
been developed for scatterers. Among these are the geometrical optics approximation (GOA), the
GOA supplemented by scalar diffraction160 and the well known RAYLEIGH approximation (RA), first
scattering framework x M
(generalized) LORENZ-MIE theory - -
RAYLEIGH scattering x ⌧ 1 |Mx|⌧ 1
RAYLEIGH-GANS-DEBYE / BORN approx. (RDGA / BA) x ⌧ 1/ [2 |M 1|] M ⇡ 1
eikonal approximation (EA) x   1 |M2  1|⌧ 1
anomalous diffraction approximation (ADA) x   1 |M 1|⌧ 1
geometrical optics approx. (GOA) x   1 2x |M 1|  1
geometrical optics approx. with edge effects x > 10 see Ref.160
Table 2.1: Regimes of validity135, 161, 162 of several scattering frameworks for a spherical particle with refrac-
tive index contrast M = np/n0 and size R and size parameter x = kR.
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given by Lord RAYLEIGH (J. Strutt) in a series of articles in at the end of the 19th century.167 Several
other approximation schemes exists, such as the RAYLEIGH-GANS-DEBYE approximation3 (RGDA)
related to the BORN approximation (BA), the anomalous diffraction approximation, also called the
VAN DE HULST approximation (HA), and the eikonal approximation (EA).135, 161, 162 Many of these
schemes can be derived directly from the exact MIE theory by considering the appropriate limits.3, 162
Physical observables of interest in standard scattering theory are usually integrated quantities such as
the total scattering, absorption and extinction cross-sections for plane-wave incidence. They relate
the incidence field intensity to the total elastically scattered, absorbed and total removed power from
the direction of incidence, respectively. The approximation schemes give convenient and most of
the time analytical expressions for spherical scatters. However, for focused beam illuminations, no
such well-established guidelines exist. For reasons discussed in the appropriate section, a variant168
of the rigorous MIE-theory will be the starting point for the tackling of the scattering of the gold-
colloids, and the framework will be introduced in section 2.6.3 in a form suitable for focused beams.
For the infinite thermal lens scatterer none of the above approximations can be applied in a straight-
forward manner to the experimental conditions in PT microscopy. While a careful discretization
of the infinite TL to a finite (gradient refractive index) GRIN particle representation will prove to
be accurate, integral quantities such as the scattering and extinction cross-sections will be seen to
diverge for plane-wave scattering. By drawing the connection to classical and quantum mechanical
RUTHERFORD-scattering in sections 4.2 and 4.3 this will become understandable.
2.6.2 The integral equation of potential scattering and the BORN approximation
For weak perturbations, a scalar electromagnetic scattering approximation, the BORN approxima-
tion (BA), is particularly useful for plane-wave scattering. Consequently, both RAYLEIGH and
RAYLEIGH-GANS-DEBYE scattering may be obtained from it. While it assumes a static scatterer,
retardation effects appearing for dynamically changing scatterers will only be of importance for very
large scatterers103 or scatterers changing on time-scales comparable to the frequency ⇠ 500THz of
light. The BA will thus prove to be instructive when applied to the scattering of static and dynamic
thermal lenses. The scalar HELMHOLTZ eqn. for the field amplitudes (2.22) may be rewritten as a














If the total field U (r) is decomposed into the sum of an incident field, typically a plane wave U i (r) =
U i0 exp(ik ·r) here taken with the medium wave-vector k = k0n0êz in z-direction, and a scattered field
U s (r) one arrives,120 using the outgoing free-space GREEN’s function of the HELMHOLTZ equation
and by applying GREEN’s theorem, at the integral equation of potential scattering, Eq. (2.54). The
equation implicitly assumes that the scattered field behaves in the far field as a spherical wave, see
scattered spherical waveplane-wave incidence !eld
scatterer
far !eld  integration sphere
medium
incidence wave-vector
Figure 2.14: Schematic with the fields and geometry occurring in the integral equation of potential scattering.
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Fig. 2.14, and approximates |r  r0|⇡ r  êr ·r0 for r   r0.
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In this treatment, now assuming a unit incident amplitude, the scattering potential is thus seen to act as
a distribution of spherical wave sources. The amplitude modulation f (ks) of the scattered spherical
wave can thereby be determined. Among the strategies to solve this integral equation are the eikonal
approximation (EA) and the BORN series approximation. In the EA the interior wave-function is
assumed to be given by U (r) = exp(ikS (r)), cf. (2.41). Alternatively, if the medium is weakly
inhomogeneous and the accumulated phase is less than 1 rad, the first-order BORN approximationa)
takes the total field inside the scattering potential volume to be equal to the unperturbed incident field,
U (r) ! U i (r). Using the momentum transfer vector q = ks  k, a 3D-FOURIER transform of the
scattering potential will give the scattering amplitude,










For a spherically symmetric scattering potential, the absolute value q= 2k sin(q/2) of the momentum
transfer vector defines the (elastic) scattering amplitude in any direction specified by the polar angle
q. In this case, f BA (q) = 4pq
R
F (r0)sin(qr0)r0dr0b) , the differential scattering cross-section and the
total cross-section are ds/dW = | f (q) |2 and ssca =
RR
| f (q) |2dW, respectively. The vectorial nature
of light can be considered in a very similar fashion based on the inhomogeneous wave equation for
the displacement field D, see Ref. [116, Ch. 10 A & B]. For a nonmagnetic and weakly dielectrically
perturbed medium, the solution to the now vectorial scattering amplitude in D(r) = Di + feik ·r/r
with an ê0-polarized incident plane wave Di (r) = ê0D0eik ·r is then analogous to Eq. (2.55) and
(2.54), apart from a polarization along  êr ⇥ [êr ⇥ ê0] and the amplitude D0 multiplying the scalar
scattering amplitude. In the vectorial form, an inhomogeneity acts as an extended distribution of
dipole sources p with fields µ eirkr 1 [êr ⇥p]⇥ êr, see appendix 7.4.
2.6.3 The generalized LORENZ-MIE theory
Under conditions where the above approximations are not justified, i.e. for high contrast scatterers
and especially when highly focused beams need to be described, a rigorous MIE-type solution to the
MAXWELL equations is required. The following section outlines the derivation of the exact analyti-
cal solution to MAXWELL’s equations for the scattering of an arbitrary beam scattered by a possibly
multilayered spherical particle of complex dielectric function ep in a transparent, homogeneous and
isotropic medium with dielectric permeability em. The outline introduces the field notation and con-
cepts which are the necessary prerequisite for the extension of the theory developed in sections 4.1.1.
This framework will also provide expressions for the absorbed power by the gold nanoparticle which
determines the contrast of the TL as a starting point in the other simpler models of the PT signal. The
approach chosen in terms of so-called BROMWICH scalar potentials was introduced by G. Gouesbet
el at.168 and will allow for a compact and powerful theoretical and highly accurate EM description
of the PT signal later on. While this approach is more general in the sense that it allows for arbi-
trary incidence fields, it naturally reduces to the results of G. Mie3, 163, 165, 166 for plane waves and is
conceptually very similar.
a) The BA was first used in the context of scattering of electromagnetic waves first by Lord RAYLEIGH in 1881.116











] = 4pqr0 F (r
0)sin(qr0), where spherical coordinates were chosen with q0 denoting the polar angle between q and r0.
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2.6.4 The electromagnetic fields
BROMWHICH formulation of MAXWELL’s equations For spherical coordinates a special for-
malism was used by G. Gouesbet et al.168, 169 to solve the MEs analytically. This approach based
on so-called scalar BROMWICH potentials (BSP)170a) is completely equivalent to the classical MIE
theory163 in the way it first constructs general solutions to the ME and subsequently applies boundary
conditions to find the full solution. A short derivation can be found in the original article(s),169, 171 a
recent review article172 or the book173 of G. Gouesbet et al. which has recently been republished.168
In this section not the plane-wave solutions to the MEs in free space are of interest, but rather the
solution for electromagnetic field in an infinite loss-less homogeneous medium with an embedded
spherical interface to another, possibly lossy, medium. This spherical region defines the scatterer of
complex refractive index np =
p
ep and the problem hereby posed is the electromagnetic scattering
by a sphere of radius R. Expressing MAXWELL’s equations in spherical coordinates one may formu-
late set of two differential equations equivalent to MEs which are formally similar to but nontheless
distinct from the scalar HELMHOLTZ equation (2.22). These two differential equations for the TM
and TE BROMWICH scalar potentials UTM and UTE, respectively, are








Eqs. (2.56) combined with a set of equations relating the electromagnetic field components to differ-
entials of these scalar potentials, that is the r, q and f components of the electric and the magnetic
field as given in Eq. (2.57), constitute a framework equivalent to any other potential or super-potential
ansatz in classical electrodynamics. The solution entails transverse magnetic (TM) fields, which are
defined through their property of transversality of the magnetic field H, i.e. Hr = 0, as well as trans-
verse electric (TE) fields, defined through their property of transversality of the electric field E, i.e.
a) The two scalar BROMWICH potentials UTM and UTE, first introduced in 1919 by the french physicist T. Bromwich,170





Figure 2.15: a) Spherical coordinate system with unit vectors êr, êf and êq (yellow). b) Electromagnetic fields
E and H, Eq. (2.58), and their domains. The total electromagnetic field Et and Ht exists exterior to the sphere
(dotted region) and is the sum of the scattered and incident fields. The so-called spherical (or internal) field
with subscript sp exists only inside the sphere (square-patterned region).
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Er = 0. In general, an arbitrary electromagnetic field will have both components.


















































































































Solution for a spherical scatterer The separation ansatz U (r) = rR(kr)Q(q)F(f) for the
BROMWICH scalar potentials gives three differential equations: The spherical BESSEL equation
for R, the harmonic equation for F and the associated LEGENDRE equation for Q. Therefore,
the BSP may always be expressed as a linear superposition of eigenfunctions of the form U (r) =
ry( j)n (kr)Pmn (cosq)exp(±imf), with y
( j)
n () being spherical BESSEL functions and Pmn () being the
associated LEGENDRE functions. As the angular functions satisfy Pmn µ P mn , only P
|m|
n need to be
considered.173 The most general solutions to the MAXWELL’s equations (MEs) will be the sum of
two special and independent solutions, as given by the two BSPs UTM (r) and UTE (r). These poten-
tials taken together with the corresponding sets of prescriptions of how to obtain the field components
for given BSPs then constitute the formal solution to the electromagnetic problem of arbitrary beam
scattering. The full and most general solution for the field inside the particle (superscript sp), the
scattered field (superscript s) and the incidence field (superscript i) reads
Ei,s,is = Ei,s,spTM +E
i,s,sp
TE , H
i,s,is = Hi,s,spTM +H
i,s,sp
TE , (2.58)
wherein the scattered, incidence and internal field BSPs, which determine these fields, are the infinite
sums of weighted individual eigensolutions, with wavenumbers k = k0nm outside of the sphere for the
incidence and the scattered fields, and ksp = k0np inside the sphere, Eq. (2.59) - (2.61). The weighting
of each solution are expansion coefficients denoted by Amn and Bmn in the case of the scattered field,
Cmn and Dmn for the internal field and finally the beam shape coefficients (BSC) gmn,TM and g
m
n,TE for
the incidence field. From here on the RICCATI-BESSEL functions xn = xy
(4)
n and yn = xy
(1)
n will be




n with j = 1, . . . ,4 are the usual spherical BESSEL functions. Also,
as before, the size parameter is x = kR, with k being the wave number in the embedding medium and
R the scatterer’s radius. The appearance of a non-trivial dependence on the azimuthal angle f and
the double sum over the corresponding azimuthal modes m is required as no restrictions are made
on the incidence field. For the special case of incidence fields which are radially symmetric with
respect to the symmetry axis of the spherical scatterer, this degree of complexity will be lifted and
the single-sum expressions of the usual MIE theory will be recovered. This leads to the notion of
on-axis and off-axis beams and their corresponding scattering situations. On-axis then refers to an
axisymmetric incidence beam illuminating and scattering from a spherical scatterer, while off-axis
refers to the more general case of electromagnetic scattering of either an arbitrary field off a spherical
particle or a radially symmetric beam which is offset with its symmetry axis relative to the scatterer.
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with the plane-wave expansion coefficients cpwn = k 1in 1 ( 1)n Nn with Nn = [2n+1]/ [n(n+1)]
from regular MIE theory and the beam shape BSCs thus encoding the deviation of the incidence
field from a plane wave. In the incident and internal field expansions the RICCATI-BESSEL func-
tion yn is used, since it is the only possible radial eigenfunction which assures finite values at
the origin, i.e. at the coordinate r = 0. In order to completely specify the scattering problem,
the boundary conditions eqs. (2.13) and (2.15) must be considered and pose conditions on the











q,TM,TE on the particle-medium interface at r = R. These condi-
tions provide four equations and thereby completely specify the sets of four unknown coefficients
{Amn ,Bmn ,Cmn ,Dmn }, Eq. (2.62), provided that the incidence field BSC which characterize the illumina-
tion are known.












n = dn g
m
n,TE (2.62)
Here, an, bn, cn and dn are the usual LORENZ-MIE theory scattering coefficients determining the
scattered and the internal fields in terms of the possibly complex spherical particle’s refractive index
contrast M = np/nma) :
an =
µspy0n (Mx)yn(x) µMyn (Mx)y0n (x)
µspy0n (Mx)xn (x) µMyn (Mx)x0n (x)
, bn =
µMy0n (Mx)yn (x) µspyn (Mx)y0n (x)




µspM [y0n (x)xn (x) x0n (x)yn (x)]
µspy0n (Mx)xn (x) µMyn (Mx)x0n (x)
, dn =
µM2 [y0n (x)xn (x) x0n (x)yn (x)]
µMy0n (Mx)xn (x) µspyn (Mx)x0n (x)
. (2.64)
The expressions further simplify if non-magnetic particles are assumed, i.e. µsp = µ0. In a similar
but much more tedious fashion, scattering coefficients describing the scattered field for spherically
symmetric multilayered composite particles can be computed analytically, see section 2.6.6. Once
the BSPs UTM,TE are known, the fields may thereby be computed in a straightforward fashion via eqs.








} as double-sum expressions over
n and m are explicitly given in appendix 7.5.5. For xp = yp = 0 and an axisymmetric beam [173,
6.1 Axisymmetric beams]168 for which the axial component of the POYNTING vector Sz does not
depend on the azimuthal coordinate f, one has gmn,TE,TM = 0 for |m| 6= 1 and 2g
±1
n,TE = ⌥ign as well
as 2g±1n,TM ⌘ gn. In this case, the following more general expression will collapse identically to the
single-sum expressions (2.65)b) . Exemplarily, for on-axis scattering the BROMWICH-potential for













in+1 ( 1)n Nn gn r y(1)n (kr)P1n (cosq) . (2.65)
a) For a note on the sign convention of I(M) and the time-dependence, see appendix 7.5.6. For further notes on various
definitions used in MIE scattering theory, see the book of M. Kerker.164








/2i = sinf, the single-indexed expression (2.65) is obtained.




Figure 2.16: Polar graphs, extending over [0,2p], of the angular functions Pn (q) and tn (q) appearing in
the expansion of the field components for on-axis scattering in the GLMT and plane-wave LORENZ-MIE
scattering. In RAYLEIGH-scattering only P1 (q) = 1 and t1 (q) = cos(q) appear, see section 2.6.10. The colors
correspond to the sign for q 2 [0,p], i.e. blue and red signify + and  , respectively.
Inserting this into the above eqs. (2.57) leads to the expressions for on-axis scattering of the incident
field components as corresponding single sum expressions over the multipole orders n. In the far
field limit, the field expressions may be simplified further by the asymptotic expressions of the radial
functionsa) . Using the limit of the RICCARTI-BESSEL function yn(kr) = kr y1n (kr) and the derivative
thereof inserted into the above equations this goal is readily reached. Similarly, fro the limit xn (kr)!
in+1e ikr, and from this expression also the asymptotic form of x0n (kr), the far fields may be obtained,
see appendix 7.5.5. These expressions for the field components involve a new set of angular functions
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m











Pmn (cosq) . (2.66)
The special case of m = +1 recovers the usual MIE angular functions, tn = t1n and Pn = P1n. These
are the only angular functions appearing in case of on-axis scattering. Also, both functions have the
same value in forward direction,3, 162, 174 that is Pn (q)⇡ tn (q)⇡ n [n+1]J0 ([n+1/2]q)/2 for small
angles q ⌧ 1, see Fig. 2.16. Naturally, the outgoing spherical wave is a transverse wave in the far
field, i.e. Er = Hr = 0. For off-axis scattering and the theoretical developments in section 4.1.3, the












































































S1 (q) , (2.69)
where the upper notions are for on-axis scattering, while the lower expressions are for off-axis scatter-













for r ! •, see for instance [169, loc. Eq. 131].
b) This short-hand notation in GLMT for the off-axis case also appears in Ref.175 The further introduced matrix X1,2 will
later lead to the expressions derived for scatter images, see section 4.1.3.
















































































Figure 2.17: a) Polar graphs of the scattering intensity |S1|2 (red, f = p/2) and |S2|2 (blue, filled, f = 0)
for AuNPs in a material with refractive index nm = 1.46 illuminated by a plane wave with l = 635nm.
b) Corresponding normalized azimuthally averaged scattered field intensities, µ |S1|2 + |S2|2, for radii R =
{10nm,50nm,75nm,100nm} (solid single dashed to solid, blue to black). The azimuthally averaged scat-
tered field intensity for the R = 10nm particle follows a 1+ cos2 (q) distribution, see also left-most in a). This
pattern can also be observed in the near field in Fig. 2.20d) for a R= 30nm AuNP. c) As in b) but for a R= 1µm
(solid dashed) AuNP scattering predominantly in the forward direction. Also shown are individually the parts
|S1|2 (single-dashed solid) and |S2|2 (double-dashed solid). The thin dashed and dotted lines show the AIRY
diffraction pattern for a circular aperture of radius R = 1µm illuminated by a plane wave in the FRAUNHOFER
far field approximation. The similarity was explored in detail by J.A. Lock.174, 176























The angular structure of the radiated scattered intensity Isca (q) is hereby readily computable in a
plane along the incidence x-polarization, i.e. |S2|2, or in the plane perpendicular to it, |S1|2. Figure
2.17 shows examples of AuNPs of various sized. While part a) shows the dipole-like scattering char-
acteristic for the smallest scatterers, called RAYLEIGH-scatterers, the predominant forward scattering
behavior of larger particles is best seen in part b) of the figure. The latter characteristic feature is
sometimes said to characterizing so-called MIE-scatterers3 for which x ⌧ 1 is no longer valid.
2.6.5 Description of the incident field: beam shape coefficients
The BSCs gmn are the complex-valued expansion coefficients of the BROMWICH-scalar potentials.168
They specify the incidence field via the relations (2.57) and therefore depend on the specific op-
tical system for illumination. For on-axis illumination the coefficients reduced to a single-index
set of complex-valued coefficients gn. While any set of coefficients describes an exact solution to
MAXWELL’s equations, a prescription to obtain BSCs for an arbitrarily shaped beam is necessary
for practical applications. Thus, for a given incidence EM field the following prescription allows an
extraction of the BSCs. The series expansion of the BSPs U iTE,TM, Eq. (2.59), is used to recover from
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the field prescriptions Eq. (2.57) an expression for the radial components of the incident field that









= n [n+1]y( j)n (kr). Sim-
plification of the resulting expression leads to a series expansion of Er and Hr. Successive application
of orthogonality relations of the functions eimf and Pmn (cosq) with respect to angular integration of
f and q over 2p and p, respectively, after multiplication of integral operators then deliver the desired
resulta) . Thus, one obtains a calculation prescription for an arbitrary given incident field with radial























P|m|n (cosq)e imf sin(q)dqdf, (2.71)
and typically r = R is taken172b) . Assuming a linear x-polarization with a radial electric field compo-
nent Er µ cos(f), the single-index set of BSCs for an on-axis beam gn = 2g±1n,TM is obtained. While
there are many numerical procedures to obtain the BSCs for a specific choice of a shaped beam,168
also many analytical approximations and solutions can be found in the literature.126, 177–179 For cer-
tain specific incidence fields the BSCs shall be given in the following paragraphs. Each set of BSCs
assumes a certain reference intensity I0 (irradiance). In case of the Gaussian BSCs I0 = 2P0/pw20
refers to the focus peak intensity, while for the exact BSCs I0 refers to the on-axis intensity of the col-
limated Gaussian beam illuminating the microscope objective back aperture. In cases of ambiguity,
the corresponding cross-sections will have a superscript G or E , respectively.
Plane wave BSCs For plane waves the BSCs are gn = 1 and correspond to a plane wave with
a polarization plane in the x-direction and propagating in positive z-direction with k = kêz. The
corresponding electromagnetic fields read:180
E(r, t) = E0 exp(i [kz wt]) êx, B(r, t) =
E0
c
exp(i [kz wt]) êy. (2.72)
Spheres which are large as compared to the wavelength with R   l are able to sustain a large number
of multipole field structures. Thus, a plane wave of infinite extent is able to excite these multipole
modes and large n will contribute to the radiation and thereby to the scattered field and the scattered
intensity pattern Isca (q). The amplitudes of these higher modes, as given by each summand’s weight
in the series expression of the scattering function S1,2, is not limited by the beam since the plane-
wave BSCs do not vary with n, but dictated by the optical properties and size of the sphere through
the scattering coefficients an and bn. Fig. 2.17b) shows the scattering intensity for a particle of radius
R = 5µm illuminated by a plane wave with l = 635nm with the characteristic multi-peak structure
in the logarithmic intensity pattern.
Gaussian BSCs: On-axis For given illumination conditions, a focused Gaussian or Davis beam
may be assumed and characterized by its beam waist w0, as introduced in section 2.4.3 and 2.5.3. In
contrast to the case of plane-wave illumination, for a focused illumination only a certain maximum
number of multipoles can be excited due to the finite lateral extent of the beam, and thus the highest
multipoles for large spheres may not be present in the fields series expressions. This is expressed
by the departure of gn = 1 of the beam shape coefficients. The BSCs as introduced in Ref.,126 the
so-called modified local approximation (MLA), quantify this behavior accordingly. The BSCs are
based on the first order Davis beam, i.e. the series solution to the HELMHOLTZ equation truncated at
Y0, see section 2.4.2, and as such include the GOUY phase. Fortunately, they have been shown to
anticipate the higher order Davis beam corrections well126, 178 and thus accurately describe a TEM00
mode Gaussian beam, which is focused by a long-focal-length lens with an aperture larger than the
a) The orthogonality relations are:
R 2p
0 e










b) In some references,174 especially those by J.A. Lock, it is customary to include a further factor ( 1) both in the
definitions of the BSP and the BSCs.























Figure 2.18: a) Absolute value of complex-valued Gaussian BSCs |gn (n) | for increasing multipole order n.
Bottom three lines show w0 = 281nm (s = 0.25) and zp = {0,zR,2zR} (red to black) and dashed line shows
w0 = 1µm (s = 0.07) and zp = 0. b) Scattered field intensities µ |S1|2 + |S2|2 for an AuNP with R = 1µm
in a material with refractive index nm = 1.46 illuminated by Gaussian beams with various beam waists w0 =
{•,1.25µm,1µm,750nm,500nm,281nm} (blue to black), cf. also Fig. 2.17.
beam waist.178, 179 Still, a beam as reconstructed from this prescription shows systematic defects
for high focusing such as a larger beam waist as compared to the set value.178 The BSCs may be
conveniently evaluated via126, 172, 181





where Q = (1  izp/zR) 1 and the beam-confinement factor s is defined through s = w0/(2zR) =
1/kw0, which is the ratio of lateral to axial extent of the beam focus. The form corresponds to the nor-
malized Gaussian field amplitude (2.36) evaluated at a distance rn =
p
(n 1)(n+2)k 1.172, 178, 181
zp describes the axial displacement of the particle relative to the beam-waist position: zp < 0 corre-
sponds to a particle being positioned in the converging part of the focused beam, i.e. in front of the
beam waist in the direction of beam propagation. Eq. (2.73) indicates that with focused illumination
and no axial beam-offset the BSCs decay with a characteristic multipole order nc ⇡ kw0. This can
be seen in Fig. 2.18a) in the solid red and dashed black lines, where this corresponds to nc ⇡ 4 and
nc ⇡ 14, respectively. However, the more the beam is offset with respect to the particle, the more
plane-wave like will the local electromagnetic field be at the particle position. Accordingly, the de-
cay is less steep for the larger beam offsets depicted in Fig. 2.18a). In both cases, whether the particle
is in the focus, behind or in front, the focused shape of the beam and its finite transverse extent causes
|gn|< 1 and thus higher multipole moments to eventually vanish.
Gaussian BSCs: Off-axis If the beam illuminates the scatterer off-axis, the beam description based
on the Davis beam then needs double-indexed BSCs.177 These need to be evaluated for each relative

































The functions Fmn,TE (x0,y0) and F
m
n,TM (x0,y0) are detailed in the appendix 7.5.8. The superscript ”+”
indicates that the reduced coordinates as introduced for the Davis beams in section 2.4.2 are to be
used. It should be noted that a different level of approximation, the so-called local approximation
(LA), leads to Eq. (2.74) as compared to the on-axis BSCs which use a modified local approximation
that is somewhat less sensitive to the confinement parameter s. However, the difference is small182
and can usually be neglected.
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Exact beam: Off-axis A set of expansion coefficients describing analytically a highly focused
diffracted beam which passes a dielectric interface can be found in Ref.1 or Refs.178, 179 Such an
accurate treatment provides the means to describe aberrated focused beams as they occur under real-
istic experimental situations for Gaussian beams or plane waves truncated by the aperture of a short
focal length / high-NA microscope objective lens. For such a highly focused and linearly polar-
ized beam refracted by an interface, a single-index set of BSCs is not any longer adequate178 due to
the symmetry-breaking by FRESNEL-transmission through the interface, and the double-indexed set
gmn,TM,TE is required to model the beam accurately. However, the expansion of the fields chosen in
Ref.1 is not the same as within the framework of the GLMT. The hereby necessitated conversion be-
tween the sets of BSCs was derived and can be found the appendix 7.5.1. The general beam scattering
situation is depicted in Fig. 2.19b).
2.6.6 Multilayered scatterers
The previous detailed treatment of scattering dealt with a single spherical interface only. Therefore,
only discontinuities at r = R had been considered and the electromagnetic boundary conditions at
this single interface were used to match the general field expansions inside and outside of the sphere
to obtain the expansion coefficients an and bn to specify the scattered field, and cn and dn to specify
the field inside the sphere. The approach was soon extended for the case of two concentric spheres
by A.L. Aden and M. Kerker in 1951.183 While the situations becomes much more involved with
an arbitrary number L of concentric spheres of radii ri, the same procedure of matching of boundary
conditions at the spherical interfaces separating the individually homogeneous layers and proceeding
from the outside to the inside yields the exact electromagnetic fields in space and was achieved in the
1960’s.184–186 Consequently, these multilayered particles were handled by using the so-called piece-
wise continuous model approximation (PCMA).184, 187 Since only the far field will be of importance
for the PT signal, only the electromagnetic field outside the multilayered structure will be considered
in this thesis within the GLMT framework.175 The iterative procedure to arrive at the scattering co-
efficients aL+1n and bL+1n describing the field outside the last layer is shown below. As seen in Fig.
2.19c) considered as a scatterer is now a multilayered sphere with L concentric layers. Each layer l
is characterized by its size parameter xl = krl = 2pnmrl/l and a relative refractive index ml = nl/nm.
Herein, rl is the outer radius of the l-th sphere. mL+1 = 1 outside the particle. The iterative procedure
to obtain the scattering coefficients in a numerically stable fashion can be found in Ref.188 Such
multilayer computations have been used to study so-called onion resonators,189 core-shell nanopar-
ticles,190 the size-dependence of surface plasmon resonances (SPRs) for small gold and other NPs
in the presence of surface coatings191, 192 and even to the elusive and highly debated phenomenon of
sonoluminescent bubbles.193–195
2.6.7 POYNTING vector and field decomposition
The concept of the energy flux as represented by the POYNTING-Vector, Eq. (2.17), will now be
applied to the field exterior to the scatterer. The actual physical fields in this region are the total
fields, which are the total electric field Et = Ei +Es and the total magnetic field Ht = Hi +Hs, while
its constituents are mathematical constructs for shaped beam interactions which are not individually
detectable. The average energy flux may then be decomposed using the expansion


















The total field’s time-averaged POYNTING vector may then be written as the sum of three terms
according to hSti= hSinci+ hSexti+ hSscai, where
hSinci= 1
2
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b) c)a)
Figure 2.19: a) Sketch of a bare unheated AuNP with complex refractive index n1 located arbitrarily in a
focused beam embedded in a medium with unperturbed refractive index n0. The beam strikes the particle
head-on, i.e. a case of on-axis scattering is depicted. b) The same scattering geometry, but with the incidence
beam offset also in the lateral direction. The semi-transparent contour lines indicate an aberrated incident beam
described through the exact beam BSCs. c) Sketch of a multilayered scatterer in the framework of GLMT, see
section 2.6.6.
Any POYNTING vector, either of the total field, the incidence or the scattered field, may be computed
individually, although for a shaped incidence beam only the incidence unperturbed energy flux given
by Sinc and the perturbed field energy flux St describe a measurable quantity. While this artificial
decomposition obscures certain scattering characteristics such as the shadow region behind an ob-
structing opaque object, the resulting total field contains all the physics. For plane-wave scattering
this has been discussed extensively by L. Brillouin196 in 1951. Later, M. Berg introduced the concept
of an angularly resolved interference flux197, 198 for his analysis of the subtleties in the extinction of
spherical particles. For focused illumination this has been realized and rigorously established by J. A.
Lock.174, 176 Such a careful analysis resolves the apparent inconsistencies when considering the de-
tectable field in the angular regime of the beam divergence for a large opaque particle illuminated by a
narrow Gaussian beam of similar or smaller waist size as compared to the particle size. The scattered
field then accounts for the shadow appearing behind the large sphere by ensuring that the addition of
the field amplitudes of the scattered and incidence field results in a cancellation and zero field behind
the sphere. This circumstance is sometimes acknowledged by introducing qualitative notions such as
compensating and residual fields which are mathematically not well-defined. Expressions such as
”secondary field = scattered radiation + compensating field in the shadow”
in Ref196 or the following
”The compensating term in the scattered field cancels the beam field and thereby mathe-
matically ensures its removal from the deep-shadow region.”
in Ref.174 emphasize the unphysical assumption of individual existence of the field-constituents Es
and Ei under certain conditions. That is, not the sum of the scattered intensities Isca µ |Es|2 and
the incident field Iinc µ |Ei|2 can be expected to be measured, but instead the total field as given by
Et = Ei +Es describes the field and its intensity in space. As an example one may consider a Gaus-
sian beam is incident onto a scattering dipole in resonance. The focused Gaussian beam acquires a
phase advance of  p/2 as compared to a plane wave in the far field due to the GOUY-effect34, 131, 132
while a driven dipole in resonance condition radiates with a phase shift of +p/2, together result-
ing in a total phase-difference of p.199 The result is a standing wave in backwards direction and a
destructive interference in the forward direction,34, 199, 200 redistributing in effect energy forwards as
well as backwards. In addition, if a nanoparticle represents the oscillator, a resonant excitation will
also lead to a net energy-uptake, i.e. absorption. In contrast, a non-resonant excitation of a dipolar
scatterer with a wavelength above and a corresponding frequency below the resonance, the scattered
field will have a phase advance deviating from  p/2 rad and redistribute energy even with weak or
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no absorption.34, 200 Considering such a correct treatment of the angular electromagnetic field inten-
sity pattern will show a significant difference in the angular domain of the incident electromagnetic
field Ei. Angle dependent constructive or destructive interference are generally present.32 Fig. 2.20
demonstrates this difference between Isca, Iinc and the correct intensity It determined with the total
field including interference for various AuNP sizes illuminated on-axis by the same Gaussian beam
with a waist of w0 = 281nm and a resonant wavelength of l = 532nm. In Fig. 2.20c,d) one can
clearly see the cancellation of the incidence and the scattered field behind the large R = 500nm > w0
particle. The intensity on the axis is intact reduced by almost four orders of magnitude, while a pure
argument based on the total scattering cross-section or the scattered field (blue line) would have lead
on the contrary to a higher scattered intensity than for a smaller particle. In fact, the scattered intensity
follows closely the incident field angular spectrum. It is thus seen, that only the total field should be
used to determine measurable intensities. Qualitatively, one could describe such a situation in which
the scattered field serves for a cancellation as a situation in which the scattered field is predominantly
a ”compensating field”. As seen for in the rightmost column of Fig. 2.20 for the R = 500nm AuNP,
the scattered field behind the particle also in the near field has an amplitude which cancels the inci-
dent field mathematically. The physical interpretation would simply be a reflection of the incident
beam by the particle. Bearing in mind the concept of the mathematical origin of the scattered field for
large particles is of essential importance for tight focusing, where the angular domain in which this
difference matters is largest. This may further be seen in Fig. 2.18b) where for a large R= 1µm AuNP
the illumination was changed from a plane wave to a tightly focused beam and accordingly the spec-
trum of the scattered intensity shows a compensating field forward and an increasing contribution of
reflection in the backward direction. A similar conundrum related to the decomposition of the fields
in light-particle interaction is the separation of diffraction from scattering. C. Bohren, one of the
authors of the standard textbook reference,3 were so certain of the inseparability of those two contri-
butions to the secondary radiation in light-particle interaction phenomenon that he offered a million
dollar prize to anyone proposing a detector which can distinguish them apart. Recently, P. Laven
came possibly as close as one can get by analyzing the time-dependence of light pulse scattering and
decomposing problem into a DEBYE series.201, 202 The DEBYE series is a series representation of the
scattering coefficients {an,bn,cn,dn} into products of local physical interactions of transmission and
reflection inside large spheres.203–206 Such a decomposition, however, is convergence-wise practical
and interpretation-wise beneficial for large particles only, where it allows a more insightful decom-
position into individual contributions of interactions.202 Hereby, the experimentally non-individually
measurable contribution of diffraction can be theoretically analyzed, since it may be interpreted as
the first term in the DEBYE series which is independent on the material parameters of the scatterer
and thus corresponds to the FRAUNHOFER patterns of circular apertures. These characteristic diffrac-
tion patterns are naturally included in any rigorous EM treatment of scattering, i.e. also within the
framework of the GLMT, independent of the decomposition which is chosen,174 as may be seen in
the scattered far field characteristics in Fig. 2.17b). What has so far been illustrated using the extreme
case of highly opaque spheres also applies to scatterers in general and thus also to transparent spheres.
For tight focusing by high-NA microscope objectives the diffraction limited PSF, as approximated
by a Davis beam, exhibits a small beam waist and accordingly a large angular divergence qdiv. It is
exactly in this angular domain where the total field is collected and the transmitted power recorded in
a transmission microscopy setup. Thus, it is necessary to consider the full sum of the total field, i.e.
to account for the self-interference, when the measured transmission of a scattering process is to be
modeled. While for spectral responses and studies thereof this subtlety is qualitatively of no impor-
tance as demonstrated by several studies,207, 208 a quantitative assessment of single particle scattering
necessitates the inclusion of the interference terms into the considerations. While no practical formu-
lation of transmitted total field powers is present in the literature, J.A. Lock for instance computed
such quantities with the help of the total field expressions from the GLMT by brute-force. A con-
cise and tractable formulation belongs to the theoretical results of this thesis and will be presented
in section 4.1.1. Plots such as shown in Fig. 2.20a,b,c) can then be computed with a minimum of
computation time.

































































z [µm] z [µm] z [µm]










Figure 2.20: The graphs show the Incidence Iinc (black dashed), total It (black solid) and scattered field inten-
sities Isca (blue) for AuNPs illuminated by a Gaussian beam with w0 = 281nm and l = 635nm in a transparent





R = 30nm AuNP. b) R = 100nm and c) R = 500nm particle. The intensity values omit the factor of p/k2
here. The values IscaR=100nm (0
 )/IscaR=30nm (0
 ) ⇡ 147 reflects their scattering cross-section ratio ⇡ 88 at this
wavelength and beam-waist. d) Near field plots of the total field intensity |Et|2. The streamlines show the
total POYNTING-vector St. The red lines show the beam-waist profile w(z). Backwards, a standing wave is
observable. e) Near field plots of the (logarithm of the) scattered field intensity |Es|2. The streamlines show the
scattering POYNTING-vector Ssca. A logarithmic plot of the near fields is given in the appendix, Fig. 7.12a).
2.6.8 Energy balance & total cross-sections
Similar to the original treatment of G. Mie in his original article,163 the energy conservation may
be expressed in terms of an integration of the total field’s POYNTING-vector over a closed spherical
surface.3, 169 Using the surface element in spherical coordinates dA = êr dA with dA = r2 sin(q) dqdf







hS tridA = P4pinc +P4psca +P4pext, (2.77)
where an integral of the POYNTING-vector of the total EM-field through a spherical surface at in-
finite distance (r ! •) was performed and the integrand was split according to the decomposition




























































Here, only the radial component of the vectorial cross-product in terms of the field’s spherical com-
ponents was considered. Also, in Eq. (2.77), on the right-hand side of the energy balance equation













































Table 2.2: Total cross-sections in the GLMT: extinction sext, scattering ssca and absorption cross-section
sabs = sext  ssca with units of area [m2]. The corresponding powers of the energy balance (2.77) are ob-
tained via multiplication with the intensity I0 = E0H0/2 assumed for the illuminating beam’s BSCs, see Eq.
(2.79). Scattering efficiencies may be defined by normalizing the cross-sections to the geometrical area of the
scatterers, i.e. Qi = si/pR2. Plane wave scattering corresponds to gn = 1.
(2.77) the negative sign is introduced to give the usual physical interpretation of the integral, i.e. Pabs
being the absorbed power by the sphere. For this expression of energy conservation to hold, one al-
ways has a negative value of P4pext < 0, while the other two terms are always positive Pabs > 0, P4psca > 0,
respectively. On the other hand, the incidence field flux vanishes, P4pinc = 0, which means that the in-
cident field integral describes a flux into and out of the integration-sphere and since a non-absorbing
medium is assumed, i.e. I(nm) = 0, the inward and outward fluxes cancel exactly.169 The extinction
and scatter cross-sections169 may then be obtained by integrating the corresponding flux-terms over
the full solid angle and are defined, along with the absorption cross-section, via
P4pext = sextI0, P4psca = sscaI0, Pabs = sabsI0. (2.79)
The intensity (irradiance) I0 to use in these definitions depends on the normalization used in the
description of the incident field, i.e. the BSCs used. In case of a general shaped beam it is simply
I0 = E0H0/2, for a plane wave it refers to the spatially constant intensity, for a Gaussian beam I0 =
2P0/pw20 refers to the focus peak intensity, while for the exact BSCs I0 refers to the on-axis intensity of
the collimated gaussian beam illuminating the microscope objective back aperture, see section 2.6.5.
If the choice of BSCs should be ambiguous, the cross-sections will bear a corresponding superscript
pw, G or E , respectively. Explicitly, the total cross-sections169 for shaped beams are given in Table 2.2:
Here, the on-axis expressions emerge from the reduction of the double-indexed BSCs gmn to the single
indexed set gn. These reduce to the regular MIE cross-sections for gn = 1, that is for plane-wave
scattering. The individual multipole contribution of order n may be taken as the summand’s nth term
sn in the above series expressions. The absorption cross-section sabs as defined via the energy balance
Eq. (2.77) reflects the amount of energy intercepted by the particle and dissipated inside the particles
boundaries. C. Bohren has first shown that the POYNTING-vector flow field may be used to illustrate
the absorption by a NP.209 As seen in Fig. 2.21b) for the resonant absorption of a R = 30nm AuNP
the POYNTING-vector streamlines show a flow of energy into the particle and an energy sink within
the particle’s boundaries, i.e. a region where the divergence is negative — ·St < 0.210 Streamlines
originating within a region corresponding to the absorption cross-section (red indication on the lateral
axis) end within the particle. Thereby, small NPs can absorb more light than is incident on their
geometrical cross-section pR2.209 Fig. 2.21b,c) shows a near field comparison between an incident
field given by a Gaussian beam and an exact highly vectorially focused and diffracted beam. Clearly,
the absorption characteristics remain the same.a) A further discussion for the case of a gold NPs
and their scattering, extinction and absorption cross-sections is given in section 2.7. How efficient
a) Moreover, what has not yet been commented on in the literature is a further conundrum: The absorption cross-section
is non-circular in general. This may be seen in Fig. 2.21a) which shows the energy intercept for a non resonant illumination.
While in the polarization xz-plane the flow of streamlines staring within the absorption cross-section radius evade the NP,
the intercept of energy flow in the orthogonal yz-plane extends beyond the cross-section radius. Thereby, an asymmetric
possibly elliptical interception takes place and results in an effective absorption cross-section. In the resonant case, Fig.
2.21b), the intercept is almost symmetric.





























Figure 2.21: Zoom into Fig. 2.20d): Near field plots of the total field intensity |Et|2 for a R = 30nm AuNP
in PDMS with nm = 1.46. The streamlines show the total field’s POYNTING-vector St. The illumination is a)
a Gaussian beam with w0 = 233, l = 532nm, b) a Gaussian beam with w0 = 281, l = 635nm, c) an exact
beam illumination corresponding to NAill = 1.4 and l = 532nm. The red box indication on the lateral axis
correspond to the absorption cross-sections
p
sabs/p.
a particle scatters, extincts or absorbs light may also be quantified by the corresponding efficiencies
Q = s/pR2, in which the cross-sections are normalized by the geometrical area of the scatterer. For
focused illumination, a similar concept may be adopted as well.174
2.6.9 Optical theorem & the extinction paradox
The optical theorema) states that for plane-wave illumination197 the real part of the scattering-matrix






R(S1 (0 )) . (2.80)
The optical theorem is somewhat counterintuitive in its universality.197 While it apparently accounts
for absorption, no such consideration seems to be included in its derivation. Further, already the for-
ward scattering amplitude alone contains information on the whole scattered flux with components in
(almost) all directions. For the case of a shaped beam this is no longer the case. When a shaped beam
with gn 6= 1 is considered, a new conflict emerges180, 211 with the equation derived from the radiative
energy balance, sext from 2.2 and the above equation with S1 from Eq. (2.68). The optical theorem
as stated above would predict an expression analogous to the one obtained from the energy balance,
see Table 2.2, but with gn appearing instead of |gn|2. This is another indication for the importance
to consider the total field rigorously and not rely on plane-wave theorems for the evaluation of trans-
mitted signals. The extinction will thus differ for scatterer which is large as compared to the incident
a) see also the book of Jackson,116 ch. 10.11, p. 500
b) For the scattering amplitude f defined in section 2.6.1, the optical theorem reads spwext =
4p
k I( f (0
 )).
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beam. As the TL will be a large GRIN scatterer for which many multipole orders n are essential, as
discussed in section 4.1.7, this demonstrates the importance of theoretically considering more than a
single dipole limit of electromagnetic interaction between the TL and the probing beam.
Whether plane waves or overfilling weakly focused beams174 are considered, an apparent paradox
emerges when the extinction of large scatterers with x   1 are considered and compared to the in-
tuition and expectancy from the geometrical optics viewpoint or thinking of the shadow of a macro-
scopic object. This so-called extinction paradox refers to the fact, that in a wave-optical treatment
of scattering the extinction cross-section of a large scatterer eventually reaches the limit of twice its
geometrical cross-section, sext ! 2pR2. The statement is true even for transparent spheres with a
real-valued refractive index provided that the phase advance 2x [M 1]  1 is large.164 The solution
to this paradox, similarly existing in scalar and thus quantum scattering,212 is the realization that
not only the geometrical area intercepts, i.e. reflects, absorbs and refracts light and thereby removes
energy from the forward direction, but that also diffraction occurs and contributes the other half of
the cross-section.3, 164, 174, 198 The diffraction by the geometrical boundary of the scatterer may also
be reasoned on the basis of BABINET’s principle.3, 164 For focused beams, the previous discussion
holds true in the limit of large beam-waists w0   R.174 For metallic nanoparticles, the limiting ex-
tinction cross-section will contain the bulk material absorption which is close to the FRESNEL result
for normal incidence, i.e. sabs/pR2 ! 1  |M 1|2/|M+1|2, while still sext/pR2 ! 2.
2.6.10 Small particle scattering: the RAYLEIGH-limit
While the previously found expressions for arbitrarily large spherically symmetric particles are fairly
involved and require the evaluation of series expansions, small particles allow to find analytical
forms of field3, 163, 213 expressions and the scattered intensities. First elegantly derived by Lord
RAYLEIGH,167 these expressions can be found in the literature and require a minimum of algebra.
The RAYLEIGH scattering formulas have been shown by G. Mie himself163 to correspond to the limit
of small scatter size-parameters x ⌧ 1 of the exact MIE expressions. Here, it shall be shown to be
consistent with the previous versatile BROMWICH formulation for plane waves as well. Indeed, the
case of an x-polarized incident plane wave propagating in the direction of the positive +z-axis, that
is for gn = 1, delivers exactly this limit for small enough particles. In the results section of this
thesis, the treatment presented here will be generalized to focused illumination and transmission mi-
croscopic optical systems. From the the scatter-coefficient expansions for particles small compared
to the incidence wavelength, that is for a small size parameter x ⌧ 1, one finds that |an|⌧ |bn| and
that both scatter coefficients an as well as bn decay rapidly with decreasing size parameter x. Explic-





















































already. Higher-order multipole scatter coefficients contain even higher powers of
xn in their asymptotic expressions and may thus be neglected for small particlesa) . Accordingly,
only the n = 1 angular functions are of importance, P1 = 1 and t1 = cos(q). The angular spectrum





using Eq. (2.70) and (2.68) with the sums approximated by their first term n = 1 and only
a) As compared to the expressions in the standard reference,3 Ch. 5.1, p.131, the expressions presented here differ by
a factor of ( 1) in the leading order. Again, a consequence of the different time-dependence chosen previously, i.e.
M = n  ik and the appearance of h(2)n instead of h
(1)
n , see appendix 7.5.6.
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, i.e. only using a1 as given in Eq. (2.81)a) :















cos2 (q)cos2 (f)+ sin2 (f)
⇤
. (2.82)
It is also worthwhile to rewrite the angular dependence with a new angular variable qp = ](êx,r)
which denotes the angle of the position vector r to the x-axis. Then, using simple trigonometry, the
relation sin2 (qp) = cos2 (q)cos2 (f)+sin2 (f) may be established, see also Fig. 2.22b). The scattered
intensity is seen to correspond to a radiating dipole and the radiation pattern, accordingly, describes
a doughnut shape Isca µ sin2 (qp) with the incident polarization x-axis being the symmetry axis. Eq.
(2.82) becomes, when averaged over the azimuthal angle to mimic unpolarized lightb)


















This scatterer scatters equally in forward and in backward direction. It is the celebrated RAYLEIGH-
scattering formula3, 116, 163, 167 which provides the explanation for the blue color of the skye due to
the proportionality of the scattered intensity to the inverse wavelength to the fourth power Isca µ l 4,
see also appendix 7.4. Also seen can be the rapidly growing scattered power for increasing particle
radius as Isca µ R6. These scattering formulas work well in the RAYLEIGH size-regime approximately







dq = 16p/3, or using ssca truncated at n = 1, gives the total scattering
cross-section for this situation.3, 210 Also, using the optical theorem (section 2.6.9) or sext truncated








































Also higher order expansions164 of the total cross-sections in terms of a can be formulated starting
from the rigorous MIE expressions. The electrostatic treatment of an electric dipole p(t) = emaEi (t)
in a driving oscillating electromagnetic field gives an intuitive interpretation for the results obtained
above. Indeed, the above formulas for RAYLEIGH scattering may be obtained from such a simpler
ansatz3 considering the emission characteristics of an oscillating dipole and assuming that the inci-
dent field Ei (t) is homogeneous across the particle and unperturbed by the presence of the spheree) ,
which amounts to the first-order BORN approximation. The results show that the absorption and the
extinction scale with the volume sRAabs,ext µ R
3 of the sphere and the scattering with the volume squared
s
RA
sca µ R6 for small particles until the onset of MIE-regime for larger particles is reached. Then, more
complex oscillatory behavior is observed in the cross-sections in the intermediate regime x ⇡ 1 un-
til eventually the limiting value ssca,ext ! 2 is reached for large scatterers x   1, c.f. the extinction
paradox discussed in section 2.6.9.
a) Using N1 = 3/2, gn = 1, t1 (q)2 = cos(q)2, P1 (q)2 = 1 and x = kR









c) The expression Eq. (2.85) for sRAext could have also been obtained from the optical theorem stated in section 2.6.9 and




term from a1, Eq. (2.81).





, where a0 is given by Eq. (2.87), which is however not important particles smaller than about 20nm.58
e) For this to hold true, also the electromagnetic skin-depth ds, determined by the relation d 2s = k2 Im
p
ep, should be
small as compared to the particle radius R.




















Figure 2.22: The optical bulk properties of gold. a) The real (e1, black) and imaginary part (e2, red) of the
relative dielectric constant eAu. b) Schematic of RAYLEIGH scattering interpreted as a harmonically driven
induced dipole p(t) = emaEi0 by the electric field Ei of an incident plane wave polarized along êx. The ampli-
tude of the electric field Ei0 is taken to be constant, i.e. R ⌧ l is assumed. The corresponding scattered dipole
field is Es = k2 [4pemr] 1 eikr iwt [êr ⇥p]⇥ êr, Bs = nmc 1êr ⇥Es (see appendix section 7.4) then radiates the
intensity pattern cnme0|Es|2/2 µ sin2 (qp) according to (2.82). The sketched radiation intensity pattern exag-
gerates the frequency of the dipole radiation. The side lengths of the dashed triangle coplanar to the yz-plane
are r sin(qp), r cos(q) and r sin(q)sin(f).
2.7 Optical properties of gold nanoparticles & Surface plasmon resonances
ALTHOUGH the results of this thesis regarding the PT signal mechanism are universal for anyabsorbing nanoparticle, some notes regarding the specific species chosen for the experiments
undertaken in this thesis are in order. Metallic nanoparticles have been used for all experiments due to
their beneficial properties which increasingly make them the marker of choice in biological and other
studies.48 They are chemically inert, photo-stable and efficient absorbers of electromagnetic energy at
certain frequencies.157, 215 Specifically, gold nanoparticles which absorb best24, 101 at around 532nm
were chosen.
2.7.1 Dielectric function of gold
Gold is a metal with finite electric conductivity s. As such, the interaction of light with gold as a bulk
material is characterized by the complex-valued frequency-dependent relative dielectric function,
here denoted simply by eAu (w), or the complex-valued refractive index nAu =
p
eAu. For spherical
AuNP, the neglect of quantum confinement effects and the use of the bulk dielectric constant is
justified for radii R > 1nm.24 Both the real and the imaginary part vary strongly with frequency
of light interacting with gold. Equivalently this dependence may be stated in terms of the vacuum
wavelength l of light which changes in a medium along with the phase velocity according to lm =
l/nm, while the frequency w remains constant. The dielectric constant is shown in Fig. 2.22a), using
the data of Johnson and Christy.216
The vacuum wavelengths used for heating and detection in photothermal microscopy as carried out in
this thesis have been marked with a green (lh = 532nm) and red line (ld = 635nm) in Fig. 2.22. While
the optical properties do change slightly with the temperature for gold,217 this change is negligible
even for large temperature rises above room temperature of DT = 200K. It was therefore not further
considered.
2.7.2 Total cross-sections of plasmonic nanoparticles
If a complex frequency-dependent permeability ep = e1 + ie2 of the particle is inserted into the ex-
pression for the absorption cross-section Eq. (2.86), a resonance condition is obtained which indicates
the surface plasmon resonance condition e1 = 2em = 2n2m at which the absorption of a particle in
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Figure 2.23: a) Total cross-sections as in Table 2.2 for AuNPs of various radii R for a fixed wavelength
l = 532nm in a medium of refractive index nm = 1.46. Shown are the absorption (red) scaling for small
particles as sRAabs µ R
3, Eq. (2.86), scattering (blue) scaling as sRAsca µ R6, Eq. (2.84), and extinction cross-
sections (black) scaling also as sRAext µ R3, Eq. (2.85), respectively. Beam waists are w0 = • (solid lines),
w0 = 215nm (single dashed solid) and w0 = 300nm (double dashed solid). The spectra s(l) for the 3 specific
radii indicated by the gray lines are given in c,d,e). b) Plane-wave multipole contributions for the scattering and
absorption cross-sections. c,d,e) Plane wave cross-section spectra sabs (l) (blue), sabs (l) (red) and sext (l)




. The thin lines denote the contributions sn for multipole
orders n = 1,2,3, . . . . Only for the largest displayed NP in e) do higher orders n   2 contribute.
the REIGHLAY size regime x ⌧ 1 has a maximum:3, 24
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[e1   em]2 + e22
[e1 +2em]2 + e22
. (2.88)
For small gold nanoparticles in PDMS, the maximum absorption happens at about l = 532nm as
seen in Fig. 2.22a). Such a plasmon resonance corresponds to a mode of a collective oscillation
of the quasi-free electron gas in the particle relative to the fixed background of positively charged
nuclei, thereby serving as an oscillating and radiating dipole. An article by C. Bohren209 gives an
insightful short overview over the properties of such small particle resonances, their emergence from
confinement and their connection to the particle material’s bulk plasmon frequency. The absorp-
tion peak is approximately LORENTZian in shape in this approximation, as seen in Fig. 2.23c) for a
R = 10nm AuNP. The full LORENZ-MIE theory gives a more complicated shape for a wavelength
scan across the region corresponding to permittivities ep ⇡  2em and similar for scattering210 and
finally the absorption peak corresponding to the collective oscillations of the quasi-free electron gas
of the particle vanishes while bulk-plasmons appear. For a detailed review on SPR the monograph of
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C. Sönnichsen may be consulted.218 The GLMT and any standard MIE theory ansatz describe only
the time-averaged interaction of an illuminating time-harmonic field with a NP and thereby its static
absorption characteristics. They give no account for the dynamics and the electron-phonon relaxation
mechanisms within the particle, see section 2.2. Figure 2.23 shows the MIE-results of the absorption
(red lines), scattering (blue lines) and extinction cross-sections for AuNPs of various sizes at a fixed
wavelength l = 532nm, corresponding to the heating laser in the PT microscopy setup used in this
thesis. The scaling is in accord with the RAYLEIGH results, i.e. the MIE expressions truncated at the
first multipole order nmax = 1, up to a size of about R = 15nm. The appearing resonances for AuNPs,
and in general for dissipative metallic nanoparticles, are best understood as a resonant mode of col-
lective oscillations of the electron gas in the particle relative to the fixed background of positively
charged nuclei, although the details of the electron-surface scattering and the thermal equilibration
of the hot electron-gas are out of the scope of this thesis.64, 101 Small AuNP are seen to be able to
efficiently convert electromagnetic energy dissipatively into heat at the used heating wavelength. A
direct demonstration for the absorption efficiency of the AuNPs used in this study can be seen in the
absorption peak of a R = 30nm AuNP, Fig. 2.23d), which shows that the NP intercepts and absorbs
electromagnetic energy corresponding to an area which is four times its geometrical cross-section
pR2. The POYNTING-vector flow field leading to this efficient absorption of energy was shown in
Fig. 2.21. Compared to a large particle of gold in the size-regime x   1, which absorbs only about
30 percent of its geometric cross-sectional area, this is an extraordinary efficiency.
In general, a particle temperature dependence of the absorption coefficient exists54 through the ther-
morefractive response of the embedding material nm and of gold’s complex refractive index np dis-
cussed in the previous section. This effect may readily be included in the computations of the cross-
sections. However, as the effect was seen to be weak it is henceforth neglected.
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2.8 (Hot) BROWNian motion, diffusion and their statistical analysis
SO far, only static NPs have been considered, specifically their interaction with focused electro-magnetic fields and the epiphenomena of absorbing NPs leading to a both a characteristic tem-
perature as well as a refractive index field. Now, the following section shall briefly summarize the key
aspects of the dynamics of suspended (nano)particles in a liquid solution and how these dynamics can
be probed conveniently. Specifically, the nonequilibrium dynamics of suspended absorbing NPs will
be introduced as it represents the theoretical foundation of any diffusion dynamics that can probed by
photothermal methods.
2.8.1 (Hot) BROWNian motion
BROWNian motion The thermally agitated random motion of suspended colloidal particles in a
solvent, first observed by the botanist R. Brown in 1827, was theoretically described independently
by M. von Smoluchowski219 and A. Einstein220 at the beginning of the last century. An overview may
be found in the article by L.S. Ornstein and G.E. Uhlenbeck,221 in which also active contributions
are included which may occur for self-propelling particles such as live bacteria, or in a recent review
also focusing on inertia effects by Selmeczi et al.222 The descriptions give a microscopic picture of
the erratic motion of microscopic particles as resulting from the thermal fluctuations of the solution
being the heat-bath which is at equilibrium with its suspended particles. While the motion, random
in nature, results on the single particle level in no net-motion in any directiona) , hxi = 0, the square





x2i i= 2nDt (2.89)
on long timesb) and depending on the dimensionality n of the random walk considered. Here, the
average hi is either an ensemble average or an average over many realizations, t the time and D an
effective diffusion coefficient. The famous expression which related this motion quantifying diffusion
coefficient to the equilibrium thermal bath temperature T and the hydrodynamic STOKES drag z =
6phR for a given fluid viscosity h acting on a sphere of radius R is known as the STOKES-EINSTEIN
relation, D = kBT/z, wherein kB is the BOLTZMANN constant. This equation has been successfully
applied to even single molecules, and a similar equation for rotational BROWNian motion exists as
well. Close to confining walls, the hydrodynamic drag is modified and can be accounted for.225, 226
Hot BROWNian motion A less straightforward extension of the theory of thermal motion of sus-
pended particles in a liquid has recently been rendered necessary. Since absorbing colloidal parti-
cles are nowadays often investigated and even the commonly used dielectric polystyrene particles
in tweezer experiments show some absorption, a description of the thermal nonequlibrium random
motion of heated particles was necessary.38 In view of the time-scales involved in diffusion and
the establishment of the temperature profile around a heated NP as detailed in section 2.2, the con-
stantly laser-heated absorbing NP performing BROWNian motion will carry its temperature profile
quasi-instantaneously along with it. A description of the random motion of such a particle was first
given by D. Rings et al. and termed hot BROWNian motion (HBM)65–67 and measured in several
studies.38, 42, 65, 227 The theory introduces an effective temperature, THBM as well as an effective hy-
drodynamic drag zHBM, which both take into account the radially symmetric temperature T (r) and
viscosity h(r) profiles which the particle carries along with itself upon its thermal motion. The
a) While no net-motion occurs in any direction, on average a certain shape223 is described by any finite random walk
b) On short time scales t < tp, where tp = m/z and m is the suspended particle’s mass, a ballistic regime may be
observed.224 In between these two regimes, an intermediate regime with a complex behavior exists.
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a) b)
Figure 2.24: Schematic of hot BROWNian motion. The orange path shows connected coordinates taken at
an interval Dt of the random walk r(t) performed by a heated colloid. a) The instantaneous deterministic
velocity field of the fluid v(r) around the colloid is shown by the white vector field. In connection with
the viscosity profile h(r) an effective hydrodynamic drag can be calculated and the effective hot BROWNian
viscosity hHBM be assigned. b) The temperature profile T (r) constitutes an inhomogeneous heat bath coupled
hydrodynamically to the colloid. Thereby, not the surface temperature T (r = R) agitates the particle, but the
resulting thermal motion is characterized by the effective hot BROWNian motion temperature THBM.


























































with the introduced temperature ratio q = DT/(T0  TVF) and h0 = h(T0). The analytical approxima-
tions originate from a scalar toy-model65 and are to be corrected via a calibration-factor obtained from
a rigorous solution to the hydrodynamic drag within the framework of the NAVIER-STOKES equation
using a multilayered discretization of the viscosity profile. This discretization scheme is conceptually
very similar to the solution of MAXWELL’s equations for a multilayered sphere presented in section
2.6.6. To first order in DT , the effective temperature then reads THBM ⇡ T0 + (5/12)DT for any
viscosity dependence h(T ) and even within the rigorous framework of fluctuating hydrodynamics.66
2.8.2 Diffusion and correlation analysis
On a mean-field level an ensemble of particles that undergo BROWNian motion leads to diffusion.
A diffusion process in the presence of a superimposed deterministic flow V(r) is described on the
mean-field level by the advection diffusion equation (ADE) for the concentration field C (r),
∂C (r)
∂t
= D—2C (r) — · [V(r)C (r)] , (2.93)
wherein D is the diffusion coefficient of the BROWNian particles. Diffusion tends to level any existing
spatial inhomogeneities in particle concentrations via FICKian diffusion fluxes jD =  —C (r). Now,
the correlation function of a signal F(r) defined in space of diffusing particles may be computed via
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Figure 2.25: 2D Schematic of the ADE Green’s function / propagator p(t,r,r0). The centroid of the 3D-
distribution is advected by a flow field V(r) = Vxêx and follows the ballistic trajectory x(t) = x0+Vxt. The
amplitude decreases with time as [4pDt] 3/2. The color-scales for t = 10t1 and 100t1 have been scaled by 31
and 976, respectively. The variance of the distribution increases linearly with time as s2 = 2Dt.
The advection-diffusion propagator228, 229 p(t,r,r0), Eq. (2.95), is the GREEN’s function of the ADE
(2.93) and describes the probability to find a particle initially located at position r at r0 some time
t later. It describes the time-evolution of the concentration field C (r, t = t) for an initial delta-like















The correlation function given in Eq. (2.94) is a measurable quantity. Recording time-traces F(t)
of a signal of diffusing particles in solution, the time-like auto-correlation hF(t)F(t + t)i/hF(t)i2
will be an estimator for G(t) of the given effective localized detection function F(r), i.e. the de-
tection volume in a microscopy setup.9, 10, 228, 230 A characteristic diffusion time tD = r2/4D may
hereby be defined which describes the time it takes a particle undergoing BROWNian motion to travel
a squared distance r2. In microscopy-based correlation techniques this characteristic length-scale is
chosen to be the lateral extent of the detection volume, w
r
. While the PT signal of absorbing NPs
has been used since 2009,38, 39, 41 although without regard to its sign, for correlation spectroscopy, its
principle is otherwise equivalent to fluorescence correlation spectroscopy (FCS,8, 10, 11). Therefore,
from here on the main features of this technique shall be outlines. In FCS, the correlation of the
fluorescence signal PFl (t) of diffusing fluorescent tracer particles is analyzed, schematically depicted
in Fig. 2.27a). FCS has proven to be an indispensable tool in biology, soft- and condensed-matter
physics. Its ability to characterize the dynamics of single fluorescent markers made FCS a com-
mon tool of choice to study a manyfold of dynamical processes, ranging from chemical reactions,
diffusion properties (sub-, super- or normal diffusion) to photophysics.230 In the simplest case, an
azimuthally symmetric 3D-gaussian focus geometry is assumed to approximate the detection PSF,













, with a lateral and axial beam-waist of w
r
and
wz = gwr, respectively. Using Eq. (2.94) and the diffusion propagator (2.95) for the case of axial
flow and lateral flow V =Vxêx +Vzêz, the result is





































This auto-correlation function shows a monotonic decay with increasing lag-time t. Fitting this decay
allows to extract the diffusion coefficient D = w2
r
/4tD of the particles for a known focal volume







|Pd (r)|2 dr = p3/2gw3
r
. (2.97)
An effective particle number density in the focus may then be expressed via the concentration and
the effective focal volume, hNi = hCiV 3DGeff . The contrast of the correlation function is then seen to
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Figure 2.26: a) Schematic of the fluorescence detection volume corresponding to the PSF of the optical sys-
tem. A particle diffusing through the focal region will cause a fluorescence signal burst event. A possible flow
field V changes the characteristics of these events. b) Recording two channels corresponding to two separable
detection volumes allows the analysis of cross-correlations. c) An exemplary (simulated) time-trace of fluores-
cence signal PFl (t) for diffusing fluorophores of a single kind through a single 3D Gaussian detection volume
of aspect ratio g = 3.5. The insets show exemplary events recorded for an imposed lateral advection (left) and
a burst event corresponding to pure diffusion (right).
be the inverse of this quantity, i.e. G3DGACF (0) = 1/hNi with hNi= hCiV 3DGeff . If two separate detection-
volumes exist, for instance by labeling diffusing species with two spectrally different fluorophores,
one may achieve a sensitivity to flow by physically offsetting the corresponding detection volumes
by a distance R2. Cross-correlations between the two fluorescence channels PFl,1/2 (t) may then be
considered both experimentally and theoretically and give further insight into the advection dynamics





































The two-beam CCF shows an initial increase until a peak is reached at some characteristic
time tmax depending on the beam separation, the diffusion coefficient and the flow velocity,
and subsequently decays to zero for large lag-times. The externally set beam separation R2
then allows to extract flow-velocities via fitting the time-like cross-correlation function estimator
hPFl,1 (t)PFl,2 (t + t)i/hPFl,1 (t)i2.
2.8.3 Methods regarding the signal statistics of diffusing tracer particles
For FCS, there exists a multitude of supporting analysis methods which use the same or only a mildly
modified setup and yield information that is otherwise strictly unavailable for instance by inspec-
tion of the averaged quantity of the fluorescence signal auto-correlation. These methods have been
designed to work alongside the FCS study of the dynamical properties such as tracer-mobility.
Photon statistics in FCS Two main paradigms exist to acquire additional information in fluores-
cence microscopy. The first one is based on a detailed modeling of the discrete photon statistics de-
tected in short times t < tD. For instance, fluorescence intensity distribution analysis (FIDA231, 232)
and its extensions FIMDA233 and 2D-FIDA232 have been applied in biological studies such as the
investigation of oligomerization of certain receptor molecules in live cells,234 the determination of
the binding constant of a protein-ligand interaction233 and the detailed study of interactions between
receptors and ligands or antibodies and antigens.232 A very similar approach is the photon counting
histogram (PCH) method,235–237 where also the photon counting histograms p(k) of the collected k
photons per sampling period delivers the molecular brightness and the average number of molecules















































Figure 2.27: a) The correlation function estimator of a long time-trace (106 data points, otherwise same as
Fig. 2.26c)) was fitted by Eq. (2.96) with fixed focal volume aspect ratio (black-dashed). The theoretical curve
with the input parameters is the gray dashed curve. b) Schematic of a burst analysis on a time-trace with forced
advection for a bimodal mixture of two kinds of fluorophores with different brightnesses. c) Schematic of a
photon counting histogram (PCH), p(k).
in the observation volume of a confocal microscope.235 PCH has supplemented a scanning FCS study
on membrane binding and aggregation of proteins in live cells236 and was shown to be able to resolve
heterogeneous species distributions of single molecules in solution.238 An approach based on the fac-
torial cumulants of the measured photon counts termed fluorescence cumulant analysis (FCA)239, 240
also yields these parameters. Both methods are practical for a very limited discrete populations of a
few different species only.
Signal statistics in FCS The second paradigm pursued in the community of fluorescence spec-
troscopy is the analysis of the static information contained in the statistics of the total fluorescence
signal in recorded time-traces. Among them is the method of moment analysis of fluorescence inten-
sity fluctuations (MAFID).241, 242 Herein, higher-order moments of equilibrium fluctuations hDPnFli in





three moments of the detection volume, the immobile fraction of particles can be inferred. However,
with this scheme it is hard resolve populations with only mildly varying brightnesses or mobilities.
Burst analysis in FCS Situated somewhere in between these basic paradigms is yet another ap-
proach developed by J. Puchalla et al.243 for the analysis of multicomponent mixtures of fluorophores.
Using a forced lateral advection with some externally applied finite flow Vx the particles generate
burst events in the time-trace which may be attributed to specific ballistic trajectories through the
focal volume. An analysis of these burst-events will reveal heterogeneous samples, see Fig. 2.27.
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2.9 RUTHERFORD scattering of charged particles
THE discussion of the PT signal, i.e. the study of the electromagnetic scattering off a TL profilen(r) = n0 +DnR/r, will render a thorough knowledge of the particle scattering by a similar
interaction potential beneficial. Therefore, this section briefly outlines the classical and the quantum
mechanical treatment of the scattering of a charged particle by a COULOMB potential V (r) = C/r
which is fixed in space.
2.9.1 Classical RUTHERFORD scattering
The following expression (2.99) describes the trajectory in polar coordinates of a particle of mass
m which is scattered on a spatially fixed unshielded COULOMB potential V (r) = Cr 1, with the
COULOMBic force constant C = q1q2/(4pe0) for the two charges q1,2. It is the solution to NEWTON’s
equation of motion (2.45) with the corresponding mechanical force F(r) = —V (r) =Cr 2êr acting





Herein, b is the so-called impact parameter of the incoming scattered particle and denotes the dis-
tance to the scattering center perpendicular to the initial velocity v0 = v0êz. The notion is such that
an attractive interaction (C < 0) is represented by the upper and repulsive interaction (C > 0) by the
lower sign in the expression for rRF, respectively. The scattered particle trajectory determined by its
total energy E =mv20/2 and is planar due to its conserved angular momentum L = bmv0 relative to the
scattering center. The positive eccentricity of the particle orbit is determined by e2 = 4E2b2C 2 +1
and the angle of closest approach reads f0 = p± arccos(1/e). The deflection angle q for a given
energy and impact parameter is determined by the relation cot(q/2) = 2bE/C. The well-known





















Figure 2.28: Schematic of RUTHERFORD scattering trajectories, Eq. (2.99), for a) repulsive and b) attractive
interaction. c) Wave function amplitude |YC|2, Eq. (2.103), for plane-wave scattering of a doubly-charged
Helium ion (q2 =+2e, E = 1MeV, lB = 14.4fm, m = 6.64⇥10 27 kg) from a gold nucleus with q1 =+79e.
The resulting interaction strength is n = 49.8. The classical distance of closest approach for head-on collision
is rC = 227.5fm. The shadow region rs (f), Eq. (2.100), is the thick black dashed line. A cut through the
amplitude, |YC (x,z = 0) |2, is is shown at the side.
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ds/dW = (C/4E)2 sin 4 (q/2), which correctly described the experiments of H. Geiger and E. Mard-
sen of 1909 performed under the direction of E. Rutherford at the Physical Laboritories of the Uni-
versity of Manchester.245 The distance of closest approach is attained for a head-on collision, i.e.
on-axis incidence, when all energy is converted into potential energy, E =C/rC, and the envelope of
all trajectories forming the geometrical shadow region / angle for repulsive interaction is given by the
paraboloid of revolution:246, 247
rs (f) =
2rC





For the original experiments245 a radioactive source provided a-particles of at most E = 7.68MeV.248
The corresponding closest approach distance is then rC = 30fm, which is still larger than the nucleus
such that there were no deviations observed from RUTHERFORD’s prediction of the counted scintil-
lations on a zinc sulfide screen which tested the differential scattering cross-section. On the other
hand, a-particle energy of only about E = 1MeV is needed to reach a DE-BROGLIE wavelength
lB = h/mv0 corresponding to the gold nucleus diameter of dAu = 14.4fm. Such a particle would
come only as close as rC = 235fm to the center of the nucleus for a head-on collision and thereby be
well outside the nucleus potential for its short reach of the strong force of about ⇡ 1fm.
2.9.2 Quantum mechanical COULOMB scattering
The stationary SCHRÖDINGER equation (SE) for scattering on a potential reads HY = EY, where
the HAMILTONian is composed of the kinetic and a potential energy term H =   ~22m —
2 +V (r). The
total energy of the unbound scattered particle is E = 12 mv
2
0, and its wave-vector k is defined through





 2m~2 V (r)+ k
2
 
Y(r) = 0 (2.101)
Specifically, considering the COULOMB potential energy V (r) = Cr as encountered in RUTHERFORD








YC (r) = 0, (2.102)
where the introduced interaction parameter n = Ck2E denotes the strength and polarity of the potential
analogously to the force constant C (see section 2.9): A positive value of n > 0 corresponds to a
repulsive, a negative n < 0 to an attractive potential.
Particles modeled as a plane wave The analytical solution to Eq. (2.102) was first given by N.F.
Mott in 1928.250 A few months later in the same year, a more elegant form was formulated by W.
Gordon.251 It may be found via the ansatz YC (r) = eikzg(r  z).249 The complex-valued function g
describes the perturbation of the incoming plane wave and the ansatz finally transforms Eq. (2.102)
into a soluble differential equation. The solution YC for the case of an incident plane wave including
the proper normalization factor reads:249, 252
YC (r) = eikze 
p
2 n
G(1+ in) 1F1 ( in;1; ik [r  z]) , (2.103)
with 1F1 (a;b;z) denoting the confluent hypergeometric function and G(z) being the complex-valued
gamma function. The corresponding angular dependence may be found via z = r cos(q) and r  z =
r [1  cos(q)] = 2r sin2 (q/2). The prefactors ensure a normalization to unity |YC|2 = 1 at large
distances z ! • from the scatterer. The wave-function Eq. (2.103) reduces to the incoming plane
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[2n+1] ineisnFn (n,kr)Pn (cos(q)) , (2.104)
with COULOMB phase-shifts sn = arg(G(n+1+ in)) and the regular COULOMB wave-function
Fn (n,kr)b) . However, it exhibits several unfortunate pathological behaviors. It converges only in
the sense of a distribution instead of point-wise, and the typical decomposition into incoming and
outgoing wave loses its meaning in the context of COULOMB scattering.253–257 The spatial wave
function itself is free of any irregularities,252 although it poses computational difficulties connected
with the hypergeometric function. The amplitude of the wave function Eq. (4.51) is shown in Fig.
2.28c). An asymptotic expansion of the confluent hypergeometric function in the full solution (2.103)
for large k (r  z) ! • tentatively suggests the usual separation (cf. section 2.6.2) into an incident
plane wave and a scattered spherical wave with angle-dependent amplitude f , resembling the form
eikz+ f (q)eikr/r. However, both terms can be shown to include well-known logarithmic phase distor-
tions due to the problematic long-range character of the COULOMB potential.249 A careful analysis252
of the exact solution (2.104) further shows that the incidence flux directed along êz cannot be distin-







Thus, the asymptotic separation fails in the ”near zone” q < q0. Nonetheless, apart from corrections









sin 4 (q/2) . (2.106)
Particles modeled as a wave-packet The shape of the wavefunction amplitude, Fig. 2.28c), re-
sembles the family of trajectories of a given energy with varying impact parameter, i.e. Fig. 2.28a).
Indeed, the classical shadow region prescribed by Eq. (2.100) is reproduced by the probability am-
plitude |YC|2 as a characteristic drop-off feature. Finally, in the far field the classical average particle
number density coincides, up to an additional zero-mean oscillation with an undetectably high spa-
tial frequency, with the QM wavefunction amplitude247 and thus with the classical expressions for
the cross-section (2.106). This energy-independent coincidence of classical and spin-less quantum-
mechanical scattering cross-section,249 however, is a rather special coincidence258, 259 for the 3D
COULOMB problem and fails already in a 2D world.258
In the QM treatment of particle scattering a plane-wave description of the incident particle wave can
be shown to be sufficient.252, 260 However, in its application to PT microscopy later on, this limit will
not be realized. Instead, the formalism of wave-packet (WP) scattering will prove most useful and
corresponds to the situation of particle WPs having a finite spatial transversal width Dx.252 Therefore,





estimated via HEISENBERG’s uncertainty principle. Recently, the classical properties and dynamics
of COULOMB scattering have been shown to be retrievable from the QM formulation of the scattering
problem of a wave-packet. Following V.G. Baryshevskii et al.252 one considers an initial wave-packet





dk A(k)eik · [r r0]. (2.108)
a) The partial waves expansion (2.104) given here for the cut-off COULOMB scattering and the decomposition of the
scattering problem in MIE theory presented before are rather similar. In fact, the expansion given here will resemble that
of the TL in the GLMT.
b) The correct asymptotic form of the partial-wave series for a cut-off COULOMB potential can be found in Ref.253
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The plane-wave spectrum A(k) defines the WP form in space. For different momenta k and thus pos-
sibly different interaction parameters n = k C2E the solution formerly written down for a propagation
along the optical axis, k = k êz, Eq. (4.51), can be given in a fixed coordinate frame for an arbitrary
direction of the incident wave-vector k:
Y
k
C (r) = e 
p
2 neik ·rG(1+ in)1F1 ( in;1; i [kr k·r]) . (2.109)
The time evolution of an arbitrary initial WP as described by Eq. (4.54) upon interaction with the
COULOMB potential can then be written as the superposition YwpC of the individual plane-wave solu-
tions corresponding to the pw-spectrum components of this WP:
Y
wp
C (r, t) =
Z
dkA(k)e ik ·r0 YkC (r)e iwkt , (2.110)
where wk = ~k
2
2m for matter WPs. A WP confined in all three spatial directions to some extent Dx
describing a massive particle will have a corresponding spread in its momentum by HEISENBERG’s
uncertainty principle Dp = ~Dk µ 1/Dx and further a corresponding frequency-width Dw µ Dk2. De-
pending on the parameters, the time-evolution of its probability amplitude |YwpC (r, t) |2 can trace the
dynamics predicted by classical scattering and follow r(t),261 or will tend to a spherical outgoing
wave confined to a shell with a width ⇠ Dx, see Fig. 2.29. In typical particle scattering situations a
is usually large and thus q > q0 > qint, whereby Eq. (2.106) is valid and the latter case describes a
single scattering event.252
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of lateral width s = 100fm. Parameters otherwise same as in Fig. 2.28c). The potential at the
coordinate center is cut-off at r = 3fm. b) Scattered wave packet amplitude some time after the collision,
see loc. Eq. (56) of Ref.252 (the amplitude can be found in section 4.5.1). c) Schematic of evolution of the
centroid of a narrow wave packet. It follows the the solution to NEWTON’s equation of motion rRF (t),i.e. the
RUTHERFORD trajectory 2.99.
John Archibald Wheeler:




65 3.1 Sample preparation
Q1 Q2
Q3 Q4
L = Q2 + Q4
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Figure 3.1: a)Experimental setup used for measurements of the forward and backward photothermal sinal F
and FB. b) Experimental setup used for photonic Rutherford scattering microscopy. QPD: quadrant photo-
diode detecting Pd , dxPd and dyPd , P: pinhole, PP: pellicle prism, D: dichroic mirror, F: filter, AOM: acousto-
optic modulator, a: variable ND filter, ADC: Adwin analog digital converter.
The photothermal setup used closely follows the original proposed thermal lens microscope se-
tups91–94 and is shown in Fig. 3.1. The upper detection path is also detailed further in Fig. 3.3.
The setup is in principle a confocal setup as described in Section 2.5.1 of Chapter 2, although no
detection pinhole was used.
3.1 Sample preparation
The experimental scans have been carried out with gold nanoparticles (AuNP) of diameter 60nm
embedded in a homogeneous polymer layer. Samples were prepared by spin-coating a polymer layer
(Sylgard 184, about 12µm thickness) on a glass cover-slide. The AuNPs (BBI International) were
deposited on top of the polymer film. The particles were then covered with a second Sylgard layer
(also about 12µm thick) to ensure the absence of a close-by interface and thus a radially symmetric
temperature field around the particle.
3.2 Photothermal microscopy setup
The experimental setup for single particle photothermal measurements is based on a home-built
confocal sample-scanning transmission microscopy setup using two laser sources. A DPSS laser
(Coherent, Verdi) with lh = 532nm is used to heat the gold particles and a second laser source at
ld = 635nm (Coherent ULN laser diode) probes the local refractive index perturbations. Both beams
are focused into the sample by the same illumination objective lens (Olympus 100x/1.4NA, oil im-
mersion) and are collected above the sample by a second detection objective (Olympus 50x/0.8NA),
which is adjusted to image the probe focus to infinity. The sample is moved by a piezo-scanner
(PI, Physikalische Instrumente). The resulting parallel beam is focused onto a quadrant photodiode
(Thorlabs, PDQ80A) after passing appropriate filters (no pinhole). To allow for a low noise detection
of the photothermal signal, the heating beam is modulated by an AOM (Isomet) with a frequency
W = 300kHz and the probe signal modulation amplitude DV is detected at this reference frequency
with a lock-in amplifier (Signal Recovery 7280 DSP) with a time constant of tli = 5ms. The resulting













Figure 3.2: a) Sketch of the beam preparation. A collimated beam is focused by lens 1 onto a pinhole. The
diffraction pattern behind the circular aperture of diameter D is the AIRY-disc, see section 2.5. The central peak
is collimated by a second lens placed at a distance corresponding to its focal length f . The collimated beam
is spatially filtered by a diaphragm beam-stop which only transmits the central peak. b) The corresponding
AIRY-disc (black) at a distance f behind the aperture and a Gaussian beam with a waist w0 = 0.69r0.
lock-in signal is recorded by a A/D converter (Adwin-Gold, Jäger Messtechnik) 300 times for each
recorded pixel (10ms/pixel). The analyzed photothermal signal F corresponds to the modulation
amplitude of the photovoltage DV µ DPd at the photodiode
F = D(VL +VR) , (3.1)
F
x
RF = D(VL  VR) , (3.2)
F
y
RF = D(VT  VB) . (3.3)
A normalization to the background voltage V would yield the rel. PT signal, DV/V , as introduced in
Refs.68–70 In order to recover an amplitude DV from the lock-in amplifier, which measures a time-
averaged root-mean-square modulation, a factor of 2
p
2 is further needed in order to compare the
results to the theory based on just heated vs. nonheated nanoparticle scattering.68
Beam cleaning and Gaussian beam preparation To obtain well-defined incidence beams, the de-
tection and the heating laser beams were spatially filtered by means of a pinhole (P, see Fig. 3.1)
before they were routed by mirrors to illuminate the microscope back-aperture, where they were fi-
nally focused onto the sample. While for the highly focused PT signal studies an overfilling of the
illumination microscope objective’s back aperture was desirable, an underfilling was sought for dur-
ing the study of the PT signal in its Gaussian beam illumination limit. The collimated detection laser
beam emerging from the laser was focused onto a pinhole of diameter D = 30µm. The diffraction-
limited spot in the focal region at the position of the pinhole was large enough to overfill the circular
aperture with almost planar wavefronts. The airy-disc diffraction pattern behind the pinhole was
then collimated by a further lens, see Fig. 3.2. For the near-ideal Gaussian beam preparation, a fo-
cal length f = 60mm was chosen behind the pinhole. For the heating laser these parameters were
{D = 20µm, f = 35mm}. The radius r0 of the resulting AIRY-disc diameter at the position of the
collimating lens for the detection laser was measured to be 2r0 ⇡ 3.5mm, which agrees reasonably
well with eq. 2.52, which would give 2r0 = 3.1mm. The corresponding Gaussian beam waist at the
back-aperture of the illumination objective was then wa = 0.69r0 ⇡ 1.2mm. If the objective lens with
effective focal length feff = 1.8mm were in air, this Gaussian beam would be transformed to a focused
Gaussian beam134 with waist size of about w0 = 300nm. Since the objective lens is an oil-immersion
objective, the true value will be larger due to the less refracting interface between glass and the im-
mersion oil / PDMS behind the objective lens instead. Indeed, the value found was w0 ⇡ 330nm. For
the tight-focusing scenario, the heating laser was cleansed by a D = 30µm diameter pinhole instead
and the detection laser was left as-is since it well overfilled the back-aperture already.
67 3.2 Photothermal microscopy setup
Detection channel For several experiments the simple detection channel as depicted in the scheme
3.1a) was modified. To this end, the collimated light collected by the detection microscope objective
above the sample was send through a variety of apertures as shown in Fig. 3.3a-d). The modification
shown in part a) allowed for a variable numerical detection aperture NAd study with a single high-
NA objective with a diaphragm. Part b) shows a realization of a central beam stop which allows to
exclude interior angles and an effective angular detection domain q 2 [qmin,qmax]. Part c) shows a
half Y -aperture while part d) shows a half X-aperture. Due to the mirror in the detection channel,
the splitting in the experimental RUTHERFORD detection volumes recorded with the piezo scanner
F
x,y
RF are connected with just the opposite dimensions and the nomenclature in the Figures in the






















a)           b)           c)          d)
detects:
Figure 3.3: Sketch of the detection in the PT setup. The left column shows the various apertures which
were integrated in the detection channel for the appropriate measurements: a) A variable circular aperture
of diameter D via an adjustable diaphragm, b) an adjustable inverse circular aperture with inner diameter Di
determined by a correspondingly placed metal-sphere glued on a thin wire in a telescopic lens-doublet, c) a half-
aperture (Y -aperture) obstructing the lower half of the collimated beam path, d) a half-aperture (X-aperture)
obstructing the left half of the collimated beam path. Also combinations of these were used.
68
Chapter 4
Photothermal Imaging: Results and
Discussion
69
CONSTITUTING the central part of this monograph, this section 4 gives account for the PT signalin shape and magnitude using the different approximation schemes as introduced in section 2.4.
The approaches taken as applied to PT microscopy are summarized in Fig. 4.1. While all approaches
are naturally consistent with each other and deliver similar results, they vary in the involved degree of
abstraction and thereby accuracy and complexity. All proposed models combined have the advantage
of delivering a clearer picture of the physics of PT microscopy and allow a depth of understanding
which is otherwise unattainable by considering any one of them alone. Further, not always is an
exact quantification of the signal desirable. Often, only an intuitive understanding and an effective
manipulation of the signal shape is of interest, for example when devising new means to enhance the
signal strength or when new variants of PT detection are contemplated on. Each introduced model
will be useful for certain applications or is eminently suitable to shed light on a specific aspect of PT
microscopy.
In the course of the development of the first and most rigorous model, which is the subject of section
4.1, a novel and versatile approach to analyze microscopy scatter scans is first formulated in the
framework of the generalized LORENZ-MIE theory. Using the solution to the MAXWELL equations
for arbitrary multilayered scatterers and considering detectable transmitted powers in transmission
microscopy, a framework is presented that accurately and quantitatively models the recorded PT
signal with high precision. The framework allows for a relatively easy treatment of the Davis beam
(i.e. for the corrected Gaussian beam in lowest order) and delivers some valuable insights into the
signal generation and angular distribution. Most notably, the framework’s versatility also admits
an exact ab-initio solution even for realistic tightly focused beams and enables the extraction of
absolute values of absorption cross-sections from measured PT signals. The exact model details
all focused beam-particle interactions and accordingly accounts for all phenomenological details in
forward detected transmission of PT single particle microscopy. The scattering treatment will further
elucidate the role played by scattering and interference in the PT signal.
However, the LORENZ-MIE approach hides the physical working principle of PT microscopy in an
infinite set of complex field expansion coefficients. Therefore, this versatile and quantitative vectorial
electromagnetic model needs to be complemented by more interpretable ones which can provide ap-
preciation for the parameter dependencies and the general phenomenology which is otherwise already
unveiled in this rigorous study.
Most of these simpler models eventually emerge from the analogy which can be drawn between the
interaction of light with a TL as encountered in PT microscopy and the interaction of charged parti-
cles known from RUTHERFORD/COULOMB scattering. This fruitful analogy will be drawn in both
classical and wave-mechanics, such that two models result from this in parallel. At a first glance,
PT microscopy does not seem to admit a geometrical optics interpretation due to the pivotal use of
diffraction limited focused beams for both the probing and creation of the TL. However, a minimal
and insightful model will be shown to emerge from the well-established bridging framework between
ray and wave optics, known as the Gaussian beam matrix transformation method. While this minimal
model will admittedly be the least rigorous one, it will establish the notion of the focal length of
the TL and provide a useful intuition for the nano-lensing phenomenon that underlies the PT signal.
Therefore, section 4.2 will provide the properties of the TL which are necessary to formulate the
transfer matrix prescription in the ABCD Gaussian beam transformation algorithm. The resulting
simple analytical model of the axial PT signal shape will be semi-quantitative and capable of repro-
ducing qualitatively the detection geometry and the detection aperture dependence. RUTHERFORD-
scattering is characterized by a specific interaction potential, namely the inverse distance dependent
COULOMB potential. Since the analogy was established between this specific interaction and the in-
teraction of light with the resembling refractive index profile (the TL), it is clear that such an analogy
may be extended to the wave-mechanical domain in physics of particles and light. This will be done
in section 4.3. The modification of the beam-spread and the corresponding redistribution of energy
can be studied in this scalar wave-model in the near-zone. The conceptual resemblance is also used
to demonstrate the feasibility of a further PT detection scheme. A photonic RUTHERFORD-like de-
flection can be measured even for highly focused beams and leads to photothermal RUTHERFORD













Figure 4.1: Overview over all possible electrodynamic treatments of radially symmetric inhomogeneous
medium with a refractive index profile n(r), as encountered in photothermal single particle microscopy. Each
of them will be detailed in the results section of this thesis. (1) Generalized LORENZ-MIE framework of a finely
discretized thermal lens scatterer. (2) Geometrical photonic RUTHERFORD scattering and the transformation
of a Gaussian beam (via ABCD matrix optics, i.e. a hybrid solution using (4)). (3) Wave optical photonic
RUTHERFORD scattering. (4) FRESNEL-KIRCHHOFF diffraction integral for the thermal lens. (5) Plane-wave
scattering characteristics of a thermal lens.
scattering microscopy.
Since numerical difficulties arise in the evaluation of the analytical results of this model in the far field,
a complementing paraxial scalar wave-model for this region is considered and allows a quantification
of the far field PT signal. Using the FRESNEL-KIRCHHOFF diffraction formalism, a perfectly com-
patible framework is found which agrees not only with the wave-optical RUTHERFORD scattering,
but also with the earlier rigorous vectorial scattering approach for moderately focused beams. This
FRESNEL-grade approximation of diffraction corresponds to the paraxial HELMHOLTZ equation, and
thus a correspondence with the solution found to the weakly inhomogeneous HELMHOLTZ equation
and the MAXWELL equations in the forward region is natural in the limit of weak focusing. Evaluat-
ing the scalar far field FRAUNHOFER diffraction, analytical expressions will be found describing the
angular distribution of the PT signal and the axial signal shape and magnitude of the PT signal for
Gaussian beam probing.
Finally, the theoretical investigations of the PT signal end with a section on plane-wave scattering
from a TL and finite volume variants thereof. By quantifying specific divergencies in scattering am-
plitudes and cross-sections, the importance of focused beam probing in any theoretical assessment of
the infinite TL scattering are illustrated pointedly. The characteristic angular patterns for plane-wave
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scattering will further underline the large particle character of a TL, i.e. its kinship to geometrical
optics conform scatterers and its drastic dissimilarity compared to a dipole scatterer. Also, some light
will be shed onto the very unique and problematic nature of the unlimited spatial extent of the ideal
TL n(r) with respect to plane-wave scattering within the common approximations schemes studied.
All models will be based on a common definition of the PT signal which allows a quantification.
Definition of the relative PT signal F The optical contrast in PT single particle microscopy is the
difference D in the transmitted and detected power Pd of a focused probe laser beam which accompa-
nies the simultaneous light-particle interaction of a NP with a second focused heating laser beam. In
order to remove the dependence on the probing beam power, this difference DPd in transmitted power
is further normalized by the appropriate background transmittance value Pinc:
F =
Pd (hot particle) Pd (cold particle)





Neglecting any influence of the probe laser on the NP temperature, this relative PT signal is thus
independent on the probe beam power and makes the signal comparable and characteristic for a given
NP interaction with the heating beam.
hot cold
Figure 4.2: Cartoon representation of the PT signal evaluation in the experimental situation.
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4.1 MAXWELL equations: Exact treatment of the PT signal
THE current literature on the subject of the signal measured in transmission microscopy setups wasintroduced in section 2.5.5. A simple yet versatile and unified approach to the description of
signals obtained in transmission microscopy setups for arbitrary spherical particles yet remains to be
achieved. Indeed, the conditions under which typical PT measurements are performed do not fall
in the range of strict validity of any of these existing theories. This holds true for all but the most
complicated ones which could in principle be modified accordingly. However, the GLMT theory is
better suited to the study of the PT phenomenology as it intrinsically includes the notion of focused
beams. It further has the clear advantage that it allows both, very simple and quick calculations for
idealized unaberrated (Davis) beams, but also the inclusion of realistic PSFs under tight illumination
conditions by considering the appropriate beam shape coefficients.
In PT detection and transmission microscopy, the illumination as well as the detection microscope
objectives have finite and rather large numerical apertures to achieve a high spatial resolution.
The following section will therefore pursue the approach of describing transmitted detectable pow-
ers in transmission microscopes while retaining the simplicity and versatileness of the generalized
LORENZ-MIE framework.168 So far, the only theory on particle imaging which uses GLMT describes
recorded CCD images in bright field microscopy.262–265 This section will close this gap and provide
expressions for the angular intensity patterns and transmitted powers in the GLMT. These will allow
the freedom of considering any incident beam as determined by the beam shape coefficients and any
scatterer represented by the complex-valued scattering coefficients {an,bn}. Thereby, rather simple
yet accurate solutions to the vectorial MAXWELL equations are found for the scattering by a (possibly
multilayered) scatter, i.e. also for the focused beam interaction with a TL in PT microscopy.
4.1.1 Angularly resolved powers: Fractional cross-sections
As discussed at length in section 2.6.7, for focused beam scattering in the forward interference zone
it is necessary to consider the total field Et. If detectable powers are to be computed in a manner
similar to the discussion for plane waves, a corresponding angularly resolved counterpart to the total
cross-sections must be considered. The angular structure of the powers contributing to the total cross-
sections has been studied for plane waves by M. Berg197, 198 in his analysis of the subtleties in the
extinction of spherical particles. Accordingly, his introduced concept of a fractional extinction cross-
section197, 198, 266 for plane-wave scattering now needs to be extended to focused beam scattering.
Therefore, this section relaxes the constraint of full-solid angle integration which was considered in
works using the GLMT168, 169 and which lead to the usual total cross-sections. Instead, the detected
power Pd behind a scatterer as it would be measured by a detector with finite collection angle will be
treated. One may calculate the integrated POYNTING-vector of the total EM-field through a spherical





similar to what was done to obtain the total cross-sections in section 2.6.8, but now with a finite an-
gular integration domain A < 4p which is less than the full solid angle. The integrand decomposition
into the three parts Pinc, Psca and Pext can be done again, but now let the P’s denote the integrals over
the collected finite angular domain A . In fact, the full azimuthal integration domain will be used,
but the polar angular domain restricted to some finite range [qmin,qmax]. In fact, it will prove to be
essential to consider a detection domain which is less then a half-space with qmax < p. In typical
transmission microscopy experiments, this range is determined by the numerical aperture of the col-
lecting microscope objective through NAd = nm sin(qmax). Therefore, unless otherwise stated, from
here on the range considered will have the property qmin = 0 .
Pd = Pinc +Psca +Pext, (4.3)


















Figure 4.3: a) Schematic of POYNTING vector (energy flux) integration over the angular detection domain
determined by the collecting microscope objectives numerical aperture NAd . b) Collection angles in confocal
microscopy. The numerical aperture of the illumination microscope objective affects the illumination beam’s
PSF.
or, the physically detectable angular intensity distribution Id (q) given by
Id (q)dq = Pd ([q,q+dq]) = Pd (q+dq) Pd (q) . (4.4)
Herein, the physically non-individually detectable components are given by




































































wherein fractional cross-sections have been defined in analogy to the total cross-sections, but without
the factor ( 1) introduced in extinction part. The consideration of a fractional energy flow now
prevents energy balance arguments to be of any help. Evidently, Pinc will now be finite and non-
zero, and no easy connection can be stated which relates the fractional scattering and extinction
cross-sections ssca (qmax) and sext (qmax) through the absorption cross-section. Integration over the
entire polar angle for Pext,sca with the help of the orthogonality relations for LEGENDRE-polynomials
recovers the expression for the extinction and scatter cross-sections169 summarized in table 2.2, and
thereby determine the absorbed power via the requirement of energy conservation, see section 2.6.8.
The choice of the incidence beam description dictates the degree of accuracy and the computational
complexity. While for a qualitative and even for a semi-quantitative analysis the simple Gaussian
beam description is satisfactory in most cases, the exact description of the detectable signal can only
be achieved by including unavoidable aberrations under experimental conditions of the vectorially
diffracted beam, see section 2.6.5a) .
4.1.2 Incident power and background normalization
The size and refractive index contrast of a particle determines its ability to affect the transmission of
an incident laser beam. As the transmission is further proportional to the beam’s incidence power, a
a) While Ref.1 uses a different function basis and different definitions as compared to the GLMT, a mapping between
both frameworks was found (see appendix 7.5.1).
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quantification of transmission microscopy signals requires the normalization by a background signal.
In order to define such relative signals, it is thus necessary in the current framework to obtain a
tractable expression for the collected incidence field flux of the input arbitrarily shaped beam as
defined by the complex-valued BSCs gn. For a Gaussian beam, the recourse to the BSCs may be
avoided by directly evaluating the power contained within an angular domain [qmin,qmax]. In this







, may be applied to the far field. Using the coordinate relation
r = z tan(q) one finds Eq. (4.8) which depends on the beam’s angle of divergence qdiv, Eq. (2.35),















The corresponding expression26 for a collimated beam focused by an overfilled high-NAill micro-
scope objective with effective focal length f is Pinc = I0p f 2
⇥
sin2 qmax   sin2 qmin
⇤
, while the general
expression is derived in appendix 7.5.3. However, to be precise, many GLMT calculations will be
based on the Davis beam, see section 2.4.2 and 2.6.5. It is therefore more accurate to use a nor-
malization directly related to the specific BSCs. One may calculate the integrated flux as indicated
by Eq. (4.5) of the collected beam in the absence of a particle for the special case of on-axis illu-
mination (xp = yp = 0). Inserting the far field limits of the incidence field decomposition into Eqs.
(7.24-7.24) and taking one summand each with the appropriate subscript and then simplify until the
f-dependence drops out after integration over the full azimuthal range of 2p. Also the r-dependence















SmSn m+1   ( 1)n+1 DmDn m+1
i
sin(q) dq, (4.9)
with Dn (q) ⌘ Pn (q)  tn (q) and Sn (q) ⌘ Pn (q)+ tn (q). Eq. (4.9) is only valid for infinite sums.
However, the appropriate formula for finite sums shows that the above expression only misses higher
order terms if • is replaced by the maximum considered multipole order nmax, see appendix 7.5.4.
To ensure numerical stability, a recurrence relation267 for Dn ⌘ Pn   tn was used at each angle, see
also appendix 7.5.4. Since a normalization with respect to the background incidence beam intensity
is needed, and since an off-axis scenario refers to a displacement of the particle from the optical axis
(and not the beam itself in confocal microscopy experiments), it is a priori clear that the background
intensity may still be conveniently computed with the above on-axis expression (4.9)a) for arbitrary
particle positions. Specifically, the above expression taken at zp = 0 should be used for normaliza-
tions as the value of the background signal Pinc = I0sinc. This completes the description of the first
constituent of the total detected power Pd , Eq. (4.3).
4.1.3 Fractional scattering and extinction cross-sections (off-axis)
To evaluate the attenuation of a beam interacting with a scatterer it is necessary to find an expres-
sion for the fractional scattering and extinction cross-sections ssca (qmax) and sext (qmax) given by
Eq. (4.6) and (4.7). Only then, all remaining constituents of the total transmitted power Pd will be
determined. In the most general case of off-axis scattering, the evaluation of the two integrals for the
fractional cross-sections and thereby collected powers Psca = I0ssca (qmax) and Pext = I0sext (qmax)
involves integrands which are the product of two double-sums. These were analyzedb) and the final
a) Unfortunately, the two publications Ref.68 and69 contain a typo in Eq. (4.9) and have a factor of ( 1)n instead of the
correct factor of ( 1)n+1.
b) The necessary algebra was done partly by hand and with Mathematica. The terms remaining an r-dependence turned
out to be of the form z  z⇤ = 2iI(z) which is purely imaginary and was discarded thereafter since only the real part
is needed for the time-averaged POYNTING-vector flux. Further, the orthonormality of the function-base exp(imf) was
exploited and the limiting range m 2 [ n,n] to reduce the range of a remaining summation.
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These expressions have been evaluated numerically and the infinite sums truncated at a finite multi-
pole order nmax. To speed up calculations, the matrix elements (Mi, j)mn were introduced and calculated
for each angle q within the sums and prior to the summation. The physically detectable power with
the above expressions can then be determined. For an efficient evaluation, recurrence relations for the
associated LEGENDRE polynomials Pmn (q) at any given angle may be used. The scheme proposed
and detailed in the appendix 7.5.7 generalizes the expressions given in Ref. [188, loc. Eq. 26a)-c)],
by adding identities obtained through RODRIGUES’ formula for the associated LEGENDRE polyno-
mialsa) . Together with the expression for the incidence flux given in the previous section 4.1.2, the
task of finding an analytical prescription for arbitrary scans in a transmission confocal microscope as
described in the experimental setup chapter 3 has been achieved. To validate the approach, a single
AuNP of radius R = 30nm was scanned across the focal region of two laser beams and compared
to the calculations as described above with the exact BSCs describing the experimental situation as
accurate as possible. The power of both beams was kept low in order to avoid at the point thermal lens
effects contributions to the scatter signals such that only bare NP scans are obtained. Fig. 4.4 shows
the results of such experimental and theory scans of transmitted intensity Pd where the horizontal axis
represents the axial z-coordinate and the lateral axis represents either the lateral coordinate parallel
to the polarization of the incident beam, which is the xp-coordinate, or the lateral coordinate per-
pendicular to the polarization, denoted by the yp-coordinate. The theoretical and experimental scans
agree in structure and amplitude and required the inclusion of a further aberration term to the vec-
torially diffracted beam description of Ref.,1 which is a consequence of the experimental conditions
and material parameters not matching the objective design conditions. The complex PSF finds its
manifestation in corresponding asymmetric features in the scatter scans. The agreement finally found
is almost perfect and illustrates the capability of the proposed scheme. The implementations of the
computation was not optimized for parallel computing on GPUs, such that the computational demand
of generating such images (24h per image) renders the practicability of the exact beam description
questionable for most purposes. For that reason, the following analysis will mostly be illustrated by
modeling the incidence beam as a Davis beam and taking the corresponding BSCs. Such a beam will
from now on simply be referred to as a Gaussian beam. The beam-waists taken to approximate the
experimental situation have been chosen according to the average width of the PSF along and per-
pendicular to the direction of polarization, see Fig. 4.4, and have been further chosen to yield similar
axial scatter signal scans. Therefore, the values of w0,d = 281nm and w0,h = 233nm play a prominent
role in many of the forthcoming theoretical calculations. Further, in many instances it will be enough
to consider the transmittance for a NP located on the symmetry axis of the beam, i.e. on the optical
axis.
a) see http://mathworld.wolfram.com/AssociatedLegendrePolynomial.html for the sign convention.
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Figure 4.4: Scatter signal scans Pd (zp,xp) (bottom halves) and Pd (zp,yp) (top halves) for an AuNP of radius
R = 30nm through the focal regions of highly focused laser beams. The theoretical scans are supplemented
by the corresponding map of the absorbed powers Pabs. Shown are a,c) the recorded and calculated scans
for a detection aperture NAd = 0.3 for l = 635nm, b,d) NAd = 0.8 for l = 635nm, e,g) NAd = 0.3 for
l = 532nm, f,h) NAd = 0.8 for l = 532nm. The lateral beam waists determined from the theoretical PSFs
are w0,d ⇡ {305nm,252nm} and w0,h ⇡ {250nm,199nm} along the x- and the y-coordinate, respectively. An
axial fit of the PSFs with a LORENTZIAN function yields zR,d ⇡ 650nm and zR,h ⇡ 470nm. Parameters: see
appendix 7.2.
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Figure 4.5: a) Experimental scatter signal scans Pd (zp,xp) (bottom halves) and Pd (zp,yp) (top halves) for an
AuNP of radius R = 30nm through the focal regions of a highly focused laser beam of wavelength l = 635nm
for varying numerical apertures NAd of the detection microscope objective. b) The theoretical scan of absorbed
powers Pabs from Fig. 4.4b) using another color-scaling. c) Experimental and d) theoretical on-axis scans
for varying NAd (exact BSCs). The solid dashed line shows the absorbed power Pabs (zp). e) Theoretical
scatter signal scan for NAd = 0.1, R = 33nm. (exact BSCs) f) Gaussian BSCs: Theoretical axial widths
wx (NAd) of Pd (xp) (red curves, R = {10nm,30nm,100nm} solid thick, dashed thin, solid dashed thin) at the
zp-coordinate of the axial scatter scan minimum (black curves). nm = 1.46 for NAd = 0 . . .0.9 and nm = 1.518
for NAd = 0.9 . . .1.4. The beam waists are w0 = {281nm,500nm}.
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4.1.4 Fractional scattering and extinction cross-sections (on-axis)
For on-axis scattering, the integrands which are to be considered are single-sum products only, and
the resulting expressions for the constituents of transmitted power Pd , Eq. (4.3), may be simplified


















R(M⇤ (q) [S1 (q)+S2 (q)])sin(q)dq, (4.15)
with the usual on-axis scattering matrix elements S1 (q), S2 (q), Eq. (2.68), and the auxiliary function





Nn gn [Pn (cosq)+ tn (cosq)] . (4.16)
Again, the usual full-p-integrated total cross-sections of table 2.2 are contained in the above ex-
pressions. The relative transmitted power Pd/Pinc can now be evaluated via Eq. (4.3). In the above
expressions, the BSCs gn are to be understood as depending on the incidence beam parameters and
the particle position zp, see sections 2.6.5. In the near-forward direction with q ⌧ 1 and at large
distances from the scatterer where kr   1, the function M as defined by Eq. (4.16) can be seen to be
closely related to the incidence field Ei (r)⇡ êx iE02kr e
 ikrM (q), see appendix Eq. 7.26. However, the
general expression based on the POYNTING vector is suitable for highly focused and non-paraxial
beams at any angle q 2 [0,p].
4.1.5 Small particle approximation (on-axis)
In view of the successful analytical reduction of the mathematical complexity encountered in
LORENZ-MIE theory for small particles with x ⌧ 1, it may be expected that such a simplification
and small-particle RAYLEIGH-limit also exists for the scatter signal in the focused beam case. While
the case is trivial for the fractional scattering cross-section (4.14), it is reasonable to expect that the
interference term sext (qmax), Eq. (4.15) of a focused beam will require more multipole orders. The
interference term naturally requires a proper representation of the incidence field which in the GLMT
framework is only achievable by many multipole orders. Therefore, the scatter functions S1,2 can be
truncated at the n = 1-term, while the sum in M (q), Eq. (4.16), which represents the incident field





see Eq. (2.81), appears quadratically in the scatter contribution, Eq. (2.82), but linear in the extinc-
tion term, the interference term dominates and therefore determines the shape and magnitude of the
scatter-signal for a small particle. With only the dipolar scattering coefficient a1 for the scattering





(4.14) and S1 + S2 ⇡ (3/2)a1g1 [1+ cos(q)] in Eq. (4.15). Then, the factional cross-sections ex-

















I(M⇤ (q) g1 a [1+ cos(q)])sin(q)dq ! |g1|2kI(a) . (4.18)
a) Again, the terms remaining an r-dependence turned out to be of the form z z⇤ = 2iI(z) which is purely imaginary and
was discarded thereafter since the real part is needed only for the POYNTING-vector flux expressions. The remaining terms








µ 2R(g⇤n [S1 +S2]) = 2R(gn)R(S1 +S2) +
I(gn)I(S1 +S2) was reached which led to Eq. (4.15) and the expressions in the corresponding publications68, 69
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If the substitution for an +bn ! dn,1a1 (a) is made in the last step, the interference term can be seen
to reducea) to the RAYLEIGH extinction cross-section sRAext , Eq. (2.85), for qmax ! p. This holds
true apart from the definition-dependent factor  1, and a factor |g1|2 which expresses the relative
intensity of the beam at the coordinate of the particle. For a finite angular detection domain, the
fractional extinction cross-section in (4.18) needs to be evaluated explicitly to obtain the interference
contribution to the detected power. The full solid angle scatter term reduces simply to the RAYLEIGH
scattering cross-section sRAsca (2.84), apart from the intensity factor |g1|2. Accordingly, the absorbed















! Pabs = IG (zp)sRAabs (4.19)
where the Gaussian BSC |g1 (zp) |2 from Eq. (2.73) has been inserted. As expected, the absorbed
power of a small particle follows the LORENTZIAN intensity profile (2.37) of the incident Gaussian
beam. A few notes related to the fractional extinction are in order. The size-parameter range of valid-
ity for the extinction term (4.18) of about x ⌧ 0.1 can be extended to about x < 0.5 by retaining the




instead of a1 (a), see Eq. (2.81). Alternatively,
W. Wiscombe introduced268 somewhat better performing approximations to an and bn.
For AuNPs of radius R= 30nm illuminated by a Gaussian beam with a wavelength of l= 635nm and
w0 = 315nm, summands up to n = 15 are needed before the interference contribution to the collected
power Pext = I0 sext (qmax) converges. The number of multipoles required for convergence also de-
pends on the axial coordinate, requiring more for larger offsets, see appendix 7.5.11. Mathematically,
the reason for this is that the BSCs gn of a focused field decay with a characteristic multipole order nc,
as seen for the Gaussian BSCs in section 2.6.5. Here, the critical multipole order was nc ⇡ kw0 for an
on-axis illumination with the particle in the focus zp = 0. Large particle offsets relative to the beam
waist require the inclusion of even higher multipole orders to correctly account for the incidence field
structure, which is in accord with the observation that the magnitude of the BSCs |gn (zp) | decays
slower for large zp as was shown in Fig. 2.18a). Independent on the relative particle position, the sit-
uation becomes convergence-wise even worse if larger beam-waists are considered. Indeed, even an
incident plane wave requires in its spherical base an infinite sum representation with constant BSCs
gn = 1. The full solid angle integration, however, removes this difficulty and results in the familiar
expression of the total extinction cross-section sext. For the evaluation of {ssca,sext} only a single
term is required to be accurate to within less than a percent of the exact value for small particles with
x ⌧ 1. This is a consequence of the orthonormality of Pn+tn over the full polar angular domain, see
footnote a) . This corresponds to the usual statement that the maximum multipole order necessary in
MIE type codes is about nmax = 2+x+4.3x1/3, see also appendix 7.5.11. The observation of the bad
convergence of the extinction integral when the domain of integration is not the complete solid angle
is consistent with the detailed study by M. Berg197 for plane waves (especially loc. Fig. 4 in which a
cumulant interference flux is plotted). The following subsection 4.1.6 will now detail some general
features of axial scans of gold nanoparticles across the focal region of a Gaussian beam in a medium
of refractive index nm = 1.46. As the PT signal is a modification of the transmission signal which
is systematically recorded in such scans, a general survey of these scans prior to the modification
introduced by heating the NP is beneficial.
4.1.6 General properties of transmission scans
The Gaussian beams used in the following calculations are described by the BSCs gn as given in
section 2.6.5 and the parameters were chosen such that they resemble the experimental conditions.
Already by mere inspection of Fig. 4.4 and Fig. 4.5, the strong influence of the illumination wave-
length l, the numerical aperture of the detection microscope objective NAd and the beam waist is
a) To this end, the expression
R
p
0 [Pn + tn] [Pm + tm]sin(q)dq = dn,m2n
2 [n+1]2 / [2n+1] has been used, see Ref. [3, ch.
4.4], and S1 +S2 = Ân Nngn [Pn + tn] [an +bn] inserted into Eq. (4.15).
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Figure 4.6: Scatter signal scans Pd (xp,zp)/Pinc of an R= 30nm AuNP embedded in PDMS for an almost ideal
Gaussian beam with l = 635nm realized by under filling the illumination microscope objective. The detection
aperture was NAd = 0.8. The images show scans for a) as recorded in the experiment, b) computed using the
exact BSCs and R = 28.5nm, kd = 210, wa = 0.79mm, d = 15µm c) computed using Gaussian BSCs with
w0 = 315nm and R = 27nm. Both computed scans use NAd = 0.75. d) Axial scatter scans Pd (zp)/Pinc. The
dashed gray line shows the GLMT results for a Gaussian beam. Solid black line shows the GLMT computations
for the exact BSCs. Red markers show the experimental data. e) Lateral scatter scans Pd (xp)/Pinc through the
minimum. A Gaussian fit (green solid line) reveals w = 330nm which is approximately equals the illumination
beam waist w0.
clearly visible. These details shall now be discussed one by one and a general phenomenology for
gold nanoparticle scattering is the subject of the following paragraphs and figures.
Qualitative structural characteristics In all scatter scans, the negative dips correlate with the
positions of the peaks in the focal intensity pattern of the illumination PSF. The yellow/orange colored
regions in Fig. 4.4a,b) and the bright green regions in Fig. 4.4e,f) coincide with the PSF intensity
peaks visible in the semi-transparent contours of the logarithmic PSFs superimposed on the images.
This means, that each intensity peak of the total field Et is accompanied by an oscillation in the
transmitted detected signal Pd consisting of an enhancement and a reduction.
Polarization dependence The scans in Fig. 4.4 are either in the lateral direction parallel to the
x-polarization of the incidence beam, that is, along the x-direction, or perpendicular to the polariza-
tion of the incidence beam. The same qualitative trend seen for high-NA illumination PSFs144 is
discernible also for the scatter scans: More pronounced features are observable in the scatter scans
Pd (yp,zp) perpendicular to the polarization direction as compared to the scatter scans Pd (xp,zp) par-
allel to the polarization direction, see Fig. 4.4a,b,e,f).
Dependence on illumination objective back aperture filling The illumination PSF depends sen-
sitively on the degree of over-/underfilling of the illumination microscope objective’s back aperture.
For an underfilling, aberrations will become less important and an almost ideal focused Gaussian
beam with a beam-waist proportional to the inverse of the waist size of the back-aperture illumi-
nating collimated beam results. For an overfilling, a tightly focused beam will describe the PSF
and spherical aberrations become important, since larger incidence angles contribute in the vectorial
diffraction of the incidence beam. A direct comparison of Fig. 4.6a) with 4.4b) shows the difference
in the resulting scatter scans Pd (xp/yp,zp) for both cases. In Fig. 4.6a) an experimental scatter signal
scan reveals a spatial structure with distinct but few characteristic peaks and features. An underfilling
resulted in a Gaussian beam with a rather large beam waist of w0 ⇡ 315nm, as inferred by compar-
ison to theoretical scans in Fig. 4.6b,c). The experimental scan in this situation is well-described

















































































































































Figure 4.7: Axial scatter signal scans Pd (zp)/Pinc   1 for a Gaussian illumination with beam waists w0 =
281nml/ [635nm] computed with Eq. (4.3) and NAd = 0.75 (for NAd = {0.1,0.3} see appendix). a,e) R =
10nm, b) R = 30nm, c) R = 50nm, d,f) R = 100nm. The green and red scans show the axial scans for
l = 532nm and l = 635nm, respectively, for AuNPs for the sizes R = 10nm and R = 100nm.
by Gaussian BSCs. However, computationally the BSCs used yield artifacts at large lateral offsets
xp > 1.5w0, see horizontal white dashed lines in Fig. 4.6c). The exact BSCs, while providing es-
sentially the same axial scans (see Fig. 4.6d)), are devoid of such artifacts and are accurate at any
position if the multipole orders are considered high enough, as seen in Fig. 4.6b). On the other hand,
the scans shown in 4.4 were all obtained under the condition of overfilling. The tightly focused beams
yield scatter scans which reveal the high degree of aberration of the PSF. These aberrations manifest
in extended structures of peaks and valleys in the corresponding scatter signal scans of the particle
through such an aberrated focus.
Dependence on detection aperture NAd The axial scans also strongly depend on the numerical
aperture NAd with which the transmitted light is collected and recorded. This is a consequence of
the changing phase relation between the incidence field and the scatterers electric field with changing
polar angle, as already suggested by A. Rohrbach et al.32 Fig. 4.5a,c) shows experimental scans of
single AuNPs recorded for an off-resonant wavelength of l = 635nm for various numerical apertures
NAd = {0.1,0.3,0.75,1.3} of the detection microscope objective. Clearly, the spatial extent of dis-
cernible scatter structure increases for decreasing NAd . For the highest of the numerical apertures
used, the scatter signal is negative irrespective of the particle position in the focus. It resembles in
structure the incidence field PSF, see Fig. 4.5a,b). For the smallest numerical aperture used, the in-
terference structure of the detected signal extends to particle positions far around the focus position.
The appearing features now follow the logarithmic PSF instead, see Fig. 4.5e). This now logarithmic
PSF resemblance conforms with the increased spatial extent of the recorded signal structure. This
qualitative characteristic is independent of the wavelength.
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The corresponding axial signal scans, both experimental and theoretical, for the off-resonant wave-
length show an increased contrast relative to the background with decreasing aperture, see Fig.
4.5c,d). However, this effect does depend on the wavelength of illumination. Fig. 4.7b) shows the
amplitude of rel. scatter signal scans now for two wavelengths. While for the resonant wavelength
l = 532nm an increase of the amplitude |Pd/Pinc 1| with increasing detection aperture is found, the
previously mentioned decrease is found for the off-resonant wavelength of l = 635nm with increas-
ing detection aperture.
What remains true for any wavelength is, that the resolution is affected in the expected manner by
the reduction of the maximally collected detection angle qmax = arcsin(NAd/nm). Therefore, while
the total detected signal will obviously decrease with decreasing numerical aperture, also the spatial
resolution decreases accordingly. To show this generic feature of scatter scans, the lateral scans




at the axial position of the maximum
amplitude |Pd/Pinc  1|. The results for the lateral widths wx (NAd) are shown in Fig. 4.5e). For any
Gaussian beam with waist w0 one finds the largest lateral width at NAd ⇡ 0 of about wx ⇡
p
2w0.
For the largest detection apertures a saturation occurs at about the illumination beam waist wx ⇡
w0. The intermediate regime shows a minimum lateral width at the equivalent numerical aperture
corresponding to the beam-waist, i.e. at about sin(qdiv)nm, where qdiv = 2/ [kw0] is the divergence
half-angle of the focused Gaussian beam. These features can be seen in Fig. 4.5f), solid thick lines
(for a R = 10nm AuNP in PDMS). The thin dashed lines indicate the behavior for a larger R = 30nm
AuNP. For large particles, this intermediate feature disappears and instead a monotonic decrease
starting from a smaller width wx <
p
2w0 occurs, see Fig. 4.5f) thin solid-dashed lines, which are the
results for a R = 100nm AuNP. This reduction in the lateral width with increasing numerical aperture
is paralleled by the shift of the transmission dip position to the actual focus position, see black curves
in Fig. 4.5f). This explains the saturation value corresponding to the actual beam waist, and also
explains the onset width corresponding to the beam width w(zR) =
p
2w0 at about one Rayleigh
range offset where the transmission minimum occurs for small detection apertures.
Also, in regard of the series representation of the scatter signal Pd , the convergence of the signal
becomes worse for decreasing NAd such that a higher number of at-most considered multipole orders
nmax is necessary for the computation of such scans.
Dependence on wavelength l The transmitted power for a small AuNP (R < 30nm) when scanned
axially across the focus region shows for high focusing a dispersive profile for long wavelengths,
while it shows a simple dip-like profile for short wavelengths. The dispersive signal shape obtained
for AuNP at long wavelengths are qualitatively very similar to scans calculated for purely transparent
dielectric particles such as polystyrene particles (data not shown). The critical wavelength which

































Figure 4.8: a) Theoretical axial scatter scans DPd (zp)/Pinc for a R = 30nm AuNP in PDMS using the
GLMT and the probe beam wavelength l = 635nm. The beam waists are w0 = {200nm,281nm,400nm}.
b) Axial scatter scans for the heating beam wavelength l = 635nm. The beam waists are w0 =
{180nm,233nm,300nm}. c) Axial scatter scans vs. the beam waist w0 for l = 635nm (top) and l = 532nm
(bottom).
























2 4 6 8
10
2 4 6 8
100
2 4


















































Figure 4.9: a) Peak relative scatter signals 1 Pd/Pinc of different sized AuNPs and Gaussian illumination.
The red lines show the results for a beam waists w0 = 281nm for NAd = {0.1,0.3,0.5,0.75,1.0,1.3} (from
light red to dark red). The red markers show scatter signals for a single sample containing R= 10nm, R= 20nm
and R = 30nm AuNPs illuminated with l = 635nm and w0 = 281nm. The green lines show the results for
a beam waists w0 = 233nm for the same detection apertures (from light green to dark green). The orange
markers and the dashed lines show the experimental and theoretical results for beam waists of w0 = 315nm
and w0 = 330nm for l = 635nm and l = 532nm, respectively, obtained by using NAd = 0.75. b) Dependence
of peak scatter signals 1 Pd/Pinc| on the numerical aperture of the detection objective for a small AuNP with
R = 1.9nm. c) Dependence of the relative scatter signal for a R = 10nm AuNP on the illumination beam waist
w0 at constant detection aperture NAd = 0.75.
small particles, this is close to l = 532nm, as seen in the absorption spectrum in Fig. 2.23a). For
large particles, only dip-like profiles occur for axial particle scans at all wavelengths, see Fig. 4.7d).
Dependence on beam waist w0 The detectable relative scatter signal amplitudes also depend on
the beam waist w0 of the scattered incidence beam. For large beam-waists the peak relative scatter
signals decrease quadratically, independent on the wavelength of the incident beam. This can be seen
in Fig. 4.9c) for l = 532nm and l = 635nm. As the scatter scans provide essentially an extinction
measurement and measure the loss of transmitted power provided by absorption for metallic NPs, the
scaling |Pd/Pinc 1| µ w 2 stems solemnly from the decreased power absorbed by the particle which
scales approximately with the intensity as Pabs ⇡ sabsI0 µ w 2. The resolution naturally decreases
with a larger beam waist w0. This can be seen in Fig. 4.5f), which was already discussed in part in the
paragraph on the numerical aperture dependence. As seen in the Figure 4.5f), the dependence of the
lateral width wx (w0) of the scatter scans is a simple proportionality at the extremes of zero and large
numerical detection aperture, while the dependence is not simply a linear one in the intermediate
regime. The shape of the axial scatter scans also depends on the beam waist w0, as seen in Fig. 4.8.
Part a) and b) of the Figure exemplarily show axial scatter scans DPd (zp)/Pinc for three different
beam-waists at the two selected wavelengths. While for the resonant scattering at 532nm the scatter
scans follow quite closely the PSF, for the off-resonant scattering at l = 635nm the appearance
of a dispersive signature depends sensitively on the beam waist. Only for highly focused beams a
both positive and negative scatter signals DPd can be recorded, while for larger beam waists only a
deformed dip-structure is observable.
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total fields outside the scatterer (GRIN):
Figure 4.10: The multilayered scatterer. Concentric shells of radii ri and corresponding size parameter xi =
rik0. The refractive index within the spherical shell [ri,ri+1] is ni. The temperature profile is T (r) and the
resulting refractive index profile is n(r). The outer shell has radius rL. The scattered and thereby also the
total electromagnetic field Et = Es +Ei and Ht outside the last shell (the dotted region) is determined by the
scattering coefficients aL+1 and bL+1.
Dependence on particle radius R The depth of the relative scatter signals for small particles scales
with the volume of the NPs, that is to say |Pd/Pinc   1| µ R3. Fig. 4.9 shows this dependence for
AuNPs in the size range of R = 1nm up to particles of R = 0.5µm which are large as compared to
the beam waist and comparable in size to the illumination wavelengths used. The scaling with the
volume of the particles holds well for particles in the RAYGHLEIGH size-regime but breaks down
for particles larger than about R = 20nm. For small particles it is thus the energy Pabs absorbed
by the particle, that is detected as missing in the forward direction. Scans taken via transmission
microscopy in the confocal detection scheme thereby map the absorption of NPs an thus provide
access to the extinction cross-section which equals the absorption cross-section for small particles.
However, a quantification is non-trivial as the previous analysis has shown a sensitive dependence on
the used numerical aperture of the collecting microscope objective.
4.1.7 The thermal lens n(r) in the MIE scattering framework
Conceptually, a heated nanoparticle surrounded by a refractive index profile is much like a so-called
gradient refractive index (GRIN) particle. Such particles, often exhibiting spherical symmetry, are
physically characterized by a continuous profile of their index of refraction and have been studied in
the past, providing an interesting field in optics by themselves. However, to deserve the name ”par-
ticle”, in the literature all considered GRIN particles have a finite well-defined size. For spherically
symmetric GRIN particles this means that the profile n(r) extends to a radius R at which a boundary
interface separates the particle from the embedding medium of constant refractive index n0. A promi-





The analysis on such finite GRIN particles have been done in ray optics270 and within GLMT studies
of extinction efficiencies and scattering characteristics.271, 272 Further famous examples of special
GRINs such as the LUNEBURG lens and the EATON lens have been analyzed in rigorous scattering
treatments.188, 273 Also comparative studies which do both geometrical optics modeling and GLMT
modeling have been done274 and showed for large particle dimensions the expected agreement. The
concentric multilayered sphere extension of the LORENZ-MIE theory as presented in section 2.6.6
provides the framework for the finely layered GRIN discretization also in the framework of the
GLMT. The thermal lens as given by the profile n(r) = n0 +DnR/r, see section 2.3 Eq. (2.7), close
to the particle and at moderate frequencies is not finite if it is taken to be valid also infinitely far away
from the particle. Consequently, many multipole orders n of scattering coefficients aL+1n and bL+1n
will be significantly different from 0. As seen in Fig. 4.11, an infinite TL needs an infinite number
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Figure 4.11: a) Absolute value of the plane-wave multilayer MIE scattering coefficients, |aL+1n | (circles) and
|bL+1n | (triangles) as described in section 2.6.6 and appendix 7.5.9, for various multipole orders n and DT =
100K. A discretized TL with cut-off size-parameter xL = {8.9,52,170} (left to right) was used, respectively.
b) Absolute values of the MIE scattering coefficients |an| and bn for a gold (yellow) and polystyrene (np =
1.59  0.0002i, blue) sphere with x = 52. The observed patterns are in accord with the article of G. Mie,163
see text. c) Characteristic multipole order n at which the scattering coefficients drop below |an| < 10 4 vs
cut-off size-parameter xL, see horizontal line in a). The top curve corresponds to DT = 100K, the bottom one
to DT = 10K. A line-fit for (dashed black line) the case of DT = 100K gives 2.5+1.00xL, for DT = 10K gives
0.8+0.982xL. Parameters: dn/dT = 3.6⇥10 4, l = 635nm, nm = 1.46, central R = 30nm AuNP.
of coefficients an,bn 6= 0 and the decay of both coefficients for increasing multipole order n is even
slower or similar to n 1/2. Therefore, the scattering and also the extinction efficiency as given in
Table 2.2 will diverge. This plane-wave behavior will be discussed in detail in section 4.5. However,
the finite lateral extent of the focused probing beam which will interact and scatter off the TL will
redeem this apparent difficulty and inconsistency and allows to describe this approximation of the TL
to be treated as a scatterer much like a finite GRIN particle. Both fractional and total cross-sections
will then converge as the BSCs gn decay exponentially, see section 2.6.5. Therefore, the TL in the EM
scattering framework may also be represented by a finely layered sphere consisting of many confocal
spherical shells of radii ri each separated by an interface and with a constant corresponding refractive
indices ni (ri)a) , see inset of Fig. 4.10. The solution then yields the scattered and total electromagnetic
field outside of the TL, which is truncated at a finite radius rL of the L-th layer where n(rL) ⇡ n0.
While this cut-off radius is somewhat arbitrary, it turns out that a criterion for the convergence of
collected fluxes may be stated for focused beam illumination. If one requires the total fields and the
corresponding energy flux to converge, the spatial extent rL to which the TL needs to be modeled is
found to be large as compared to the beam-waist w0 of the illuminating beam. However, individually
the interference flux and the scattered flux start to increases monotonically with increasing size of the
TL scatterer in such a discretization. This can bee seen in the inset of Fig. 4.12b). The plane-wave
angular scattering intensity spectrum Isca (q) as seen in Fig. 4.12a) also indicates the large-particle
character of the thermal lens n(r) by the pronounced forward scattering and the multiple peak struc-
ture at large angles. The initial dipolar scattering pattern is due to the central AuNP. The details of
the plane-wave scattering characteristics of a pure TL will further discussed in section 4.5. As the
TL profile with its inverse distance dependence misses a characteristic decay length scale and is thus
of infinite extent, the large particle character is expected. However, under experimental conditions a
focused finite-sized probe beam will interact with the TL and thereby, as pointed out in the theory out-
line of section 4.1.5, only a limited number of multipoles will be of importance for the illumination by
a shaped and confined beam. This can be seen in Fig. 4.12b), where for a strongly focused Gaussian
beam illumination the angular scattering spectrum misses the characteristic large angle peaks and
a) A similar approach as presented here for the treatment of the optical properties of a heated nanoparticle surrounded
by a discretized TL was pursued by Setoura et al.207 somewhat after the publication of what was conceptually presented
here.68 In this study, the spectral shift in the total scattering cross-section has been analyzed.




































Figure 4.12: Scattering amplitudes |S1 (q) |2 + |S2 (q) |2 for DT = {0K,10K,25K,50K,100K,200K} (black
to blue) for a TL cut off at rL = 1815nm around a R = 10nm AuNP in PDMS, nm = 1.46. a) Plane-wave
illumination. Inset: thermal lens radial profile ml (xl) for DT = 100K. See also section 4.5. b) Gaussian beam
illumination with w0 = 281nm and zp = 0. Parameters: dn/dT = 3.6⇥10 4, l = 635nm.
instead shows a rather smooth shape which changes systematically for growing DT or, equivalently,
with increasing lens-strength. However, the scattered intensity alone is not detectable. Only the total
field’s intensity is a measurable quantity and shall therefore be of interest for the evaluation of the
signal from a TL. In the terms of the works of J.A. Lock174 and L. Brilloulin,196 the nature of the
scattered intensity for focused illumination will correspond to a ”compensating field” representing a
modification of the beam as a whole. As discussed in section 2.6.7, the total sum of the scattered
field Es and the incident beam field Ei will result in the only meaningful measurable quantity, which
is finally a spatial redistribution of the incidence beam intensity as to be seen later. While Fig. 4.12
depicts the mathematically obtained positive definite scattered intensity, for focused beam illumina-
tion this quantity is not measurable. The following sections with thus treat the TL analogously to the
treatment of the AuNP transmission scans.
A further consequence of the previous discussion is, that the TL can certainly not be considered
as a small RAYLEIGH scatterer or a single effective dipole, such that the simplified expressions of
section 4.1.5 can not be applied and a dominance of only the interference term can not apriori be
expecteda) . Instead, the TL in the scattering framework will show a non-trivial decomposition of the
detected power Pd into both contributions Pext and Psca. This behavior will be compared to that of
a mesoscopic ball-lens later on. Already in the scattering coefficients a similarity can be observed:
While a gold sphere shows a complicated pattern of an’s and bn’sb) , both the TL as well as a simple
polystyrene ball lens show an indifference towards these two coefficients and have almost equal
magnitudes a(L+1)n ⇡ b(L+1)n , see Fig. 4.11a,b). For simple spheres as in part b) of the plot, already
the article of G. Mie163 provided the reasoning that for any size of the scatterer, from some multipole
order on the contributions of higher order partial waves, i.e. multipole orders, can be neglected. The
same holds true for a TL scatterer, as seen in Fig. 4.11c), although its size is infinite in the ideal
limit of static heating. The scattering coefficients of a AuNP surrounded by the TL, as shown in
Fig. 4.11a), apparently have both contributions. The small central NP determines the initial electric
and magnetic dipole coefficients a1 and b1, while the TL resembles the characteristic pattern of a
transparent dielectric sphere with an additional decay for increasing multiple orders n.
a) Although a RAYLEIGH-scattering description for a multilayered particle can be found in Ref.,275 an accurate descrip-
tion of the photothermal signal in such a framework is not expected to be statable for the aforementioned reasons.
b) This pattern was studied already by G. Mie in his original article [163, ”Formeln zum praktischen Rechnen, 14. / 16.




contain the factor [2n+1] already, see loc. Eq. (52) and the book of
M. Kerker [164, p. 60] for details. There, also analytical formulas for large non-absorbing and large perfectly conducting
spheres are given which explain the magnitude of |an|⇡ |bn|⇡ 1 and the oscillation for the gold scatterer.
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Figure 4.13: a) The plane-wave extinction, absorption and scattering cross-sections sext, sabs and ssca, re-
spectively, for a TL around a R = 10nm AuNP vs the cut-off radius size parameter krl . The TL strength is
n = 3.562⇥ 10 3, wavelength l = 635nm in PDSM n0 = 1.46. The divergence of the plane-wave cross-
sections will be quantified in section 4.5. b) The corresponding rel. transmitted powers for a numerical detec-
tion aperture NAd = 0.75. c) As in b) but for a focused beam illumination with w0 = 281nm and zp = zR/2,
plotted against the beam-waist normalized cut-off radius rl/w0. While the rel. scatter signal DPsca/Pd grows
unbounded, so does the interference signal DPext/Pd . The resulting total detectable signal DPd saturates for a
clipping size of the lens for rL ⇡ 5w0. d) Schematic illustrating finite TL size rl , the extent of the TL considered.
4.1.8 The photothermal signal F in the MIE scattering framework
4.1.8.1 The PT signal definition using fractional cross-sections
The absolute PT signal corresponds to the difference of transmitted and detected powers as obtained
for the scattering situation for the heated nanoparticle surrounded by the TL, PTLd , and the power
obtained by the scattering process of the probing beam with the bare nanoparticle, Pd . To further put
the PT signal on a quantitative footing, this difference DPd is normalized by the transmitted detected
background power Pinc which is detected without the NP in the focus obstructing the probe beam
propagation. The prescription for the evaluation of the relative PT signal equivalent to Eq. (4.1) in its








In terms of the above introduced energy flux framework this can be expressed as:
F =
[ssca (qmax) sext (qmax)]kaL+1n ,bL+1n   [ssca (qmax) sext (qmax)]kaNPn ,bNPn
Pinc
, (4.21)
where aL+1n and bL+1n are the scattering coefficients defining the scattered field outside the last layer
of the finely layered sphere that represents the TL as described in section 4.1.7. The coefficients aNPn
and bNPn are simply the MIE scattering coefficients which are to be computed for the bare nanoparticle
embedded in a medium with n0 according to Eq. (2.63). This definition and computational prescrip-
tion is depicted in a cartoon-style in Fig. 4.14. The angular signature of the rel. PT signal may then
be obtained similar to Eq. (4.4).




Figure 4.14: Cartoon representation of the PT signal evaluation in the GLMT framework.
4.1.8.2 The quasi-static assumption
The definition of the rel. PT signal as given in Eq. (4.20) describes a static difference between two
distinct scatters: a non-heated bare nanoparticle in a medium with unperturbed spatially homoge-
neous refractive index n0, and a scatterer that consists of the same nanoparticle but surrounded by
the TL n(r). In typical PT measurements, however, rather than measuring the corresponding static
transmitted probe powers Pd with and without heating, a dynamic approach using a lock-in amplifier
is exploited. Therefore, the scatterer changes periodically with time. As the finite thermal conductiv-
ity of the embedding medium limits the maximum optical contrast Dn achievable for a given heating
modulation, typically low frequencies are chosen which maximize this contrast. At such low frequen-
cies, the heat conduction is fast enough to ensure that the temperature and refractive index profiles
establish their 1/r-dependence in the region close to the NP which is effectively probed by the de-
tection laser, i.e. that n(r) = n0 +DnR/r is valid on the length scale of the lateral extent of the probe
beam laser r ⇡ w0 and at any time. The modulated TL may thus be taken to be the static TL with a
contrast Dn which follows the heating instantaneously. A measure for how well this steady-state TL
represents the dynamic probing can be estimated by the saturation of the PT signal with decreasing
















































Figure 4.15: PT signal of a R = 10nm AuNP in PDMS recorded using a dynamic and a static mode
with NAd = 0.75. a) The relative signal Pd (t)/Pinc over one cycle for a modulated ideal TL n(r, t) =




(blue to red). The corre-
sponding in-phase rel. PT signal Fcos (zp) (single-dashed line) and the out-of-phase rel. PT signal Fsin (zp)
(double-dashed line) are shown and were obtained via Fcos = T 1
R T
0 cos(Wht)Pd (t)/Pincdt with the cycle
time T 1 = Wh/2p and similarly Fsin = T 1
R T
0 sin(Wht)Pd (t)/Pincdt. b) Using the full thermal wave solu-
tion n(r, t), Eq. (2.9), for Rth = 829nm corresponding to a cyclic heating frequency of Wh = 300kHz. Similar
plots for Rth = 200nm for two numerical apertures can be found in the appendix Fig. 7.14.
89 4.1 MAXWELL equations: Exact treatment of the PT signal
frequency. The measurements performed for this thesis were carried out for frequencies of about
Wh = 300kHz at which the saturation was well reached.
Almost irrespective of the time-scale of heating, the scattering problem remains quasi-static. This
is due to the vast separation of time-scales involved in scattering and the achievable scatterer mod-
ulations used in the dynamic PT probing scheme. The optical cycle time is in the range of several
femto-seconds, as determined by the inverse frequency f 1h = l/c of the probing laser beam light
which interacts with the TL and the NP. The time-scale corresponding to the inverse frequency of






⇡ µs, and thus differs by roughly 10 orders in magnitude from the
optical cycle time. It is thus clear, that a quasi-static evaluation of the scattering of either the bare
nanoparticle scatterer or the complex multilayered scatterer of the NP with its surrounding TL is ac-
curate at any time of the heating cycle. Therefore, the time-averaged FOURIER space derivatives of
the MAXWELL equations as presented in section 2.4 are well suited to describe the PT signal and no
retardation effects need to be considered98 as RthWh ⌧ c/n0. Although the TL for modulated heat-
ing is not simply as 1/r for very high modulation frequencies but exhibits a complex thermal wave
feature, see section 2.3, Eq. (2.9).
An accurate prediction of the dynamic PT signal would then require the evaluation of the transmitted
powers at any time throughout one modulation cycle, with the appropriate time-dependent TL profile
(2.9), and thereafter an analysis of the fundamental component at the heating frequency Wh of the
thereby computed modulation. However, as the signal will be shown to depend linearly on the TL
contrast, and therefore on the heating power, a single difference evaluation with an effective root-
mean-squared value of the contrast is sufficient to describe the dynamic PT signal. The evaluation
of the dynamic PT signal can thus be cast in an effective steady-state evaluation of two detected
collected scatter powers Pd . Further, as long as the modulation frequency is low enough, the simple
1/r TL as described in section 4.1.7 can be assumed.
The validity of the quasi-static assumption was verified by a dedicated measurement of the static and
dynamic difference for a single AuNP. Using the very same particle, scatter images Pd (xp,zp) for
the probing beam were recorded without the heating laser, and once with the heating laser yielding
PTLd (xp,zp). The result can be seen in Fig. 4.16a). While the images look very much alike, subtle
characteristic deviations are easily seen in the axial profile displayed in Fig. 4.16b). The scatter scan
without heating, denoted ”cold” and shown by the solid blue line, have been discussed and charac-
terized previously, see section 4.1.6 and Fig. 4.4b)). The scatter scan with the introduced heating
laser, denoted by ”hot” and displayed as the red solid line, reveals a heat-induced enhancement or
decrease of transmitted power PTLd as compared to the cold case, Pd . Depending on the axial position
zp of the nanoparticle the introduction of the heating laser results in either an increase or a decrease
of transmitted and detected power and thus to either a positive or a negative PT signal. The corre-
sponding xz-scan of this static difference is shown in Fig. 4.16c). The dynamically measured rel. PT
signal using the lock-in technique is shown in the lower half of the same image. The heating power
for this dynamic scan was increased to match the root-mean-square (rms) powers in both measure-
ments. Both methods, static and dynamic, agree perfectly in magnitude and shape, while the dynamic
technique shows less noise. This of course is expected for the lock-in amplifier filters out the static
difference more efficiently and samples the difference more often than in the static measurement.
4.1.8.3 The lens signature in axial PT signal scans
In the discussion of the scatter images corresponding to typical transmission microscopy scans atten-
tion has been payed to the numerous details of the interference-caused pattern. The spatial extent was
largely determined by the PSF of the illuminating beams and the detection aperture. Now, as seen in
Fig. 4.16c,d), these details and the spatial extent of the pattern are much suppressed in the PT sig-
nal. The appearing two-lobe structure firstly demonstrates that the common assumption of a product
point spread function of heating and probing laser96, 98 is not appropriate, clearly seen in the axial
dimension. Such dispersive zp-scans are well-known in macroscopic thermal lens spectroscopy for
thin sample slabs84, 85, 276, 277 or the bulk absorption thermal lens microscope.92 For single absorbing
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Figure 4.16: PT signal recorded using a dynamic and a static mode. a) The scatter scans PTLd (xp,zp)/Pinc for
a heated R = 30nm AuNP (top half) and Pd (xp,zp)/Pinc for the same AuNP without heating (bottom half),
i.e. the scans cartoonishly depicted in Fig. 4.14. The difference between them is barely noticeable by eye. b)
The axial profiles of the scatter scans reveal the slight enhancement or decrease of transmitted power PTLd with
heating as compared to Pd without heating, depending on the particle position zp (blue and red area). c) The
relative difference, recorded with the static and the dynamic scheme, between the scatter-scans is the rel. PT
signal. It shows a region where more light is detected with heating F > 0 (blue), and a region where less probe
beam power is transmitted F < 0 (red). d) Profile through the static and dynamic rel. PT signal scans. Both
scans and the theory (red, explained later) agree, except for noise.
particles, such a dispersive PT signal shape has first been suggested by J. Hwang and W.E. Moerner34
with a simple and rather inadequate model of a simple phase-modifying dipole scatterer. The system-
atic study presented here was the first experimental investigation of this aspect of PT microscopy. A
proportionality to the heating beam’s PSF is still expected to hold as it simply sets the TL strength
via Dn µ Ph. A direct analytical validation of this statement can only be given within the framework
of the simpler models in later sections. In a broader sense, it is a consequence of the two separate
constituents of the PT signal generation process. While the heating laser sets the interaction strength
by inducing the TL, it is solely the probe beam interaction with the TL scatterer that determines the
sign of the PT signal. Specifically then, it is the probe beam interaction with the TL which does not
enter into the PT signal in a way proportional to its PSF. Looking at the axial signal shape F(zp) in
Fig. 4.16d), the probe beam’s PSF is seen to not simply enter the PT signal not as a proportionality
factor, e.g. probing of or ”scattering” from the TL scatterer is not best when it is in the probe beam
focus. Instead, whenever the probe laser focus is in front of the refractive index gradient, the detected
intensity is decreased and a large negative signal is observed, while an increased transmitted signal,
corresponding to a large positive PT signal, is measured when the probe laser focus is behind the
refractive index gradient, as indicated in Figure 4.16e). This is exactly analogous to the action of a
diverging lens, corresponding to the typical negative thermorefractive coefficient of the embedding
medium dn/dT < 0. For a finite detection aperture NAd , the probing is best at some finite distance
zp of the probe-focus to the TL.
Already at this stage one may anticipate, based on the understanding of the lens-character of the TL,
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a wealth of phenomena connected with PT microscopy. While not all of them will be discussed in
this section, such as the deflection for non-central probing (see section 4.3.4) or the dependence on
the numerical aperture (see section 4.2.2 and 4.4), these all are natural consequences of a probe-beam
interacting with a lens.
4.1.8.4 The influence of the relative laser-foci offset Dz f
The previous section has suggested that the sign and the zero-crossing of the PT signal should be un-
affected by an offset of the heating laser as it only determines the strength of the TL. For a lens, it is
only the probe-beam offset which determines whether an enhanced transmission through a detection
aperture is measured, or wether a decrease is detected. Therefore, irrespective of the magnitude of this
effect, the sign of the PT signal should solely depend on the probe-beam position relative to the TL.
This will now be established experimentally and theoretically in detail. As the calculation prescrip-
tion as a difference of individual scatter scans is now conceptually established and verified to yield
the same result as a dynamic approach, a thorough computational study of the scattering process will
now be shown to shed light on the observed signal characteristics. Figure 4.17 shows the results of a
computation using the exact BSCs which were used to generates the scatter scan images in Fig. 4.4.
In addition, the heating laser power needed to be specified such that the absorbed power Pabs could
be computed. The resulting TL was then discretized and the scattering and power fluxes computed.
The resulting PT signal shape and magnitude agrees accurately with the measured dynamic and static
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Figure 4.17: PT signal evaluation in the GLMT framework for a heating laser power (peak-to-peak) of PPM =
100µW. Results for the experimental parameters showcasing the validity of the steady-state assumption and
the dependence of the signal shape on the mutual laser-offset Dz f . a) Theoretical xz-scan of the rel. PT signal
for Dz f = 350nm. All other parameters as for the exact scatter scans, Fig. 4.4. b) Lateral scans of the PT signal
F(xp) at the axial peak positions zp (min,max) (red and blue). The dashed lines are Gaussian fits yielding
w0,+ ⇡ w0,  ⇡ 200nm. The axial widths of the PSFs were given in the caption of Fig. 4.4. c) Axial scans
of the absorbed powers Pdabs (probe beam, red), P
d
abs (heating beam, green) and the rel. PT signal F(zp) (filled
black) for varying laser offsets Dz f = {1100nm,350nm, 400nm} (left to right). The dashed red line indicates
a fit using a Loretzian profile to the calculated absorption and yields zR = 685nm. The ratio of the absorption
cross-sections for the heating and the detection laser is shabs/s
d
abs ⇡ 18. The calculation reveals an induced
maximum temperature of DT E = 95K.
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Figure 4.18: a) Experimental axial rel. PT signal scans of a R = 30nm AuNP in PDMS for a heating laser
power (peak-to-peak) of PPM = 100µW. Each curve represents an individual axial scan for a certain relative
axial laser offset Dz f = 0.8µm, . . . ,1.1µm (blue to red). b) Corresponding theoretical scans. c) Rel. PT signal
amplitudes F(zp (max/min)) of the positive (blue) and negative (red) lobes for each laser-offset configuration.
c) Axial coordinates of the positive and the negative lobe peaks, zp (max) and zp (min).
erally present, either due to chromatic aberrations or due to an experimentally adjusted divergence
of either beam in front on the focusing objective. This will be quantified by the axial laser offset
Dz f which signifies the distance of the PSF peak position of the heating beam relative to the peak
of the PSF of the probing beam. Experimentally, this offset is accessible via the transmission signal
modeling achieved before. The effect of varying the axial laser offset systematically is shown in three
individual calculations in Fig. 4.17c), where the offset was set to Dz f = {1100nm,350nm, 400nm}
(left to right). The calculated three limiting cases were chosen such that either the positive lobe or
the negative lobe is maximum or both lobes show the same rel. PT signal magnitude. While the
zero-crossing of the PT signal remains at a fixed position, the signal magnitude of the individual parts
of the PT signal are either enhanced or diminished by an accordingly displaced heating beam. One
may imagine a generic PT signal shape as it would be obtained with constant heating to be weighted
by the PSF of the heating laser. It is only the interaction-strength which is set by the heating laser,
the kind of interaction and the resulting sign of the rel. PT signal is determined solely by the probing
laser beam position relative to the NP and its TL. In the left-most case in Fig. 4.17c), the PT sig-
nal maximum and heating laser excited fluorescence signal maximum would be displaced by about
⇡ 100nm. In the second case, the fluorescence signal is almost exactly at the position of the PT
signal minimum (center) while in the last case the zero-crossing of the PT signal coincides with the
fluorescence maximum (bottom). Therefore the commonly found displacements of fluorescence and
PT signal19, 95 in axial direction are hereby explained.
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Experimentally the calculations were found to be accurate and agree precisely with the theoretical
predictions. As shown in Fig. 4.18, the magnitude and the positions of the rel. PT signal are correctly
accounted for by the current description. Therefore, the experimental data allows for the extraction
of induced particle temperatures and absorption cross-sections of the probed nanoparticles, see Fig.
4.17.
4.1.8.5 The influence of aberrations
The previous discussions of the PT signal have reproduced the experiment successfully and showed
that the signal may be understood by a lensing mechanism. However, in such a simple picture it is
expected that the PT signal is zero when the TL is at the center of the probing laser be a focus, i.e.
that F(zp = 0) = 0. The experimental findings showed that while this is approximately true, there
is a finite offset of the signal’s zero-crossing relative to the probe beam focus position as defined by
its peak intensity value, see 4.17c) and Fig. 4.18a,b). Now, the benefit of having accurately modeled
the experimental situation is that the full situation can be reduced step-by-step in order to gage of
each level of complexity its influence on the observed signal. Fig. 4.19 shows the results of such a
study in which the effect of removing only the aberrations of the two involved laser beams on the
shape and magnitude of the rel. PT signal. In part c) of the plot-group a small particle of radius
R = 10nm is considered and all aberrations have been turned off in the evaluation of the beam shape
coefficients which describe the incident focused beams. Part a) shows the axially symmetric point
spread functions under these conditions. Consequently, also the PT signal becomes symmetric with



















































Figure 4.19: Axial scan of the rel. PT signal F(zp) for a R = {10nm,30nm} (top row, bottom row) AuNP in
PDMS for a heating laser power (peak-to-peak) of PPM = 100µW without (left column) and with aberrations
(right column). a) No aberration, PSFs. Scans of the absorption cross-sections sEabs (zp)/[10 8m2] of a
R = 10nm AuNP for the heating (green) and the probing beam (red). Since for a small particle the absorbed
power Pabs (r) = sabs (r) I0 is proportional to the local beam’s intensity, sabs (r)⇡ I (r)sRabs, the scans represent
the PSFs. b) With aberrations, PSFs. Same as a) but with aberrations as present in the experiment, see
Fig. 4.18. c) No aberrations, small particle. R = 10nm AuNP with parameters as in Fig. 4.17 but without
aberrations. Axial F-scans for relative axial laser offsets Dz f =  0.8µm, . . . ,0.8µm (blue to red), the most
symmetric is fully opaque with Dz f = 0µm. d) With aberrations, small particle. Axial scans for relative axial
laser offsets Dz f = 1.25µm, . . . ,1.75µm (blue to red), the most symmetric is fully opaque with Dz f = 0.25µm.
e) No aberrations, large particle. Same as a) but for a larger R = 30nm AuNP. f) With aberrations, large
particle. R = 30nm AuNP. Axial scans for relative axial laser offsets Dz f =  1.15µm, . . . ,1.85µm (blue to
red), the most symmetric is fully opaque with Dz f = 0.35µm. For details on the parameters, see appendix 7.2.
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respect to the axial direction for perfect alignment of the heating and the probing beam, Dz f = 0.
Although not shown, the vectorial character of light under strong confinement will still lead to an
asymmetry in the lateral dimension.144 As shown in part e), the symmetry with respect to zp = 0
will be lost, if a large particle is used, even if probed and heated by axially symmetric unaberrated
beams. This is a result of the finite scattering contribution of the AuNP which is affected by the
modified environment in PT microscopy. A further direct consequence is that the zero-crossing of the
PT signal is shifted by 50nm from the centered probe beam configuration. More important for this
shift is the effect of aberrations. These have been reintroduced in part d) where even the small AuNP
with its TL will now shows an offset of 175nm at which the PT signal becomes zero. As compared to
a), the probing and heating beam’s PSFs shown in part b) now show a marked asymmetry typical for
high-NAill objective focusing into a medium.144, 150, 152, 154 The corresponding PT signal scans reflect
this asymmetry of the heating beam directly by weighting the probe-beam TL interaction accordingly.
The influence of the probe-beam asymmetry on the PT signal may qualitatively be understood as
several probe beam foci which are separated in the axial direction. Each peak in the aberrated PSF
may be thought of as an individual probe beam focus which is then lensed according to the simple
single probe-beam picture. This leads in sum to the observed positive PT signal for the situation in
which the TL is in the main PSF peak as it is acting in its usual fashion on the aberration foci which
are in front of the TL. As the aberrations deteriorate the spatial confinement of the probing beam, the
probing necessarily becomes less sensitive. This, along with the reduced absorption decreases the
rel. PT signal which is lower by a factor of 3.1 as compared to c). A ratio of 2.56 in the absorbed
heating beam power for the unaberrated and the aberrated PSFs accounts for most of this PT signal
decrease. In part f), finally, the results of the previous section and as displayed in Fig. 4.17c,f) are
recovered. The offset of the zero-crossing is thereby seen as a sum of two effects. About 2/3 of
the offset is caused by the PSF asymmetry caused by aberrations, while 1/3 is accounted for by
the finite size of the scattering AuNP itself. Also, the general asymmetry of the shape of the PT
signal as quantified by the relative amplitudes of the individual lobes of the signal in Fig. 4.18c)
can now be assigned primarily to the result of aberrations of the heating and probing beams PSFs.
Having attributed the experimentally observed asymmetry of the rel. PT signal to the details of highly
focused beam’s PSFs, the general picture of PT microscopy is indeed that of a thermal lens acting
on a probe beam. If an ideal beam is considered, the TL does not measurably affect the transmitted
power if it probes the lens centrally. This is the behavior expected from geometrical optics. The more
simple and physically somewhat more insightful theoretical descriptions which will follow in later
sections will therefore not contain such details. Already at this point models idealizing the probing
beam may thus be expected to yield PT signal scans F(zp) which are symmetric about the zp = 0
axis only if the TL is considered without the contribution of the AuNP itself. Somewhat in between
is the Gaussian beam scattering description in the framework of the GLMT. While considering ideal
unaberrated axisymmetric focused beams, it will still contain the finite size effect. In the following
systematic decomposition and inquiry of the PT signal mechanism in the scattering framework, an
idealized Gaussian beam will therefore be considered.
4.1.8.6 Decomposition of the rel. PT signal into scattering and interference
Considering the literature available on (small) nanoparticle scattering30 and especially the work by
Hwang and Moerner34 and Berciaud,98 it is tempting to attribute the PT signal shape in such a scat-
tering framework solely to the interference term and extinction, which is tantamount to expect that
DPd ⇡ DPext only with no appreciable contribution of the scatter term DPsca attributed to the TL.
As the following section shall demonstrate, this is not the case. Indeed, the experimentally well-
established linear dependence of the PT signal on the heating power depends on both contributions.
The fundamental cause for this is the missing length scale and non-RAYLEIGH scattering behavior
of the TL which the probe laser in PT single particle microscopy scatters on. Already in section
4.1.7 it was clear, that the TL behaves as a large MIE-scatterer and thus requires the consideration
of higher order multipoles for the sake of the TL only, not even accounting for the multipoles neces-
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sary to describe the incidence beams properly as discussed in section 4.1.5. As a result of this, the
decomposition of the EM-fields in the rigorous framework of the GLMT will be difficult to interpret
in physical terms, despite it being highly accurate and the logical extension of previous attempts at
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Figure 4.20: PT signal decomposition in the GLMT framework for a R = 30nm AuNP in PDMS, NAd = 0.75
(the corresponding collection angle qmax is marked by a dashed line enclosing the grey area) and laser-
offset Dz f = 0. a,b,c) Decomposition of DT -scans of the rel. PT signal DPd/Pinc (black) into DPsca/Pinc
(blue) and DPext/Pinc (red) at various axial coordinates. The dashed black (grey) lines on the DT -axis in-
dicate the temperatures DT = {(7.14K),(71.4K),143K} which occur at zp ± 0.3µm for scans with DT =
{(10K),(100K),200K} at zp = 0. The insets show such a F(zp)-scan for DT = 200K with a dashed line in-
dicating the axial position of the DT -scan. The white dashed lines superposed on the plot in a) are polynomial
fits (see text). d,e,f) Corresponding angular signature of the difference of the integrands of Dssca (qmax) (Eq.
(4.14)) and Dsext (qmax) (Eq. (4.15)) at the axial coordinates (top) and with DT = 200K. The insets show the
result of integration of the integrand times psin(q)/k2 up to some qmax, i.e. Dssca (qmax) and Dsext (qmax) in
[nm2]. The right axis show the incidence term (grey lines), i.e. the integrand and the integral of sinc (qmax)
(Eq. (4.9)). As can be seen from the integrand already, a full integration over qmax = p will give sinc = 0, as
required by energy conservation.
the decomposition of the rel. PT signal for a AuNP of radius R = 30nm in PDMS. These compu-
tations use Gaussian BSCs to allow for a clear disentanglement of the signal contributions without
the necessity to consider the further complication of aberrations. As before with the scatter signal
scans, no qualitative change will be associated with this recourse to the simpler focus approxima-
tion. Figure 4.20a,b,c) shows the evolution of the fractional contributions. The significance of the
scatter term contribution to the rel. PT signal can be best seen by inspection of the situation depicted
in Fig. 4.20b). If it were for the interference term (solid red line), the PT signal would be positive
and non-linear with increasing temperature elevation DT . The bottom axis which shows the par-
ticle temperature elevation DT of these scans is linearly related to the refractive index contrast Dn
and to the heating power. The non-linearity is in contrast to the established linear dependence of
the rel. PT signal. However, the sum of this non-linear extinction contribution and the non-linear
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Figure 4.21: PT signal decomposition in the GLMT framework for a R = 30nm AuNP in PDMS. Top row:
NAd = 0.75. Combined plots shown in the upper graph the axial zp scans in the show the constituents Psca (zp)
(dashed solid light blue, solid dark blue) and Pext (zp) (dashed solid light red, solid dark red) of the detected
transmitted power Pd for the heated and cold NP, respectively. The hot NP temperature which determines the
TL around it increases from left to right from DT (zp = 0) = {10K,100K,200K} at the focus position. The
lower graphs show the corresponding constituents of the rel. PT signal DPd/Pinc into its constituents DPsca/Pinc
and DPext/Pinc at each position zp. The black dashed lines indicate the positions for which the DT -scans in Fig.
4.20 are shown. Bottom row: NAd = 0.1.
scattering contribution is in fact linear. The extinction signal contribution is fitted by a polynomial
4.87 ⇥ 10 6 + 1.01 ⇥ 10 4DT   4.07 ⇥ 10 7DT 2 while the scatter signal contribution is fitted by
 1.49⇥10 6  3.14⇥10 5DT +3.77⇥10 7DT 2. The sum of both, i.e. the rel. PT signal is almost
linear with a fit yielding 3.3⇥10 6 +7.0⇥10 5DT  2.97⇥10 8DT 2. The residual nonlinearity is
most likely an artifact of the computation, while it is hard to experimentally access and distinguish
such small nonlinearities from other sources of nonlinearity. The materials refractive index is in gen-
eral only linear with the temperature to first approximation,278 and the complex refractive index of
gold has also been shown to exhibit a temperature dependence217 which was not taken into account,
see Fig. 2.22. Further, the absorption cross-section sabs of any absorbing nanoparticle depends on
its local environment and could therefore introduce a further non-linearity. Experimentally, no sig-
nificant nonlinearity could be observed indicating that either all these effects combined conspire to
retain the linearity, or the effects are all small (quantitative agreement without their consideration)
and if present are within their linear regime. So far, it is clear that at any position, the PT signal
can be considered linear only if it is understood as the sum of a scatter contribution (blue curves)
and the extinction contribution (red curves). Only for the smallest particles and a small numerical
detection aperture NAd ⌧ 1 and within a limited temperature elevation range the approximation is
accurate. An analysis of the decomposition for a R = 10nm AuNP in PDMS for two numerical aper-
tures NAd = {0.1,0.75} can be found in the appendix (Fig. 7.10) and further illustrates the influence
of the detection aperture on the decomposition and the importance of each contribution. The general
situation encountered in most experiments, however, requires already for moderate induced particle
temperatures elevations DT both constituents to be included in such a proper scattering framework.
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Interesting is also the case where the particle is axially positioned in between the PT signal maxima
such that the PT signal vanishes completely. This situation is depicted in Fig. 4.20b). For small
particles and an ideal axially symmetric probing beam (such as a Gaussian beam), this axial coordi-
nate is at the beam waist of the probing beam. For the 30nm AuNP the corresponding coordinate is
zp ⇡ 125nm for which the graph was computed. This small shift is due to the finite modulated scatter-
ing contribution of the central NP. While both terms, the scattering (blue) as well as the interference
term (red) show a quadratic behavior, their evolution is mirror-symmetric around DP = 0 and results
in a net-zero PT signal (black line). Thus, only by combining these two terms the well-observable
PT zero-crossing (see Fig. 4.16, 4.18) and can be accounted for. Without the scattering term the po-
sition of the zero-crossing would shift with increasing temperature elevation DT . Experimentally, the
zero-crossing was indeed found to be stationary and independent of the heating power Ph.
4.1.8.7 Angular characteristic of the thermal lens
Concerning the lens-like character of the probe beam interaction with the TL it is revealing to consider
the angular spectrum of the PT signal. A quantity proportional to F(q) is depicted in Fig. 4.20d,e,f)
for the three basic offsets scenarios of the TL relative to the probe beam waist location. As a lens
by itself is only redistributing, without absorption, a given incident energy distribution spatially and
reconfigures its initial energy flow direction, a lens should enhance the total field intensity in some
direction on the costs of a corresponding reduction of total field intensity in some other direction.
Accordingly, a clear angular total field intensity pattern is expected for an axisymmetric lens which
translates into a similar angular pattern of the PT signal. Indeed, such a pattern emerges from the
superposition of the scattering and the interference contribution. If the entire energy is collected in
the forward direction, i.e. if a half-space solid angle integration is performed, only the total signal
due to both contributions evaluates to a total of zero according to an energy redistribution of a lens.
This is in contrast to way has been claimed in Ref.98 If the particle itself enters the energy balance,
primarily its absorption and for larger particles also a modulated NP scattering will remain. To see
the effect of the TL only, Fig. 7.10 for a R = 10nm AuNP in the appendix may be consulted.
4.1.8.8 On the radial profile of the TL n(r)
While the previous experimental and theoretical discussions of the PT signal correspond to a realistic
TL which shows an inverse distance dependent refractive index profile of the extent of the probing
beam, other profiles n(r) may be envisaged and characterized using the previous framework and a
proper multilayer discretization of such a GRIN particle. In order to understand better why the TL
treated so far shows the characteristic decomposition into a scattering and an extinction contribution,
artificial thermal lenses with a refractive index profile outside the NP behaving as






are considered. Again, an axial heating is assumed to generate the TL contrasts, Dn =
[dn/dT ]DT (zp). The beam and material parameters are otherwise identical to the ones used in Fig.
4.20 but for a R = 10nm AuNP (thus comparable to Fig. 7.10d) in the appendix). The resulting ax-
ial scans F(zp) of the rel. PT signal obtained are shown in Fig. 4.22a,b,c) where decay lengths of
rd = {2R,4.5R,10R} have been used. They all show a similar dispersive structure as the ideal TL.
The amplitude Fmax of the maximum signal scales with the decay length rd of the exponential TL
profile in a non-trivial manner, showing an initial rise approximately following a power law with an
exponent of 2, while at large decay lengths a saturation is observed, see Fig. 4.23b). The initial in-
crease in the size of the fictitious TL quantified by the decay length rd is accompanied by an increase
of the PT signal. For about rd = 45nm the signal magnitude of an ideal TL with its 1/r profile is
reached, while the signal shape is narrower, as seen in Fig. 4.22b). The saturation of the PT signal
magnitude at a certain size rd seems to suggest that the finite size of the probing beam characterized

























































   
   
m
ax
   
   
   
in
c ¨33d       inc ¨33sca       inc
¨33ext        inc
Figure 4.22: Various TL profiles n(r) = nm+Dnexp(  [r R]/rd) and their signal characteristics for a central
AuNP of radius R = 10nm in PDMS and a detection aperture of NAd = 0.75. a) Rel. PT signal scan F(zp) for
a maximum DT = 100K with a fictitious TL of rd = 2R, b) rd = 10R, c) rd = 20R. The thin dashed lines show
a scaled rel. PT signal scan for the ideal TL n(r) = nm +Dnr/R for comparison. d,e,f) Shown below are the
corresponding F(DT ) scans at zp = 0.3µm.
by its beam waist w0. The top axis of the saturation plot Fig. 4.23b) therefore shows the scaled decay
length rd/w0 and the saturation is reached at about a ratio of one. The increase of the spatial extent
of the fictitious TL initially fills in the two lateral dimensions the probing beam whereby the rise in
signal is evident and plausible. The seemingly complete saturation is more difficult to explain since
the axial third dimension through which the probe beam propagates becomes increasingly influenced
by the growing TL profile even after the beam waist size is reached. However, the decay of the BSCs
mathematically ensures saturation for any TL profile, see section 4.1.7.
It is instructive to look at the PT signal decomposition into its constituents corresponding to the
background normalized change in the fractional scattering cross-section DPsca/Pinc and extinction
cross-section DPext/Pinc. While an extinction dominated rel. PT signal is obtained for a nanoscopic TL
which decays with a characteristic length of rd = 20nm, an onset of nonlinearity in the temperature
regime up to DT = 200K was observed for several tenths of nm. Fig. 4.22 shows the evolution of the
signal decomposition vs. the decay length exemplarily for rd = {20nm,100nm,200nm} at a fixed
axial particle coordinate zp =  0.3µm. Similar to the observations for the ideal TL with its infinite
spatial extent, i.e. Fig. 4.20a) or appendix Fig. 7.10d), the large exponential fictitious thermal lenses
display a linear total signal F(DT ) only when both contributions are considered in sum. Therefore,
while the ideal TL misses a characteristic length scale due to its r 1 distance dependence, the relevant
size of the TL is limited by the probing beam size w0 as noted before. Again, this emphasizes that
the cut-off TL must be extended beyond the diffraction limited size of the probing beam waist in
computations, as seen in the saturation of the total PT signal vs. GRIN size rL in the inset of Fig.
4.12b,c).
4.1.8.9 Comparison to a mesoscopic ball lens
Previously, the notion of the TL acting as a special kind of (divergent) lens was put forward. To
further support this claim, this paragraph will investigate in the rigorous EM scattering framework
as to what constitutes a lens in the microcosmos using the example of a ball-lens. Accordingly, the
refractive index profile of such a lens reads
n(r) = nBL +[nm  nBL]H(r RBL) , (4.23)
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Figure 4.23: Various exponential TL profiles of the type n(r) = nm +Dnexp(  [r R]/rd) and their signal
characteristics. The central particle is a R = 10nm AuNP in PDMS, NAd = 0.75. a) The TL profiles n(r) with
rd = {R,2R,4.5R,7R,10R,20R,40R} (dashed solid dark red to orange) and the ideal TL n(r) = nm+Dnr/R for
comparison (black solid) plotted up to the maximum radius rL = 1.65µm of discretization used in the GLMT
computation. b) Rel. PT signal dependence Fmax (rd) on the decay length rd of the TL at a fixed coordinate
of zp =  0.3µm for DT = 80K. The top axis shows the decay length normalized by the probing beam waist,
rd/w0. The dashed red line shows a fit F µ erf(b(rd/w0)c)d with b = 1.7, c = 0.57, d = 4.4, while the blue
dashed line shows a power law µ r2d . The horizontal dashed line indicates the rel. PT signal for the ideal TL.
The inset shows scaled rel. PT signal scans F(zp)/Fmax. The bottom most one is the ideal TL.
where H() is the Heaviside function, and the relevant refractive index contrast is now Dn = nBL nm.
Eq. (4.23) represents a simple dielectric spherical particle of radius RBL. For such particles, the phe-
nomenon of photonic nanojets is documented in the literature for lossless microspheres illuminated
by plane waves.279–282 Now, the microparticle will be shown to act as a simple ball lens and to also
modify a Gaussian beam in the near and far field accordingly. To this end, a polystyrene microparticle
of radius RBL = 1µm in water will be assumed. In the GOA a (strongly aberrating283) ball lens of





The focal length of such a lens is that of a bi-convex lens or half that of a plan-convex lens. For a
microscopic ball lens which is a 2µm diameter polystyrene particle the GOA treatment, Eq. (4.24),
yields fBL = 3.06µm. A modification of an illuminating Gaussian beam in the far field will follow
closely the combined results of this paraxial focal length fBL and ABCD matrix Gaussian transfer
optics. The reason for this adherence to the paraxial focal length is likely the focused probing of the
ball lens and the thereby reduced importance of spherical aberrations. While the focusing action of
microspheres interacting with Gaussian beams have already been addressed by a few studies since
2008,284, 285 the far field characteristics now discussed in the framework of the GLMT appear to not
have been investigated yet.
The focusing ability of the particle so far established will now be tested on the modification of a
focused probing Gaussian beam situated in front and behind the ball lens. The results for such a
configuration with zp =±zR are shown in Fig. 4.24a,b). The ripples in the total field’s spatial distri-
bution |Et (x,z) |2 result from the interference of the backwards reflected and the light coming from
the spherical interfaces (front and back) between polystyrene and water and the incidence beam field.
In the notion of the GLMT, this corresponds mathematically to the superposition of the scattered field
Es and the incidence beam field Ei. The focusing may be observed by noting that behind the particle
the lateral intensity distribution of the incident Gaussian beam is modified, see Fig. 4.24f). The solid
red line shows the intensity |Et (x) |2 behind the lens for the case zp = zR, while the dashed solid line






























































































Figure 4.24: Near field phenomenology of a ball lens in water (polystyrene, nBL = 1.59, RBL = 1µm, nm =
1.33) interacting with a Gaussian beam (l = 532nm, w0 = 250nm, divergence angle qdiv = 29  indicated by
solid black inclined lines). The paraxial focal length of this ball lens, Eq. (4.24), is fBL = 3.06µm. a,b) Near
field |Et|2 for particle offsets of zp = ±zR. The arrows show the flow field of the POYNTING-vector Stot. The
integration of the POYINTING-vector and its components in the forward direction yields the plots shown in Fig.




/|Ei|2 for zp =±zR. e) Axial cross-section
|Et (z) |2 (red) and |Ei|2 (grey) for zp =±zR. f) Lateral cross-sections a distance zR +3µm behind the incident
beam waist. g) Corresponding lateral difference pattern.
shows the intensity for zp =  zR. Relative to the unperturbed incidence Gaussian distribution (grey
line), the beam is thus seen to be either reduced in divergence or to be enhanced in divergence, i.e.
somewhat collimated or further diverged. The resulting difference patterns depicted in Fig. 4.24g)
shows the resulting signature of a difference of two Gaussians. The axial intensity pattern modifica-
tion is more complicated but shows the same effect of enhanced or reduced intensity in the forward
direction, see Fig. 4.24e). The flux lines of the POYNTING vector also hint at the focusing action.
The difference Stot Sinc is shown in Fig. 4.24e,f) as blue and red vectors. In the same graphs, the red
contour-lines show how the incidence beam (black contours) is diverged or collimated by the action
of the ball lens. The spatial difference pattern |Et|2  |Ei|2 in these plots exhibits regions of enhanced
intensity (blue) and regions of reduced intensity (red). The blue arrows for zp = zR indicate a protrac-
tion of the incidence flux vectors upon interaction with the ball lens, while the red arrows indicate
their retraction. In the far field, the result of this action so far described in the near field can be clearly
seen in the forward direction in transmission. The result of a particle position zp-scan is shown in Fig.
4.25a) for two scenarios which are sketched in b,c). Either, the particle is scanned and its refractive
index is held constant, or a fictitious particle is assumed which changes its refractive index nBL with
the axial coordinate and whose contrast vanishes at infinity alongside the axial laser beam intensity.
This second artificial scenario shall mimic the PT signal in a simple way. The constant case yields an
almost linear dependence of the rel. transmitted forward signal (black solid-dashed line) and agrees
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reasonably well with the ABCD optics prediction (see section 4.2.2) 2zp/ fBL using the focal length
fBL of the GOA calculation for the ball lens. The fictitious particle scan results in a dispersive shape
of the signal, similar to the axial PT signal scans F(zp), see for instance Fig. 4.16d). Only the sign
is reversed here, as in this case the lens is a convergent ball lens and not a divergent GRIN lens as is
common in PT microscopy for typical materials with dn/dT < 0. The difference signal decomposi-
tion into its constituents is shown angularly resolved for three characteristic particle positions in Fig.
4.25d) and integrated in e), similar to the graphs in Fig. 4.20d,e,f) for the TL around the R = 10nm
radius AuNP. Fig. 4.25f) finally shows the signal composition evolution with increasing particle re-
fractive index nBL ranging from the mediums refractive index (no contrast and hence zero signal) to
the refractive index of polystyrene nBL = [1.33,1.59]. The obvious analog to this signal dependence
on the refractive index contrast are the DT -plots previously discussed in the context of the rel. PT sig-
nal of AuNPs, see Fig. 4.20a,b,c). The initial quadratic increase of the signal here corresponds to the
trends observed before. Also in the case studied here, the artificial decomposition into non-linearly
behaving individual components conceals the expected linear behavior of a lens obtained by using
Eq. (4.24) and the effective refractive index contrast Dn = nBL  nm,
|Et (0 ) |2   |Ei (0 ) |2












The agreement in the phenomenology of the ball lens is the same and lends itself to the interpretation
of the scatterers field in the GLMT decomposition as a compensating field which encodes the trans-
mitted beam modification by the lens, either the thermal lens or the ball lens. Both, interference and
scattering taken together correctly describe the lensing signal in transmission. On the other hand, if it
should be a phase-bubble which is photothermally driven, such as in liquid crystal (LC) experiments,
it will not be the refractive index contrast that changes but the size of the phase-bubble which grows
linearly with increasing heating power.
The question remains what the limiting size of a micro particle is such that it acts like a lens. Obvi-
ously, a diverging lens signal caused by the increasing focusing power of smaller ball lenses with a
decreasing radius R will not continue for the smallest particles. A further study shown in the appendix
sheds some light onto where for ball lenses the range of validity lies, see Fig. 7.6. A systematic study
of an air-bubble of increasing radius around an R = 10nm AuNP is there seen to yield the GOA
limit of Eq. (4.25) only for ball lenses larger than a few wavelengths RBL & 2l. As seen in the Fig.
7.11 in the appendix, even for a RBL = 500µm Polystyrene sphere the far field computations may
be approximated by the action of a lens via Eq. (4.25). However, already for particle comparable to
the beam waist size and the wavelength of illumination the approximation breaks down. It remains
difficult as to what the limiting size is: The wavelength l or the beam waist, which are of the same
order of magnitude? While it is tempting to attribute any deviation from the results obtained from
a GOA calculation combined with the Gaussian beam matrix transformation formalism to the size
becoming close to the wavelength, the underfilling of the lens by the beam is likely to also be re-
sponsible for the failure here. In any case, the boundary is rather blurred since the characteristics of
the angular pattern and the decomposition of the signal only gradually becomes extinction dominated
although still dispersive in the forward direction, see for instance the AuNP scan for the non-resonant
wavelength l = 635nm in Fig. 4.7e). As shown by J. Hwang and W.E. Moerner34 for dipole scat-
tering, any particle exhibiting a complex scattering amplitude exhibits a dispersive shape in forward
direction. While this is in agreement with the previous results, this pattern is an effect caused by the
extinction-term only, and thus the scattering characteristic of a RAYLEIGH particle in a focused beam
in forward direction as discussed in the section 4.1.6. Also, in contrast to a lens which predominantly
redistributes energy in the forward direction only, a scatterer placed in a Gaussian beam redistributes
energy forwards and backwards to equal amounts, see section 2.6.7.
A further insightful study in the action of a gradient refractive index lens has been done by Kong et
al.286 or similar studies,287 where the near field focusing action of homogeneous R = 1µm ball lenses
has been compared to the lens-like character of same-sized GRIN particles. While the focusing
action is equally well observed in both cases, only the discrete refractive index contrast provided by
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the ball lens boundary provides a counter-propagating reflected or scattered field which causes the
characteristic ripple-structure of a standing-wave contribution in front of the particle, similar to a
dipole placed in a Gaussian beam.200 The GRIN lens on the other hand is a bad scatterer in the sense
that only the forward transmitted beam is modified, similar to what has been observed in the far field
in the section before, see Fig. 4.20d,e,f).
In conclusion, the following definition of a lens which is suitable for focused-beam microscopy shall
be proposed:
A lens is an (ideally non-absorbing) inhomogeneity in the refractive index in space which
modifies the POYNTING-vector flux such that for a Gaussian illumination a dispersive
signal shape is obtained when the beam is scanned axially across the region and the
transmitted light is collected in the near-forward direction. The signal should be such that
it requires both the scatter and the extinction term to yield the characteristic shape and it
should also require those two terms to yield a linear dependence on some characteristic
refractive index contrast of the lens.
While this definition should not be taken as the definite answer to the question as to what constitutes
a lens in the microcosmos, it is consistent with textbook definitions2 and in addition has the benefit of
separating simple scatterers from objects which one can agree upon are better understood as lenses.
Still, both are described in the same theoretical framework. The thermal lens is thus quite correctly
termed a lens and it will also be of not much surprise to find an approximate description of the rel.
PT signal to be achievable by using ABCD matrix transfer optics. This will indeed be done later in
section 4.2.2. Further, an indication for the relevant size of the TL has been found by characterizing
the convergence of the total signal in the inset of Fig. 4.12b) earlier, where a size of several beam-
waists was indicated. While the ideal and physically to a fair extent achieved size is infinite or at least
much larger than that, still it shows that the lens is not entirely nanoscopic or a RAYLEIGH scatterer,
and thus a lens comparable in size and interpretation to the polystyrene microsphere which has been
discussed above in the context of ball-lenses.
It should be noted, that irrespective of the terming of the TL as a lens, a scatterer, or a phase-modifier,
the neccessity of a mesoscopic theoretical scattering ansatz such as the full LORENZ-MIE theory and
the inclusion of the probing beam shape should now be clear. A failure to address these issues will
also prevent a quantitative assessment of the PT signal as the probe beam’s energy redistribution lies
at the heart of transmission PT microscopy.
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Figure 4.25: Far field phenomenology of a ball lens (continuation of Fig. 4.24) in the far field region. Now,
a central AuNP of R = 10nm is assumed, i.e. to simultaneously mimmic a PT signal attainable through a
fictitious photothermally driven bubble of varying refractive index. a) Rel. difference signal |Et|2   |Ei|2 as
collected in forward direction (NAd = 0.1), normalized by the incidence field background. The solid-dashed
black lines shows the result for a constant nBL = 1.59 (case depicted in b)), while the solid black line (filled





depicted in c)). The solid-dashed and solid green lines show the corresponding results for the ABCD lens
approximation 2zp/ fBL. d) Angular signal decomposition of the rel. difference signal into scattering (blue),
interference (red) and the total difference signal (black) for the scenario c). The axial particle coordinates
are zp = { zR,0.12zR,zR} (left to right) and the corresponding refractive indices are nBL = {1.46,1.58,1.46}.
e) Corresponding integrated cross-sections ssca (q), sext (q) and their sum (black and filled to zero). The
missing power indicated by the black dot at ssca (p)+sext (p) is the absorption of the central AuNP (sabs =
7.6⇥10 16 m2 in polystyrene). f) Corresponding refractive index contrast plots of the rel. difference signal as
obtained for NAd = 0.1. The signal becomes non-linear with higher numerical apertures, see the dashed black
line in rightmost graph (NAd = 0.75).
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4.1.8.10 Regarding the resolution in PT microscopy
Since the PT signal mechanism involves both the focused heating and the detection laser, it is rea-
sonable to expect that the resulting PT signal detection volume will have a lateral width determined
by the beam-waists of the two involved lasers which in turn depend on the illumination objectives
numerical aperture NAill. As the signal is proportional to the refractive index contrast which itself
is proportional to the intensity of the heating laser, Dn µ Pabs ⇡ IhsRabs, a direct proportionality to
its spatial intensity profile will be observable. While the total magnitude DPd of the PT signal is
also directly proportional to the intensity of the probing laser, its influence on the spatial PT signal
shape is less evident, especially if aberration distort the spatial intensity pattern of the probing focus.
Especially the lensing mechanism elucidated before indicates that at the position of the maximum
PT signal amplitude at zp ⇡ ±zR,d the detection laser probes the TL with a beam waist of about
p
2
times its actual minimum beam waist w0,d when the lobe-maxima is approximately at zp = zR,d . An
effective resulting PT signal width can therefore be expected to be somewhat larger than the effective




























































































































   









   









   











Figure 4.26: a) Normalized axial PT signal scans for NAd = [0,1.3] in the GLMT framework for AuNP of
radii R 2 {10nm,30nm} (top, bottom) in PDMS for an axial laser offset of Dz f = {0nm,150nm}. b) Peak
values Fmax (blue) and Fmin (red) of the positive and negative peak for DT = 100K in the heating focus. The
dashed green curve shows the absolute value of the PT signal DPd , starting at zero (right axis). c) Normalized
lateral width of the PT signal at the positive peak position w
r,+/wr,eff (blue), at the negative peak position
w
r, /wr,eff (red) at the constant position of the positive peak at NAd = 0 (black) and the normalized peak-
to-peak distance dpp/2zR,d (grey dashed-solid). d) Experimental normalized lateral PT signal scans and their
Gaussian fits. e) Extracted amplitudes of the peaks. f) Resulting widths of the positive peak w
r,+.








































Figure 4.27: Axial scan of the rel. PT signal F(zp) for a R = 10nm AuNP in PDMS with focused (solid lines)
and plane-wave heating (dashed lines). The red lines indicate the induced particle temperatures. The green
line indicates the pure on-axis TL diffraction result introduced later, i.e. Eq. (4.66) of section 4.4. a) Detection
aperture NAd = 0.75. b) Detection aperture NAd = 0.01.
However, the true value of the lateral widths w
r,+ and wr,  of either lobe at its peak position then
naturally depends on the axial positions of the peaks zp (max) and zp (min). As this position depends
on the relative laser offset Dz f , also the lateral widths will be a function of the axial offset. Further,
the morphology of the axial signal also depends on the radius of the central NP in a similar way
such that the width will depend on both physical parameters w
r,± (Dz f ,R). This can be seen in Fig.
4.28e,h).
Finally, the PT signal width will also depend on the numerical aperture NAd used to collect the trans-
mitted light. Similar to confocal fluorescence microscopy where the detection PSF corresponds to the
product of the illumination PSF and the detection PSF, the product assumption when supplemented
by the linear factor stemming from the lensing therefore approximately fits the detection PSF in PT
single particle microscopy well. However, it is not the same line of reasoning as in fluorescence
microscopy which has lead to this result. Fig. 4.27 shows the comparison of a focused probe beam
calculation of the PT signal once evaluated under the assumption of a likewise focused heating beam,
and once with constant heating by a plane wave. The focused heating curve coincides with the PT
signal for plane-wave heating if it is scaled according to the LORENTZian heating profile. For a finite
detection aperture NAd , the probing is best at some finite distance zp of the probe-focus to the TL.
As shall later be seen in section 4.3.2, the general PT lensing signal is further accompanied by a probe
beam deflection experienced due to the non-centrally passing the TL for finite lateral offsets xp. From
these results, the lateral resolution w
r
must be recognized as being influenced by the probe beam-
deflection as well which limits the angular extent over which the reduction is best detected. Thereby,
a larger numerical aperture effectively limits the axial offset up to which the signal is effectively
measurable while only the smallest numerical aperture allows a broad range of lateral offsets up to
which still the PT signal is detectable. In the end, only a rigorous off-axis calculation within the
framework of the GLMT can yield the realistic shape and width of the detection volume. An intuitive
understanding of any given detail of the PT signal, however, is hardly attainable through this rigorous
formalism.
4.1.8.11 Empirical analytical PT signal shape function
Finally, due to the benefits of having an analytical expression which approximates the detection vol-
ume, especially with regards to the later introduces correlation and histogram analysis, the following
form describes well the measurements and the GLMT results:

















wherein F0 is an amplitude having the unit of an inverse length, z0 an asymmetry parameter and
wz an axial width. This functional form was found to fit the experimental and theoretical PT signal
shapes well and accounts in a simple functional form for all main features of the PT signal.
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Figure 4.28: PT signal scans using DPd (zp)/Pd (zp = 0) in the GLMT framework for AuNP of radii R 2
[10nm,100nm] in PDMS. Numerical detection aperture NAd = 0.75. a,b,c): Normalized axial zp scans of the
PT signal F(zp) for Dz f = { 250nm,0nm,250nm} (left to right). For fit parameters according to expression
(4.28), see appendix 7.13.
Dependence of the signal shape {wz, ,z0} on the NP radius For small particles, only the lensing
action is of importance. The signal shape is thus symmetric with respect to the focus of the probing
laser, see Fig. 4.28. A scaling of the PT signal with the volume of the NP has been observed before.
Nonetheless, a quantitative study of PT peak amplitudes for varying radii on the same sample have not
yet been available in the literature. This has been done for two numerical detection apertures using
two different microscope objectives in the detection channel. A single sample containing AuNPs
of radii R = {10nm,20nm,30nm} was imaged in xy-scans of 30µm⇥ 30µm in the focal plane for
which the signal was maximum for the smallest particles. Nine such scans were taken and the images
analyzed and fitted by 2D-Gaussians to yield the histogram of peak rel. PT signal values. The results
are shown in Fig. 4.29. A trimodal log-normal fit delivered the average peak rel. PT signal values
which are shown in the inset of Fig. 4.30a). As seen in Fig. 4.30a) the rel. PT signal shows an almost
perfect scaling with the particles volume, that is F(zp (max)) µ R3. This scaling is universal for
any practical numerical apertures. For the largest numerical aperture of the detection microscope
objective, a scaling with R6 is expected based on the calculations which indicates that no longer the
lensing will contribute to the signal, but rather a heating-modified simple scatterer will be detected.
The reason for this behavior lies within the angular signature of the PT signal. As the heated NP acts
as a thermal lens which redistributes the probing beam incident intensity, a complete integration of
all spatially redistributed energy will not yield any signal once the entire angular domain is collected.
4.1.8.12 Backwards detection scheme
The past discussions have been based on the detection of the total field of the probe beam in the
forward direction. The transmitted beam modification and its energy flow redistribution by the trans-
parent TL was shown to be the origin of the PT signal. An equivalently rigorous description of the
PT signal as detected in the backwards direction was not satisfactorily achieved as a well-defined
reference wave is missing. However, a true heterodyne detection scheme was proposed early on by
F.V. Ignatovich and L. Novotny in which the scattered field Es interferes on a photodiode with a
retro-reflected part of the incidence field Ei in the backwards direction.33, 101 It is in this scheme less
trivial to imagine the action of the TL in a way similar to the forward modification of the transmitted
beam. Rather, in this situation one expects conceptually the interference of a reference field with
the scattered light from either the NP in its modulated environment, or the modulated transparent TL
acting as a poor scatterer (see Fig. 4.20d,e,f)). Mathematically, the reference field is nontrivial to
include in the framework of the GLMT. If the retro-reflected part of the incidence beam which serves
as a reference field is the reflection of the focused beam from the upper sample surface, the complex
structure of such a reflected field288 would further complicate the situation.
Nonetheless, systematic experiments were carried out similar to the once described in at the beginning















2 3 4 5 6 7
10-3






































39 4041 424344 45










89 9091 92 9394
9596 97
98 99100 101 102
103 104
105 106 107108109
110111 112113 114115 116
117118 119 120 121122
1 3 124 125 126127







Figure 4.29: a) Example of a 30x30µm xy-scan of the sample. 9 such samples were considered and each
particle individually fitted by a 2D-Gaussian to obtain the peak amplitudes. Only particles within a distance
of at least 1µm from the edges were considered (dashed lines). Multi-particle matches were discarded. b)
Resulting histogram of rel. PT signal values DPd (zp (max))/Pinc for R = {10nm,20nm,30nm} AuNPs in
PDMS.
of this section and comprised in Fig. 4.18. To this end, both the forward as well as the backwards
detection scheme have been used and the corresponding rel. PT signals F recorded for a single sample
at the same time for varying laser offsets Dz f . An evaluation of the behavior of the signal shape is
summarized in Fig. 4.31. As for the forward detected signal, the backwards detected signal shape
F(zp) depends equally sensitive on the relative laser offset Dz f and shows in general a dispersive
structure. Both positive and negative signals were recorded depending on the relative position of the
AuNP with respect to the probing beam, as seen by the solid lines in part a). The magnitudes of the
relative signal were of the same order of magnitude as the forward detected signals. When directly
compared to the simultaneously detected forward signal, as represented by the dashed lines in a), the
evolution of the backwards detected signal is shifted by about 2zR,d on the laser-offset axis Dz f .
To further elucidate the origin of the PT signal in the backwards detection scheme, a drop of oil
has been added on the upper PDMS-air surface of the layer containing the AuNPs. The dual-lobed
signal disappeared and only a single positive signal remained, indicating a simple scatterer sensing a
thermally modulated environment. This, combined with the observation that the absolute magnitude
of the backwards detected PT signal DPd was about 0.05 of the forward detected PT signal, points
towards a simple retroflection of the lens-like modified transmitted probe beam at the upper air-PDMS
surface of the sample.
Also, a sample containing three layers separated by about 10µm with each containing AuNPs was
prepared and studied. In each layer the axial shape of the PT signal was about the same within
the error introduced by the distribution in NP size within each layer. Further, within the systematic
evolution of the axial shape observed in the forward direction and caused by aberrations, no stark
difference was observed between the signal shape in the three layers. This makes the assumption of
interference with a retro-reflected reference wave unlikely as it should depend on the distance to the
reflecting surface, i.e. in the AuNP embedding layer depth below the sample surface. The precise
reason for the shift could of the lens-like signal phenomenology in the backwards detection scheme
could thus not be unraveled and further studies are needed to clarify these observations.
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Figure 4.30: a) Peak values of the positive lobe of rel. PT signal scans DPd (zp (max))/Pinc in the GLMT
framework for AuNP of radii R 2 [10nm,100nm] in PDMS. w0,d = 281nm, w0,h = 233nm, P0,h = 42µW.
Thick solid lines show the results for numerical detection apertures NAd = {0.1,0.5,0.75,1.0,1.3} (light gray
to black). The last two of these use a refractive index n = 1.518 of the immersion oil for the detection objective.
The thin dashed-solid blue line is for Dz f = 250nm, thin double dashed-solid blue line for Dz f = 250nm. The
dashed gray line indicates the rel. PT signal for the fixed axial coordinate zp = zp (max,R = 10nm). The inset
graph shows experimental data as obtained from the analysis shown in Fig. 4.29a) for NAd = 0.8 (grey) and
NAd = 1.3 (black) for a configuration of maximum positive signal. The corresponding curves show the theo-
retical scans for Dz f = zR,d for NAd = {0.75,1.0,1.3}. b) Exemplary rel. PT scan for R= 30nm, NAd = 0.75
with Dz f = 0. The dashed lines indicate the axial maximum signal position zp (max) and value F(zp (max)). c)
Normalized axial position of the positive peak zp (max)/zR,d . d) Temperature elevation DT (R) µ sabs (R)/R
















































Figure 4.31: a) Peak values of the positive lobe of rel. PT signal scans DPd (zp (max))/Pinc for a R = 30nm
AuNP in PDMS in the backwards detection scheme (solid lines) and the forward detection scheme (dashed
lines). b) Axial peak positions zp (max) and zp (min). c) The individual axial scans of the rel. PT signal
(backwards detected).
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4.2 Geometrical optics: Photonic RUTHERFORD scattering (ray optics)
THIS section will explore the close analogy between classical RUTHERFORD scattering and thegeometrical optics description of light rays within a medium having a refractive index inhomo-
geneity according to the thermal lens n(r) n0 µ r 1, Eq. (2.7).
Figure 4.32: Artistic impression of photonic RUTHER-
FORD scattering in the geometrical optics limit.
The treatment will allow a physically insightful
interpretation of the previous findings without
the recourse to the detailed and intricate vec-
torial modeling of the electromagnetic problem
of photothermal microscopy. The phenomenol-
ogy discussed so far will hereby be reproduced
and discussed in a more simple yet compara-
bly powerful semi-quantitative model. The ray
optics treatment within the following discus-
sion will finally admit to state an expression
for the focal length f of the TL, i.e. the quan-
tity which in the geometrical optics approxi-
mation characterizes a lens. Starting from this
effective quantity which describes the proper-
ties of a TL in the GOA, a hybrid-model will
be developed which intrinsically incorporates
the probing beam’s wave-nature consistent with
the diffraction limit. The central concept of
this GOA informed approach will be the ABCD
Gaussian beam transformation optics as intro-
duced in section 2.4.3. It is a natural extension
of similar approaches to thin film photothermal spectroscopy.84, 85
4.2.1 FERMAT’s principle for a thermal lens medium
The ansatz for the treatment of the interaction of light with the TL in the geometrical optics approxi-
mation was chosen to be FERMAT’s least optical path principle in its differential form as introduced
in section 2.4.4. As a result, the trajectories describing the curvilinear rays through the TL which
is the inhomogeneous refractive index field n(r) will be found. To solve this problem, cylindrical
coordinates {r,f} with the corresponding expressions for acceleration and gradient are appropriate
as the trajectories are confined within a plane, see Fig. 4.33. FERMATS’ least optical path principle,
Eq. (2.46), for the special spherically symmetric refractive index profile n(r), Eq. (2.7), then gives
two differential equations. One for the radial coordinate, Eq. (4.29), and another one for the angular
coordinate, Eq. (4.30):










: rf00+2r0f0 = 0. (4.30)
The above set of coupled differential equations is formally equivalent to the perturbed KEPLER prob-
lem289 in classical mechanics. The second Eq. (4.30) states the conservation of optical angular mo-
mentum, L0z = 0, and the initial conditions specifies138 its value as Lz = r2f0 = bn0. This is also known
as the formula of BOUGUER.120 Herein, the parameter b > 0 is the so-called impact parameter, i.e.
the distance of the approaching parallel ray to the optical axis, see Fig. 4.33a). Eq. (4.29) involves
the analog to the mechanical radial force terms in the corresponding particle picture and shows an
inverse radius squared interaction, which is either attractive or repulsive depending on the nature of
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the thermal lens Dn, and a further perturbation by an inverse radius cubed term (underlined in the




which measures the inverse strength of the TL and encodes the polarity of the interaction. A pos-
itive sign of x corresponds to ”repulsion”, a negative sign to ”attraction”. Equation (4.29) can be








If the refractive index in the medium is homogeneous, i.e. x = •, the harmonic oscillator differential
equation with unit angular frequency emerges and the solution, u = b 1 sin(f), is the an unperturbed
horizontal ray in cartesian coordinates y = r sin(f) = b, see the dashed line in Fig. 4.33a). If the TL is
present, and requiring for the moment that the TL is weak or the impact parameter sufficiently large,
|bx| > 1, Eq. (4.32) has the form of the harmonic oscillator differential equation plus an additional
















The orbits described by Eq. (4.33) represent perturbed hyperbolic trajectories with the particle being
the exterior (x > 0) or interior (x < 0) focus,142 see Fig. 4.33a,b). The eccentricity e will now be
obtained. To this end, the particular choice of the stepping parameter in Eq. (2.46) is utilized. In




 = n ! r02 + r2f02 = n(r)2 . (4.35)
By setting r0 = 0 one finds the radius of closest approach as rm = b + x 1. Comparison of this
expression to the corresponding minimum radius as described by Eq. (4.33), rm = p/(e 1) at the
angle of closest approach f = f0, determines the eccentricity e = bx. Setting the denominator of Eq.
(4.33) to zero yields the extreme angles q±
•
=±|g 1|arccos(1/e)+f0 at which the trajectory diverges
a) This can be quickly done by using BINET’s orbit equation,289 or following the steps in Ch. 3.5 of Ref290
Figure 4.33: Annotated sketch of an exemplary curvilinear ray (thick red line) r (f), Eq. (4.33), through the
refractive index fields n(r) with a) Dn > 0 and b) Dn < 0 in Eq. (2.7).





Figure 4.34: a) Camera setup to visualize the effect of the thermal lens. The metal sphere in transparent resin
was laser heated with Ph = 2W. The cube was placed 18cm in front of a square lattice pattern (lattice constant
0.43mm). The digital camera was positioned about 30cm in front of the cube. b) The square lattice pattern
photographed through the medium appears warped by the thermal lens. The original image photographed
before the heating process is shown with blue colors.
to infinity. Demanding that the ray approaches parallel to the optical axis from negative infinity as
depicted in Fig. 4.33b, i.e. q+
•
= p, the solution Eq. (4.33) will be oriented according to the imposed
initial conditions. When these findings are combined, the last unknown parameter being the angle of
closest approach is determined:
e = bx






Now, the parameters in Eqs. (4.34) and (4.36) together with Eq. (4.33) fully determine the ray-
trajectory. The scattering or deflection angle is q = q 
•
, such that the deflection of an incoming
horizontal ray290 may be expressed via q = 2f0   p. The ray-solution to Eq. (4.32) was therefore
found for a weak TL medium and impact parameters where |bx| > 1 holds. Indeed, the refractive
index change itself is typically small for most materials (|Dn| ⇡ 10 3) as compared to its refractive
index, which is of the order n0 ⇡ 1, and in a ray optics picture one may reasonably demand that b > R
for the incoming rays such that combined the product |bx| = (b/R)⇥ (n0/|Dn|)   1 is typically a
large number. For completeness, the solution for |bx|> 1 is found in the appendix 7.6.1. Remaining
in the weak-lens limit, the following section will formulate a revealing approximation in the limit
|bx|  1.
Geometrical optics photonic RUTHERFORD scattering Assuming |bx|  1 allows to replace the
exact ray solution Eq. (4.33) by the solution to Eq. (4.32) without the small attractive perturbation
term. The resulting approximate solution to the trajectories in the TL medium is Eq. (4.37). It is
seen to be the analog to the classical (non-relativistic) RUTHERFORD scattering solution rRF (f), Eq.






In the trajectory expression of photonic scattering the type of trajectory is determined by the sign
of the TL strength-encoding parameter ±1 =  x/|x|, analogously to the classical RUTHERFORD
scattering trajectories of massive particles, see section 2.9.1. In this analogy, one may identify the
photonic analog of the potential energy as V ! n(r)2/2+n20/2 ⇡ n20 x 1r 1, which decays to zero








































Figure 4.35: Experimental realization of a single geometrical optics photonic RUTHERFORD scatterer. An
acrylic block (PMMA, 65mm-cube), material properties: k ⇡ 0.2Wm 1K 1, dn/dT ⇡  1.15⇥ 10 4K 1,
n0 = 1.49, embedds a centrally placed metal sphere (with a small hole, enhancing absorption efficiency) of
radius R = 0.5cm. The plot shows the results of an experiment with D = 2.98m. The heating laser power was
Ph = 0.8W giving a temperature estimate, Eq. (2.3), of DT (R) ⇡ 64K. A fit of the data with Eq. (4.38) gives
x = (501±80)cm 1 and thereby DT (R) = (52±8)K (probably due to additional convective heat transport
from the cube). The error bars were estimated using a read-off accuracy of the laser-spot’s center of intensity.
The probe laser has been retraced in the upper left image.
at infinite distance like the COULOMB potential does. The total energya) in this analogy is E ! n20/2
and the equivalent of the COULOMB force constant is given by C !  n0DnR, as can be inferred
from Eq. (4.29). The form of Eq. (2.46) also requires the mass to be set to unity m = 1 in optics.138
Hence, each expression from particle RUTHERFORD scattering, such as the differential scattering
cross-section (ds/dW), may be transferred to this optical analogon via the substitution 2E/C ! x.
Accordingly, the deflection angle q can be expressed in photonic RUTHERFORD scattering as
cot(q/2) = bx ! q ⇡ 2
bx
. (4.38)
Incited by a referee remark, and due to the weakness of the interaction in this optical analogon,
it is worthwhile to emphasize the following: In the case of repulsive photothermal RUTHERFORD
scattering of light, the ratio of the wavelength to the classical ray optics closest approach distance is












signifying that the photothermal potential around a NP will not be able to backscatter the beam
or a pulse before the particle surface is reached. Even for X-rays with l ⇡ 10 10m, n0 ⇡ 1 and
dn/dT ⇡ 10 4, corresponding to the thermal expansion of typical media and the real part of the
refractive index being tied to the free electron density in the material, probably no backscattering
would occur and diffraction and direct particle scattering occurs. Figures 4.34 and 4.35 show the
a) Typically,138, 140 it is stated that Eq. (2.46), 12 |r
0|2   12 n(r)
2 = 0, corresponds to the equation for the total energy
analog whereby the total energy in the optical case would be equivalent to the mechanical scenario at zero energy E = 0,
at variance with the stated identification of E ! n20/2 and the hyperbola solution (4.37). However, the assumption of n0
necessitates this different convention, see appendix 7.6.3.
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Figure 4.36: a) Absolute scattering/deflection angle |q| vs. the normalized impact parameter |bx| for fixed in-
teraction strength |x 1|. Black dashed-solid lines: Rutherford scattering, red lines: exact solution (orange
dashed: attractive). The asymptotic behavior is µ 1/bx. b) the normalized distance of closest approach
rmin (b)/b vs. the normalized impact parameter |bx| for fixed interaction strength |x 1|. The effect of the
additional attractive perturbative force allows closer approaches and weaker deflections for the repulsive case
(x > 0) and stronger deflection in the attractive case (x < 0). For large bx   1 both results converge, i.e.
photonic Rutherford scattering is a good approximation to the exact solution.
setup and the results for a macroscopic experimental realization of photonic RUTHERFORD scattering.
While Fig. 4.34 shows the effect of imaging a regular pattern through a finite thermal lens medium,
Fig. 4.35 shows the results of a measurement of the deflection angle q(b) as a function of the impact-
parameter b using a thin ray-like Gaussian beam.
An equivalent ray optics lens of constant index of refraction n for a thermal lens The ther-
mal lens n(r) in the geometrical optics domain is exhaustively characterized by its action on rays
approaching parallel to the optical axis. While in principle the TL is infinite in spatial extent, the
geometry of the curvilinear rays is such that over a short range the deflection is almost completely
realized and the asymptote of the ray approximates the true deflected ray to a high precision. The
infinite TL may therefore be replaced by a finite medium version and should show indistinguishable
characteristics as long as the refractive index profile remains 1/r. Further, the the TL characteristics
may be emulated using a specially mirror-symmetric shaped lens of constant refractive index n having
a thickness-profile of 2z(b). By thin lens paraxial ray-tracing it may be shown that the focal length is
connected to the lens-profile function z via the relation f (b) =  b [n 1] 1 z0 (b) 1. As the thermal
lens was characterized by a focal length dependence f = b2x/2 the derivative of the thickness func-
tion is an equivalent lens would have a profile of the form d (x)= 2z(b)= 2x 1 [n 1] 1 ln(C1x)+C2,
with C1,2 being constants, see appendix 7.6.5.
4.2.2 Gaussian beam transformation by a thermal lens
While based on the previous discussion it might be tempting to expect that the PT signal F should be
related to the photonic differential scattering cross-section (ds/dW) µ x 2, this section will instead
use the deflection q µ x 1 to characterize the action of the TL on the finite probing beama) . To
this end, the results of the previous section which provided all characteristics of the TL in the ray
optics regime will be used. Straight rays which are initially parallel to the optical axis have been
shown to be deflected to attain an angle q with the optical axis far from the TL after the interaction.
Again, it is seen that the TL in the GOA may be interpreted as a special type of lens, typically a
divergent one. The following model will therefore combine the characterization of the TL in the GO
a) It may be of interest to use an expression for the deflection angle by a cut-off291 or an exponentially damped292
photonic potential instead of the unshielded 1/r potential to infer on the deflection q. This would then take into account
the finite thermal diffusion length Rth which attenuates the refractive index profile, see section 2.2.





Figure 4.37: Cartoon representation of PT signal evaluation in the ABCD matrix transfer framework.
picture as obtained in the previous section with the Gaussian beam matrix transformation framework
presented in the introduction. This model combines the weak focusing properties of the nanoscopic
TL with the diffraction-limited treatment of the Gaussian beam. It is not a pure ray optics picture of
the PT signal. Such an endeavor, of course, is bound to fail, as demonstrated in the appendix 7.6.4.
Accordingly, the probing beam will be taken as a Gaussian beam and the TL will be treated as an
optical element transforming the Gaussian beam into another Gaussian beam. This assumption is
motivated by the observation that the change of the probing beam as induced by the TL is overall
only on a scale of 10 3 typically, thereby essentially remaining a Gaussian beam even after the action
of the TL. According to the matrix transfer prescription, the TL now needs to be represented by a
transfer matrix. The thermal lens will therefore be represented by a transformation matrix M f of a
thin lens with an effective focal length f = feff which will be derived in the following. The validity
of the thin-lens assumption will be proven thereafter. In order to extract a focal length from the GOA
ray description discussed before, its asymptotes need to be considered. The first asymptote to the ray
solution Eq. 4.33 for f ! p is a horizontal line at height b which describes the undeflected straight
ray. The other asymptote at f ! 2f0   p permits the extraction of a focal length by determining









is obtained. Using the RUTHERFORD approximation as described
above, an analytical simpler expression may be obtained, f x ⇡ b2x2/2, where terms of order O (bx)





The focal length is seen to depend on the impact parameter b, which may be interpreted as a special
spherical aberration. The focal length varies quadratically with the impact parameter b and even
diverges as b grows large. The finite extent of the probing laser focus which is incident onto lens
ensures that large impact parameters will not be realized and that a finite effective focal length can be
expected to describe the action of the TL. For a Gaussian beam with waist w0,d located at a distance
zp relative to the position of the TL an effective focal length feff (zp) is thus expected. Although the
definition of such an effective focal length will be somewhat arbitrary and not perfectly rigorous,
an effective squared impact-parameter b2eff which depends on the profile of the beam at the TL is a
reasonable approximation which will indeed turn out to be semi-quantitative within this framework.
A weighting of b2 by the probing Gaussian beam’s intensity profile Id (b,zp) defines such a weighted




p/z2R,d +1]/2, is half the square of the probing beam waist size
at the position of the lensb) .
a) The expression for the focal length is found from the asymptote ybA (z) = b+ tan(q) [z+b tan(f0  p/2)] to be f (b) =
b [cot(q)+ tan(f0  p/2)].
b) A weighting of b followed by a successive square operation would yield a similar result, [beff]2 = b2eff ⇥2p/8.
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The strength of the TL as experienced by the probing beam is inversely proportional to the focal
length and thus directly proportional to the refractive index contrast Dn. The absorbed power Pabs (zp)
provided by the focused heating beam will induce this contrast and will thus also depend on the ax-
ial position, see section 2.3. For a common negative thermorefractive coefficient and a temperature
increment of DT = 100K a negative focal length of O (10µm) is obtained, which signifies a weak
divergent lens. A convergent lens is obtained for materials having a positive thermorefractive coeffi-
cient. The effective focal length expression also accounts for the circumstance that for large particle
offsets zp the average impact parameter seen becomes large and the TL acting on the whole beam
thereby becomes weak.
The thin-lens character of a thermal lens In order to proceed with a beam transformation model,
it will be useful to further assess whether the (effective) TL may be taken as a thin lens. In ray
optics a thin lens is characterized by the property that an incident ray remains unaffected in its height
above the optical axis whereas only the angle of the ray to the optical axis is changed. For the TL
one finds for the intersection height y0 of the asymptote with the vertical axis that this holds true,




, i.e. typically y0 ⇡ b. As a further indication that the TL may be
treated as a thin lens, the deflection angle qC may be considered for a COULOMB-like potential which
is cut off at a certain distance r = bmax. While for distances b > bmax the deflection will then be zero,




Herein, the parameter 2aC = rC/bmax is the ratio of the closest approach distance rC = 2x 1 to the
cut-off radius bmax. In the limit of an infinite range bmax ! • this expression naturally reduces to
the full deflection angle qC ! q of the unshielded potential. More quantitatively, the deviation to
first order in large bx and bmaxx of the deflection due to the finite TL relative to the ideal infinite TL









, b < bmax (4.42)
which is slightly less but approximately unity, signifying that for bmax   b the lens is well approxi-
mated even by a finite TL mediuma) . As noted before, for heated NPs being illuminated by the fo-
cused probe laser beam, impact parameters not very much larger than the beam-waist play a role. As
long as the TL profile extends 1/r-like beyond the detection beam-waist, bmax   w0,d , the (thermal)
lens is equivalent to a finite and thin (thermal) lens. Therefore the following paragraph will proceed
with a matrix optics framework describing the modification of the propagation of the probing laser
beam as induced by a thin (thermal) lens of focal length feff.
ABCD Gaussian matrix optics prediction of the on-axis rel. difference of a lens In the ABCD
matrix transfer model of the rel. PT signal, the probe beam is either influenced by the TL or not.
To describe these to situations, two sets of ray transfer matrices are required which describe the
perturbed and unperturbed propagation of the probing beam. Both these sets include the sample
interface and free space propagation for a distance d. In this scheme MTL = MdMiM f describes the
beam transformation in the case where the TL with an effective focal length f = feff is present and
M0 = MdMi the case when it is not. The individual transfer matrices have been introduced in section
2.4.3. To quantify the effect of the TL in the far field, the output beam parameter qout can be used.
It encodes the transformed beam shape in its real and imaginary part. Here, the imaginary part is
a) The same conclusion is expected for an exponentially screened TL. Such a screening would resemble the true TL
n(r, t) for modulated heating better than the sharp cut-off. While this was not done, an analytic expression for q for such a
YUKAWA-type potential was given by R.L. Liboff.292





















Figure 4.38: Left) Schematic representation of the effective focal length feff of a TL. Right) Axial scans
of the rel. PT signal F(zp), Eq. (4.44) (⇥F), for Dz f /zR = { 2.1, 1.4, 0.7,0.7,1.4,2.1} (blue to red).
Parameters: R = 30nm, DT = 200K corresponding to the experimental parameters w0,h = 0.380µm, w0 =
0.315µm, sabs (lh) = 1.16⇥10 14 m2 and Ph = 225µW.






. The generic model-free
prescription of the rel. PT signal F = DPd/Pinc, Eq. (4.20), taken on the optical axes, now translates
into a ratio of intensities F = (ITL   I0)/I0. For a Gaussian beam, these intensities can be obtained
from the inverse beam-waists squared behind the optical system described by the transfer matrices,
I µ w 2. In connection with the ABCD matrix transfer law and the relation of the beam waist to the
output beam parameter qout this fraction can be computed. When the matrix algebra is carried out,
the rel. PT signal finally simplifies in the far field and under the assumption of a weak lens-limit, i.e.
by assuming d   { f ,zR,d} and f   zR,d :
F(zp) = 2zp/ f . (4.43)
This formula straightaway embodies the previously discussed findings of a negative and a positive
PT signals as it is proportional to the axial coordinate zp of the particle relative to the probing beam
focus. The offset of the probing beam focus with respect to the lens determines whether the beam is
collimated or further diverged, yielding either a positive or negative PT signal. The relative PT signal
is also inversely proportional to the focal length, whereby the behavior is reversed if the sign of the
focal length changes. This inverse proportionality ensures that weak lenses with a large focal length
f modify the probing beam to a lesser extent. The interface parameters {n0,n1} which characterize
the transfer matrix Mi are not present in Eq. (4.43). This is reasonable since the sample/air interface
affects the non-lensed as well as the lensed beam in an identical manner. The rel. PT signal as a























The rel. PT signal according to this formula is depicted in Fig. 4.38 as a function of zp at various
laser defocusing values Dz f . The functional form correctly accounts for the experimentally observed
control of the two oppositely signed peaks already discussed for highly focused beams in section
4.1.8. Now, however, the experimental and theoretical finding that the sign of the signal is only
determined by the probing beam position zp relative to the lens is readily seen as a result of the lensing
action embodied in the simple formula Eq. (4.43). The PT signal’s proportionality to dn/dT and the
absorbers volume is immediately recovered,98 remembering that for small particles the absorption
cross-section at the heating beam wavelength scales with sabs µ R3, see section 2.6.10. The functional
form further reveals that the signal is proportional to the product of the point-spread functions and a
linear function for the Gaussian beam case, i.e. F µ IhIdzp. For highly focused beams the empirical
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fit function introduced earlier suggests that this is a generic property. Also in this case, it has the form
of the product of two offset PSFs (approximately axial Gaussians for highly focused beams) times
zpa) . Numerically, it follows from Eq. (4.44), that in order to obtain the maximum signal from the
TL, the lasers should be offset by about one Rayleigh range, i.e. Dz f ⇡±zR, similar to macroscopic
thermal lens spectroscopy.74, 83–85
Finite numerical aperture NAd Since the previous treatment considered the beam-waist to define
an intensity, the description so far will only approximate the rel. PT signal on-axis. As discussed
before, the PT signal is a measure for the energy redistribution in the forward direction and thus sen-
sitively depends on the angular domain of detection. Within the simple picture put forward in this
section, the same will hold true. Here, only the beam-parameter of the probing beam has been trans-
formed by the action of the TL. The total transmitted intensity as described by this formalism must
remain unchanged whereby the PT signal must decay to zero for large angular collection domains. As
the experiments of this section have been carried out with a finite numerical detection aperture, a cor-
rection factor to the above described on-axis PT signal should be included F(NAd) = F (0,qmax)F.
Experimentally, this factor can simply be determined from the extrapolation of an aperture-diameter
dependent PT signal measurement, as displayed in Fig. 4.40e). Theoretically, the diffraction for-
malism and the electromagnetic treatment in the GLMT framework can make accurate quantitative
statements about this dependence, see section 4.4. The aperture dependent measurement for the ex-
periments analyzed in Fig. 4.40, a factor of F = 0.1 was found which should be used in Eq. (4.44) to
account for the used finite numerical aperture of NA = 0.8.
In the current description the aperture dependence of the signal may also be estimated. To this end,
the far field Gaussian field distributions described by a beam waist, either transformed or not, should
be integrated over the corresponding angular domain of detection. To find an expression for the
angular dependence of the PT signal, the previous transmission matrices will be used without the
interface transfer matrix, i.e. MTL = MdM f and M0 = Md with f = feff. Further, the expression for
the power P(q) contained within an angle q will be used as in section 4.1.2. The transformation of
the radial variable to an angle via r = z tan(q) will then allow to write down an expression for the
scaling function F (qmin,qmax) in dependence on the minimum and maximum collection angle qmin
and qmax, respectively.
F (qmin,qmax) =

































and expanding the fraction in Eq. (4.45) to zeroth order in the small quantity 1/ feff, a focal-length
and position zp independent probe beam characteristic function F (q) is obtained. It depends only on





This is again the weak-lens limit which is typically realized in PT microscopy. From Eq. (4.46),
the angular structure of the PT signal is hereby also seen to be the difference between the original




= [1+2zp/ feff]exp( Jr (q) [1+2zp/ feff])  exp( Jr (q)) (4.48)
a) Such a product results in Eq. (4.28) only if the axial beam waists of the individual beams are assumed equal. Then,
using two identical axial Gaussian PSFs with the axial width wz,d/h one obtains Eq. (4.28) with a signal width of wz =
wz,d/h/
p
2 and the asymmetry parameter z0 = Dz f /2. Together with the lateral PT signal width, Eq. (4.27), the PT signal
is hereby approximately set for known PSF parameters.
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The experimental data, however, is better fitted by the also analytical prediction based on the rigorous
paraxial diffraction model of section 4.4 as can be seen by comparing the solid and dashed green line
vs. the experimental data shown as green circles in Fig. 4.40e). As an effective spherical lens was
assumed which did not take into account the details of the energy redistribution characteristics of the
1/r TL, a perfect agreement should not be expected. Only for such a lens, the ABCD formalism is
strictly valid. Nonetheless, the analytical function Eq. (4.47) agrees reasonably well with the data
and shows a simple functional dependence on the reduced quantity Jr (qmin,max). From the above
expression one may readily see that a rel. PT weak lens signal collected in a transmission detection
scheme will decay in magnitude for increasing maximum collection angle qmax. The absolute PT
signal, that is DPd , and the signal-to-noise ratio will increase approximately until qmax ⇡ qdiv, and
thereafter decay to zero for a full half-space solid angle collection domain. In connection with ABBE’s
sine condition, an ideal numerical detection aperture NAd can thus be approximated from this simple
calculation.
4.2.3 Experiments using weakly focused, i.e. nearly Gaussian beams
To validate the theoretical predictions, the identical sample which was used in the previous sections
has been remeasured. However, to experimentally realize focused Gaussian heating and probing
beams, the back aperture of the illuminating microscope objective has been underfilled, see section
3.2. Experimental scatter scans under those conditions are shown in Fig. 4.39a,b) and have been
modeled with the GLMT theory using Gaussian beam shape coefficients. The agreement seen in Fig.
4.39 between experiment and the calculation supports the assumption of Gaussian beams and further
yields the beam parameters zR,d = 0.717µm, w0,d = 0.315µm. By analyzing the theoretical scans, the
offset Dzsca of the positions of minimum transmission (i.e. maximal measured ”extinction”) Pd may
be translated into the Gaussian beam-offset via Dz f = Dzsca +0.387µm, see Fig. 4.39g,h).
Fig. 4.40a) displays the experimental axial rel. PT signal-scans. Depending on the offset Dz f of
the heating beam relative to the detection beam either the positive signal lobe or the negative lobe
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Figure 4.39: a,b,c) Experimental scatter scans Pd (xp,zp)/Pinc for a single AuNP of radius R = 30nm in
PDMS and F(xp,zp). d,e,f) Corresponding theory scans within the GLMT using Gaussian BSCs (off-axis).
d) Heating beam: lh = 0.532µm, w0,h = 0.330µm. e) Probing beam: l = 0.635µm, w0,d = 0.315µm. The
contours show Pabs µ Ih and Id , respectively. f) Rel. PT signal scan for a peak temperature DT = 100K (see
also i)) and Dz f = 0.9µm. g,h,i) Theoretical axial scans (black, along white dashed lines) of the scatter signal
decomposition into interference (red), scattering (blue) and total signal (black). Also shown are the axial
Lorentzian beam profiles (in [a.u.], solid-dashed, colored) whereby the scatter dip (dashed lines) offsets of the
two beams may be translated into foci offsets Dz f . Measurements were conjointly performed with M. Braun.
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Figure 4.40: a) Experimental rel. PT signal scans F(zp). b) Lateral signal widths wr as obtained by Gaussian
fitting of the scatter scans Pd (xp) vs. axial RAYLEIGH-ranges as obtained by a LORENTZian fit of the axial
scatter scans Pd (zp) of the heating laser (green filled circles). Also shown are the GLMT results for fit values
of zR,h obtained from theoretical axial scans for given beam waists w0,h (black squares). The solid red line
is a linear fit  0.39µm+ 4.51w0,h to the first few values, while the solid blue line indicates the expected
dependence kw20,h/2. c) Extrema positions zp (max,min) vs. axial displacement Dz f of heating and detection
laser. d) Extrema values Fmax and Fmin of the rel. PT signal. e) Experimental normalized F-dependence on
the numerical aperture NAd = nm sin(qmax) at zp =  0.5µm (green circles) and the diffraction model (solid
green line) and the ABCD expression Eq. (4.47) (green dashed line). Parameters as in Fig. 4.38. Top axes for
axial coordinates have been scaled by zR,d . Measurements were conjointly performed with M. Braun.
scattering framework. Eq. (4.44) predicts this effect as shown by the solid lines in Fig. 4.40c,d).
Since the AuNP is still scattering, and since its scattering cross-section ssca senses its embedding
refractive index, the PT signal does not vanish at Dz f = 0. To account for this additional effect, the
Dz f -axis has been shifted by the offset of the particle to the signal zero-crossing, i.e. by 0.17µm. This
offset is necessary, since this model only accounts for the photothermal lensing action by the TL and
not the finite scattering contribution to the PT signal from the AuNP itself, as discussed in section
4.1.8. Now, experiment (markers) and theory (lines) match and suggest that this model may be used to
estimate induced particle temperatures or absorption cross-sections sabs. The remaining discrepancy
at large relative laser offsets Dz f /zR,d > 1 (see Fig. 4.40b) and c)) can be attributed to the fact that
the heating beam was in fact weakly aberrated, which can be also seen by the small additional lobe
at zp ⇡ 2.0µm in Fig. 4.40a). Remaining aberration peaks in the PSF explain the deviating PT signal
shape for negative zp and large negative laser offsets Dz f . A further difficulty in interpreting the data
is due to the fact that in the experiment Dz f was adjusted by changing the heating beam divergence
in front of the focusing microscope objective. This, together with the resulting change in the filling
of the objective back-aperture changed the beam waist in the focal region slightly. A fit of the scatter
scans revealed a dependence of w0,h = 0.321µm  0.045Dz f . The maximum signal was obtained
when the lasers were offset by about one RAYLEIGH range, i.e. Dz f ⇡ ±zR,d (see Fig. 4.40d), top
axis), which correctly predicted by Eq. (4.44). Apart from these reasons, also the fact that the TL is
not a spherical lens in conjunction with the non-rigorous definition of the effective focal length are
expected to lead to some deviations from this simple model from the experiment.
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4.3 HELMHOLTZ equation: Photonic RUTHERFORD scattering (wave optics)
THE previous section used the results of the GOA treatment of the TL to arrive at an analytical andinsightful description of the rel. PT signal. However, the treatment was not rigorous in the sense
that the determination of the effective focal length feff was somewhat arbitrary despite its reasonable
motivation. Also, it may be argued that the TL is nanoscopic in size such that explicitly incorporating
the probe beam’s wave nature would be the more natural choice of describing the PT signal of a single
nanoparticle. The following section provides such a more rigorous treatment using a scalar diffraction
ansatz and the full inhomogeneous HELMHOLTZ equation without yet leaving the insightful analogy
and the intuitive character of potential scattering completely. The analogy of the wave scattering
by a TL to the QM description of wave-packet scattering of a spin-less particle from an unshielded
COULOMB potential will therefore be analyzed and utilized in depth. A similar analogy has been used
by S. Deguchi and W.D. Watson for the description of gravitational lensing of plane waves.293 An
accurate nanoscopic near field characterization will emerge which was difficult at best in the rigorous
vectorial diffraction formalism of the GLMT. This picture will then allow the understanding of more
generalized PT signal measurements with non-trivial apertures. The most important experimental
outcome of the insight gained in this study will be the photothermal optical RUTHERFORD deflection
microscopy which provides the means to generate a twin-focus also in lateral direction. Consequently,
half aperture and quadrant photodiode photothermal transmission detection schemes will be cast into
the framework of deflection by a photonic (or photothermal) potential. New effective PT detection
volumes which show a splitting not in axial, but in lateral directions will be studied in this context.
Naturally, the whole phenomenology of what has been found previously will finally be recovered in
this framework, and it will further be shown to be closely related to the subsequently studied paraxial
model will extend this model to the measured far field.
Figure 4.41: Artistic impression of photonic RUTHER-
FORD scattering in the scalar wave theory of optics.
Wave-mechanical RUTHERFORD scattering
Similar to scattered alpha particles, photons
obey the wave-particle duality. Concepts from
scalar wave optics have been applied to quan-
tum problems ever since and show the close
relation of both. As seen in nuclear scatter-
ing experiments,294, 295 molecular interferome-
try data296 or atomic aperture diffraction ex-
periments,297 interference effects for instance
may conveniently be described by FRESNEL
diffraction.120, 122 The interaction of photons
with matter is described by the dielectric func-
tion e =
p
n. The dielectric function thus de-
fines a ”photonic potential” affecting the prop-
agation of light, that is scalar electric fields in
the simplest form of wave optics. While the
equivalence of the wave-optical treatment of
the COULOMB scattering problem with classi-
cal RUTHERFORD scattering in terms of cross-
sections has been shown,251, 252 here the corre-
spondence in optics will be shown. Beams of
finite width will be used to recover centroid-trajectories and beam deflections. To this end, the
electromagnetic problem of the inhomogeneous HELMHOLTZ equation for the special TL around
a point-like heat-source will be related to wave-mechanical RUTHERFORD scattering.
121 4.3 HELMHOLTZ equation: Photonic RUTHERFORD scattering (wave optics)
4.3.1 Plane wave scattering
Already at this point one may observe135 that the potential scattering in QM is formally identi-








. As will be shown, it is therefore useful to reconsider specifically the
COULOMB potential, V (r) = Cr , with its known solution discussed in section 2.9.2. In order to draw
the connection to optics the HELMHOLTZ equation for the scalar electric field U of light122 will be
considered. For a linear, isotropic and inhomogeneous medium which is only weakly perturbeda) ,
one may approximate the MAXWELL equations by solving the scalar HELMHOLTZ equation 2.22 for
the components of scalar electric field. Taking the refractive index profile of the TL as given by Eq.















U = 0. (4.49)
A comparison with Eq. (2.102) shows equivalence to first order in the small quantity Dn/n0 ⌧ 1 and







and to write down the original solution due to W. Gordon, Eq. (2.103), now as
UC (r) = eikze 
p
2 n
G(1+ in) 1F1 ( in;1; ik [r  z]) . (4.51)
Arguably, this identification could have been guessed without this inspection simply by the defini-
tion of the parameter n = Ck2E and the classical correspondences found earlier with its prescription
2E/C ! x. One might be concerned that the perturbation term µ r 2 dominates at small distances
and that it should therefore not be discarded in the treatment. However, the TL will not exhibit this
domain as it exists only for radii r > R larger than the particle radius. Still, the full 1/r term without
interior truncation will provide an accurate description of the TL and its action on EM fields as will
become clear from the quantitative comparison to other models later on. The identified solution UC
now describes the total scalar electric field amplitude U in the case of scattering of light by the in-
homogeneous refractive index field of the ideal TL n(r). It is thus the scalar counterpart to the total
electric vector field Et =Ei+Es. The equivalence of the plane-wave quantum mechanical COULOMB
scattering problem and the optical plane-wave scattering by the TL exists on the same level of approx-
imation as formulated in section 4.2.1 for the geometrical limit. The strength- and polarity-encoding
parameter n is found to be proportional to x 1, Eq. (4.50), which was the inverse-strength parameter
describing the ray-trajectories.
While similar parallels as summarized in Table 7.2 are thus uncovered, again the plane-wave study of
the TL phenomenon is not appropriate for the discussion of PT microscopy. For instance, it is not this
plane-wave scattering cross-section ds/dW µ n2, Eq. (2.106), which will describe the rel. PT signal
F, but instead the forward interference zone that is usually neglected in the standard QM treatment
will yield the practically relevant and experimentally observed linear dependence on the perturbation
quantified by n. Also the optical theorem is not applicable to the unscreened infinite COULOMB
potential, and the divergence of the total scattering cross-section already known from the classical
picture poses some trouble.252 This is in fact similar to the path taken in the geometrical gaussian
beam transformation model in section 4.2.2. Also there, the deflection linear in x 1 µ n which an
incident ray experiences, was the starting point to study the effect of the TL on a probing beam.
a) Actually, the wave equations for the electromagnetic fields in a linear, nonconducting, nonmagnetic isotropic but
inhomogeneous medium are more complicated, see section 2.6.4. The general HELMHOLTZ-like equations had a right-
hand side which could only be omitted whenever n(r) varied little over a wavelength or if E ? —n(r) was satisfied.121 In
PT microscopy, the second condition likely ensures the validity of this simplification as the probe beam’s polarization is
perpendicular to the z-axis along which the beam propagates and mostly experiences the gradient of the TL. Further, the
agreement with the results found earlier supports the validity of this assumption and of Eq. (4.49).
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perturbed unperturbed
Figure 4.42: Cartoon representation of the PT signal evaluation in the RUTHERFORD scattering framework.
The cross-section µ x 2 did not enter the description of thermal lensing. This important difference
will further reappear in section 4.5, where the total extinction and scattering cross-sections, sext,sca,
of a TL will be discussed in the plane-wave limit. The general aim of quantifying the PT signal is
depicted, again in cartoon-style, in Fig. 4.42. A natural first step is now, to study the interference
zone in this wave-optical photonic RUTHERFORD scattering.
Plane-wave interference zone In the small angle interference domain, an asymptotic form of
UC (r,z), Eq. (4.51), for small h = r   z is needed. In the treatment of QM COULOMB scattering
it is typically the opposite limit of kh ! • which is considered.256, 293 This is equivalent to the ob-
servation, that in standard quantum mechanical treatments the interference of the scattering flux and
the incidence flux directed along the direction of the initial wave-vector is not considered.252 In this
small angle region, i.e. in the near forward direction, a series expansion of the confluent hypergeo-



























with EULER’s gamma constant gE originating from the expansion of the Gamma function. Evaluating
the squared modulus of the wave-function, and using h = r [1  cos(q)] = 2r sin2 (q/2), one obtains
to first order in n and for small angles q ⌧ 1 a relative amplitude change:
F = |UC|2  1 ⇡ pn+ krnq2. (4.53)
For zero angle, i.e. in forward direction, the finite value |UC (q = 0) |2 = 1 pn is obtained. Again,
while a formal decomposition of UC into a scattered and incidence field is difficult at best in the
forward direction, it should be noted that the wave function amplitude would contain incidence,
scattering and interference contributions similar to the GLMT treatment. The angular PT signal
spectrum Eq. (4.53) then defines a parabola that changes signs at q0 = ±
p
p
kr , independent of the
strength of the perturbation n. This is the width of the central peak in a plane perpendicular to
the incidence direction and coincides with the ”near zone” of reference252 describing the interference
region of indistinguishable incidence and scattered fluxes. It depends on the distance r to the scatterer
and shrinks to zero for large distances kr ! •. Although the plane-wave result of the PT signal
derived here can not be directly compared to experiments in PT microscopy, a corresponding paraxial
but focused probe beam expression derived using the paraxial HELMHOLTZ equation will be given
in section 4.4 to achieve a generalization of the above expression Eq. (4.53). It will then be seen that
the forward interference result Eq. (4.53) is already semiquantitative, although it naturally misses an
axial structure and a sign due to focused beam scattering.
Solution for finite COULOMB-like potentials So far, the ideal infinitely extended 1/r TL has been
considered and thereby a mapping to the unscreened COULOMB potential was achieved. The dynamic
























Figure 4.43: a) Solution |UC|2 of a plane wave propagating along the z-axis, k = kêz, scattered from a
COULOMB potential. Wavenumber k = 14.4µm 1, n = 0.214. The solid lines indicate the perturbed wave-
fronts of the complex solution UC. The black dashed line indicates the QM interference zone x = z tan(
p
p/kz).
b) A focused beam amplitude |Uwp0 |2 at r0 =  0.4µm êz with an angular spectrum width of sJ = 30 . The





photonic potential will be finite such that quite naturally screened COULOMB potentials will serve as
a guide towards more accurate models when considering the HELMHOLTZ equation. Then, for high
modulation frequencies the full time-dependent thermal wave of the refractive index profile n(r, t)
should be considered, see section 2.2. The form of the corresponding photonic potential would then
resemble a combination of YUKAWA potentials or the class of exponential cosine screened Coulomb
(ECSC) potentials.298, 299 A vast literature exists on the non-relativistic quantum mechanical treat-
ment of such potentials. Unfortunately, so far no closed-form analytic solution to the SE for any of
these potentials has been found. Numerical perturbation theory and various approximation schemes
have been used to tackle these situations, see also section 4.5 for the BORN and the eikonal approx-
imation. Further, the plane-wave scattering by a YUKAWA potential has an approximate solution
derived by N.K. Gyland for large screening lengths µ 1 in V µ exp( µr)/r.300, 301 Using this solu-
tion for a mildly exponentially screened wave-function and evaluating the relative amplitude F as in
Eq. (4.53) in the forward direction one would presumably find the reduction of the rel. amplitude F.
Transferred to PT microscopy, this would correspond to the general result that the rel. PT signal de-
creases with increasing modulation frequency12, 98 and thereby decreasing thermal screening length
µ 1 = Rth. However, a detailed analysis of these further details was out of the scope of this thesis.
4.3.2 Focused beam scattering
While in the QM treatment of particle scattering a plane-wave description of the incident particle
wave can be shown to be sufficient,252, 260 a rigorous wave-packet description in the case of photonic
RUTHERFORD scattering is necessary to account for the focused probe beam. In the introductory
treatment of particle RUTHERFORD scattering, section 2.9, it was already shown that the plane-wave
approach does not resemble the classical picture apart from the total far field scattering cross-section.
In optics the strict transition to the classical result is reached by letting the wavelength go to zero,
l! 0,120 while in QM the transition is formally achieved by ~! 0 and considering spatially localized
wave-functions, cf. Ref249 §6. Following Baryshevskii et al.252 and similar works,261, 302 one may
similarly write for a coherent light beam focused at r0 at t = 0
Uwp0 (r,0) =
Z
dk A(k)eik · [r r0]. (4.54)
The plane-wave spectrum A(k) defines the shape of the initial beam. For different momenta k and
thus possibly different interaction parameters n(k) the solution formerly written down for a propa-
gation along the optical axis, k = k êz, Eq. (4.51), can be given in a fixed coordinate frame for an
arbitrary direction of the incident wave-vector k:
UkC (r) = e 
p
2 neik ·rG(1+ in)1F1 ( in;1; i [kr k·r]) . (4.55)









































Figure 4.44: a) Left: Normalized lateral scans of the beams |UwpC (x) |2 through the waist posi-










malized logarithmic plot of axial scans of the beam |UwpC (z) |2. The thin lines indicate a Gaussian fit yielding
wz, while the thick solid lines indicate the LORENTZIAN profile using zR = kw20/2. b) Fit parameter wr as a
function of w
J




. c) Fit parameter wz as a function
of zR fitted by a linear function yielding wz ⇡ 0.081µm+1.357zR.
The scattered total field of an input arbitrary beam as described by Eq. (4.54) can then be written
as the superposition UwpC of the individual plane-wave solutions corresponding to the pw-spectrum
components of the beam:
UwpC (r, t) =
Z
dkA(k)e ik ·r0 UkC (r)e iwkt (4.56)
where wk = ck for light pulses.302 Now, two approaches would yield the classical trajectories. We
may recover the classical optics (i.e. ray) limit by considering k ! • and constant energy DE µ
Dk = 0. Assuming non-constant energy would yield a light-pulse of duration Dt µ 1/DE which
would follow the trajectory r (t).261 Using the stationary limit, one may consider the beam to be
confined in two dimensions and assume that only different incident angles will contribute. Thus, a
constant wavelength l and thereby a constant wave-vector |k| = k̄ = n02p/l will be assumed and
accordingly the static limit of ray optics with a well-defined impact parameter is achieved. Further,
an azimuthally symmetric angle distribution for the wave-vector spectrum will be assumed. More
specifically, it is practical to choose a polar-angle spectrum to be a Gaussian with an angular width
of s
J
and components kx = k sin(J)sin(j), ky = k sin(J)cos(j) and kz = k cos(J),










where the wave-vector has been expressed in spherical coordinates. This results in a focused (non-
normalized) beam which has similara) properties as the TEM00-mode Gaussian beam with a char-




], see Fig. 4.44. While a more accurate description
of a Gaussian beam could be achieved by using a somewhat more complicated plane-wave spec-
trum,303 the present description turns out to be sufficient and well suited for highly focused beams.
The lateral intensity of such a beam follows closely a Gaussian distribution with a beam waist w
r
,
i.e. |Ywp0 (x) |2 µ exp( 2x2/w2r). Fitting reveals the relation wr ⇡ 0.8wJ. The axial intensity pat-
tern is enveloped by a LORENTZian profile with a corresponding RAYLEIGH-range zR = kw2
r
/2, i.e.




. However, the main peak of the axial intensity pattern is better fitted by
a) Recalling the angular spectrum representation for focused optical fields in section 2.4.2, a Gaussian beam was repre-
































paraxial expansion of kz is not used in the beam’s expansion (4.54).
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Figure 4.45: a) Solution |UwpC |2 of a beam propagating along the z-axis scattered from a COULOMB-like
potential. Wavenumber k = 289µm 1, n = 17.1, s
J
= 3 . The white line is the corresponding classical
RUTHERFORD-trajectory r (f). b) Schematic of the plane-wave construction of a focused beam. The arrows
indicate the k-vectors of the wave-vector spectrum representing the beam.
a Gaussian, see Fig. 4.44. Therefore, a beam with a wave-vector spectrum given by Eq. (4.57) ap-
proximates a tightly focused beam well. The solution to the time-dependent SE, Eq. (4.56), with the
specific choice of the initial beam as described by Eq. (4.57), now reads:



















with nk = n and the dot product of the wave-vector with the radius vector in spherical coordinates
being k ·r = k̄ r [cos(q)cos(J)+ sin(q)sin(J)cos(f j)]. This allows to compute electromagnetic
near fields for arbitrary beam positioning relative to the potential center, i.e. for any particle position
in the fixed probing beam configuration.
Wave-packet scattering: Ray optics limit The connection between these wave-mechanical de-
scriptions and the previously studied geometric photonic RUTHERFORD scattering shall now be
demonstrated. This will strengthen the expectance of classical phenomena to occur also in the diffrac-
tion limited realization, which will be treated hereafter. While the shape of the wave-function ampli-
tude already resembles the family of trajectories of a given energy but varying impact parameter, i.e.
Fig. 4.33b), the resemblance is misleading for small perturbations n. This observation is in contrast to
the agreement between the |YC|2 ⇡ 0 region and the geometrical shadow region rs (f) found in typical
particle scattering experiments,247 see section 2.9. In the PT case, for a given constant wavelength
l and thus constant wavenumber, the diffraction pattern is only weakly dependent on the magnitude
of the weak TL, i.e. Dn, specifically q0 µ 1/
p
kr is independent of n, while the family of trajectories
and the shadow region change according to qs µ
p
n/kr. For weak optical plane-wave scattering the
spatial features of the perturbed wave-amplitude do not resemble the trajectories and shadows in the
near field as predicted by geometrical optics.304 While classical dynamics and scattering descriptions
require the notion of paths and trajectories, in the wave-mechanical scattering description no clear
correspondence exists for the case of plane-wave or wide beam scattering.212 In the following, the
correct limit which connects both, the wave and the classical descriptions of photonic RUTHERFORD
scattering, will be formulated.
The angular spreading of a Gaussian beam decreases, i.e. becomes paraxial and resembling a ray, for




. In the particle picture this corresponds to the high-energy
limit. To obtain the ray optics limit one should choose a beam of finite width w
J
and small angular
spread (i.e. paraxial). In order to have a well-defined impact parameter of the resulting stretched
beam, an offset x0 should be chosen in x-direction such that x0   wJ is fulfilled. This translates into
setting k ·r0 = k̄ x0 sin(J)cos(p j). Then, the beam is distorted by the scattering process in such a
way that its probability amplitude |UwpC (r) |2 follows the classical RUTHERFORD scattering trajectory
r (q), Eq. (4.37) with the plane polar angle f now being the polar angle q, the impact parameter
set to the initial beam lateral offset b ! x0 and the TL strength parameter set to x ! k̄/n. This
correspondence is shown in Fig. 4.45 and is the analog to Fig. 4.33b). This is the expected classical
property of the quantum mechanical scattering description as applied to optics.261
































































Figure 4.46: Contours: Various interaction strengths n = {0.0214,0.0855,0.171} (red, green, blue),
i.e. in PDMS: DT = {200K,800K,1600K}, l = 635nm, w
J
= 0.286µm. Beam focused at r0 =
{ 450nm êz, 450nm êz +150nm êx,150nm êx,450nm êz +150nm êx,450nm êz}. Left column: Perturbed
/ deflected wave-packet |UwpC |2 for DT = 1600, n = 0.171. Center column: Relative photothermal signal spa-
tial distribution
⇥




/|Uwp0 |2. DT = 200, n = 0.0214, color-scale from [ 0.125,0.125]. Right
column: Absolute photothermal signal spatial distribution |Uwp0 |2   |U
wp
C |2 for DT = 1600, n = 0.171, color-
scale from [ 0.313,0.313].
Wave packet scattering: Diffraction limit in PT microscopy In photothermal (PT) microscopy
the beam which probes the TL is highly focused and corresponds to the opposite limit of what has
been considered in the previous paragraph. In this limit one may look at the modification of the WP
spreading when the beam is positioned either in front or behind the scattering center. In the above
formalism this readily translates into setting k ·r0 = k̄ z0 cos(J). Fig. 4.46 shows these scenarios and
indicates the collimation for z0 < 0 or a broadening for z0 > 0. This leads to the phenomenology of
the positive or negative enhancement of collected intensity in PT transmission microscopy, in accord
with the previous interpretations and discussions of the thermal lens. The spatial interference ripple
structure in front of the scattering potential seems to indicate a resonant scatterer which produces
a standing wave in the backwards direction as discussed in section 2.6.7. Although the scattering
potential is not strong enough to backscatter the probe beam in typical PT experiments, the theoretical
discussion here was based on an untruncated diverging photonic potential. This could be the origin
and therefore an artifact of the model discussed here. As such, it could be attributed to the scattered
part in the decomposed representation of the COULOMB wave function YC (r) = YincC (r)+YscaC (r),
although the physical significance and meaning of each term is debated in this case.256, 257 However, a
comparison to the numerical fully vectorial near field EM calculation shown in Fig. 4.47 reveals that
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even a truncated photonic potential shows the characteristic ripple structure in the spatial difference
between perturbed and the unperturbed probe beam. Therefore, the structure is a consequence of
the accumulated phase-advance as the probing beam approaches the photonic potential center, and
as such must also be spatially periodic in the wavelength l. It is not due to the central NP, which in
addition yields a similar backwards standing-wave structure of smaller magnitude.
It should be noted, that in PT single particle microscopy the region of interest naturally corresponds
to the interference zone of plane-wave quantum mechanical COULOMB scattering. Without lateral
confinement, the interference zone exhibited a vanishing angular extent qi =
p
p
kr and is thus being
typically unaccessible and discarded in scattering analysis. In PT microscopy, however, it is widened
up to the extend of the angular spread of the plane-wave contributions which make up the incident
beam, i.e. the angular spread of the probing laser-beam qdiv = 2/ [kw0]. It is then this interference zone
which corresponds to the typical detected angular domain in PT microscopy and thereby determines
the PT signal. In quantum mechanical COULOMB scattering the sign of the interaction determines
the differential cross-section only, if the interference is considered correctly, see [252, loc. Fig. 2].
Here, too, and in accord with the results of previous sections, in PT microscopy the sign of Dn matters
and in fact changes the sign of the measured signal. It is thus instructive to look at the interference
zone in some more detail in the analytical case of plane-wave scattering. Although the previous
model was scalar in nature it can be expected to catch the main physics of the interaction. As a
further demonstration that this is indeed true, a finite elements calculation using COMSOL was used,
see Fig. 4.47. Although the spatial extent of the computational domain was rather limited due to
hardware constraints, the near field picture of the rel. difference between a computation without and
a computation with the TL agrees well with the near fields displayed in Fig. 4.46. Also, the near




















Figure 4.47: FEM near field computation using COMSOL. A R = 30nm AuNP with a TL illuminated by a
l = 532nm Gaussian beam of waist w0 = 281nm. A perfectly matching boundary layer has been introduced
at r = 750nm. The beam is offset according to zp = 300nm, DT = 200K, dn/dT =  3.6 ⇥ 10 4, n0 =
1.46, e(r) = n20 + 2n0 [dn/dT ]DT R/r. The diffraction model would predict, using Eq. (4.66) and the above
parameters, an on-axis far field rel. PT signal of F =  0.021. This is indeed what the forward near field
oscillates about in this vectorial computation, similar to the scalar RUTHERFORD near field results.
4.3.3 Connection to the far field
The numerical computations shown so far have evaluated the perturbed probe beam field and the
resulting rel. PT signal in the near field, i.e. only some multiples of wavelengths away from the pho-



































































Figure 4.48: Far field rel. PT signal in photonic (wave-mechanical) RUTHERFORD scattering in PDMS. a)
On-axis rel. PT signal
⇥




/|Uwp0 |2 vs. the beam offset z0 in r0 = z0êz (horizontal image axis)
at a distance rsc = 6µm+Dr (vertical axis). b) Cumulative averaging of a). c) Evolution of the cumulative
average at z0 = { 400nm,400nm} (dashed lines in c)). d) Axial scan of the rel. PT signal (filled thick black
line) taken from c) with zp =  z0. Also shown are the results from the diffraction model (solid black), the
simplified on-axis expression (4.66) and the GLMT model (dashed red) for w0 = 281nm. The red dashed solid
thin line shows the result for the GLMT calculation with w0 = 250nm. e) Angular spectrum of the PT signal
for zp = 400nm normalized to the forward direction incidence intensity. Parameters: n0 = 1.46, DT = 200K
at zp = 0 in d) and at zp = 400nm in e). l = 635nm, lh = 532nm, w0,h = 233nm.
tonic potential center. The previous section has also provided analytical expressions for the near field
rel. PT signal on-axis for plane-wave illumination and has already hinted at the fact, that an analytical
continuation to focused beams will be found in the solution to the paraxial HELMHOLTZ equation in
section 4.4. In an experiment, however, the perturbation induced change in the far field intensity is
detected. While in the QM treatment of COULOMB scattering many approximation schemes have
proven helpful outside the narrow interference zone in particle scattering, it is exactly this interfer-
ence zone which is important now. The functional form encountered in the exact solution hardly
admits any analytical progress in this regime to the far field, although future studies may be more
successful. Fortunately, the behavior of the near field PT signal is such that it quickly approaches the
far field values. Therefore, even without having found sophisticated analytical far field expressions
for the deflected probe beam, the near field may be conveniently used to quantify measurable far
field intensities. This is shown in Fig. 4.48 in a comparison of the present framework’s results for
the rel. PT on-axis signal evaluated at a distance of the order of 10l away from the potential center
and the other models predictions. The agreement is reasonable. Thus, as claimed, and similar to
the evolution of the on-axis wave-function amplitude for the perturbed plane-wave |YkêzC (z) |2, the
wave-packet solution quickly assumes its final relative far field perturbation value, i.e. the rel. PT
signal Eq. (4.66), not far from the perturbation center. Even the angular spectrum can be recovered
from the near field results as seen in Fig. 4.48e). The remaining differences are likely due to the
different probing beam considered in this section. Although the spectrum representation A(J), Eq.
(4.57), defines a focused beam having similar properties to those of a Gaussian beam, a Gaussian
beam is not strictly obtained. Having quantitatively reproduced the rel. PT signal in the photonic
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RUTHERFORD framework on-axis, and since the angular spectrum necessarily reproduced the results
of the other models, an extension to finite numerical aperture (NAd 6= 0) detection is straightforward.
A quantification of more general PT detection schemes is thus also possible.
An intuitive understanding of the importance of the numerical aperture of the detection microscope
objective can be gained by looking at the first and second row of Fig. 4.46. Here, the spatial distri-
bution of the rel. PT signal for an on-axis probing with r0 =  450nm êz and for an off-axis probing
with an additional lateral offset +150nm êx are shown in the center column. Clearly, a lateral offset
of the probing beam, or equivalently of the TL relative to the fixed probing beam, results in a for-
ward propagated spatial redistribution of the probe-beam which corresponds to a lateral deflection.
If the beam is offset such that its diffraction limited spatial extent is smaller than the beam offset
along êx, one finally approaches the regime at which such a deflection only and no lensing / beam
divergence modification characterizes the probe beam perturbation. The standard forward detection
scheme, however, is not sensitive towards such deflections as it collects the entire azimuthal range of
2p of the angular detection domain. Only in the transition between these two limiting cases, and as
long as the energy redistribution effectively removes the probe beam energy to the periphery of the
forward angular detection domain, a signal F will be detectable. As seen in the exemplary case for
r0 = 450nm êz+150nm êx (second row), this may be achieved for smaller detection apertures NAd
while it may not be achieved by a larger detection aperture. This explains both the reduction of the
lateral PT signal width as well as the decreasing rel. PT signal magnitude with increasing detection
aperture. If the symmetry in the azimuthal detection rage is lifted, evidence of the deflection may
be expected in PT signal scans. The following section describes a deflection measurement scheme
which in principle can be quantified as well using the above ideas.
4.3.4 Photothermal Rutherford scattering microscopy
Already in the literature overview of PT techniques in section 2.1, it was noted that a microscopic
variant of photothermal deflection or mirage spectroscopy was missing. Similar to the position sens-
ing technique of Rohrbach and Stelzer,32 a quadrant photodiode recording a PT signal may deliver
information on the relative position of the TL to the focus of the probing beam by characteristic inter-
ferences. To detect the DEFLECTION of the probe beam, one can now measure the change (D) induced
by the heating laser in the difference (d) signals of a quadrant photo-diode (QPD) which detects the
transmitted powers Pd ,
F
i
RF = D(diPd) = diPd (hot) diPd (cold) . (4.59)
Herein, the difference di may be either between the left and right or the top and bottom quadrants,
i = {x,y}, respectively. The experimental results for these generalized PT signals are summarized in
Fig. 4.49. While the sum channel of the QPD indeed delivers the usual lensing signal F as expected,
as seen in Fig. 4.49a,d), the scans of the PT signal using the difference channels show a character-
istic splitting in the lateral dimension. If the TL is probed on either side by the focused probe-laser,
a RUTHERFORD-like deflection leads to a signed change in the corresponding difference channel.
Therefore, the zy-scan of the signal FyRF is split and changes its sign at the position of the NP, see part
Fig. 4.49e). In a lateral xy-scan, these PT deflection signals show a two-lobed splitting along either the
x- or the y-direction similar to the axial splitting documented in the preceding sections along the axial
dimension. Figure 4.50 illustrates the generalized PT focal detection volumes hereby demonstrated
to be achievable. Each octant, labeled with orange numbers in the figure, corresponds to a certain
relative position of the NP relative to the fixed probe-beam focused. Recording all three generalized
PT signals, each octant is characterized by a unique combination of the signs of these signals. For











fore, the relative position of a NP may be inferred from the signature of these signals provided they
are recorded simultaneously. Similar to the empirical fit-function Eq. (4.28) introduced for the high-
focusing PT detection volume F(r) for lensing, the following empirical fit-functions describe these


































































Figure 4.49: Generalized PT signal scans in optical RUTHERFORD scattering microscopy for a R = 30nm
AuNP in PDMS. a,b,c) Experimental xy-scans of the photothermal sum F and the photothermal RUTHERFORD
scattering microscopy detection volumes FxRF and F
y
RF. The rotation by 90
  as induced by the mirror in
the detection channel was accounted for in the notation. The fit parameters are wy = 207nm, Dy =  40nm,
wx = 225nm, Dx = 28nm. d,e): zx- and zy-scans of F and FyRF. The focus is only split in one lateral direction
(here: zy). In the perpendicular lateral direction (zx) it is the product of a lateral and axial Gaussian, see Eq.
(4.60). Fit parameters as above and wz = 1.54µm, Dz = 150nm. Additional aberration features on the left of
z ⇡ 8µm due to the use of a high-NA illumination objective are visible as well.
novel RUTHERFORD scattering microscopy focal detection geometries:
F
(i)
(RF) (r) = F
(i)











In this generalized expression, F(i)0 is an amplitude (with units of inverse length), i = x for the
quadrant-diode x-difference signal which is denoted by FxRF, i = y for the y-difference signal F
y
RF
and i = z for the conventional sum signal F. The fit-parameters {Dx,Dy,Dz} take into account the
actual heating to probe beam offset in the corresponding spatial directions. These parameters are
the 3D generalization of the axial asymmetry parameter z0 in Eq. (4.28). Fits of the experimental
scans according to Eq. (4.60) are shown as contours in Fig. 4.49. The focal detection volume is again
limited in its amplitude-dependence on the modulation frequency Wh by the thermal diffusivity in the
host medium,12, 98 as seen in Fig. 4.51a). The heating laser modulation frequency dependence was
measured for the peak signal FxRF,max (W) and shows a simple decay
12, 98 which can be fitted empir-
ically with an error function. Also in complete analogy to the sum signal F, the power dependence
of any lobe of the signal |FxRF,max,min|(Ph) shows a linear dependence on the heating power Ph over
the studied range of powers, see Fig. 4.51b). While in general a deflection signal should show a non-
linearity, the induced deflections are so small that effectively only a linear dependence can be seen.





Figure 4.50: Schematic of achievable detection volumes in photonic RUTHERFORD scattering microscopy.
Shown are the detection volumes for a detection using the difference channels of a QPD in x and y, FxRF (r)
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Figure 4.51: Power and frequency dependence of the generalized PT signal in optical RUTHERFORD scat-
tering microscopy for a R = 30nm AuNP in PDMS. a) Experimental frequency dependence (markers) and an
empirical fit by [1  erf(W/655kHz)] (red dashed line). b) Linear power dependence of the two lobes of FxRF
in an asymmetric configuration fitted by 109Ph [µW] (red dashd-dotted) and 22Ph [µW] (red dashd).
4.3.5 Photothermal half-aperture measurements
From the previous discussion the results of PT signal scans for half-apertures can be understood. The
qualitative structure of such signal scans will now be discussed exploiting the language of deflec-
tions and lensing established before. In this generalized detection aperture experiment the angular
domain of detection was not azimuthally symmetric. A half-aperture was introduced in the detection
channel in addition to a variable polar angle variable aperture determined by [qmin,qmax]. As seen
in Fig. 4.52a,b,c), the effective detection volume shows the result of two effects. In the language of
PT spectroscopy on macroscopic samples, such a measurement is thus seen to correspond to pho-
tothermal refraction spectroscopy, see section 2.1. Depending on whether the polar angle aperture is
inverted or not, a tilt in the overall PT signal is observed in the yz-scans. The observed phenomenol-
ogy thus suggests an approximate additive behavior of the two constituents of such a PT signal, i.e.




HA = [A [y0 +Dy  yp]+B [z0 +Dz  zp]]exp
 
















































Figure 4.52: a) xz-scan of the rel. PT signal F(zp,xp) obtained for a numerical aperture NAd = 0.8. b)
F(zp,xp) obtained for a numerical aperture NAd = 0.25. c) F(zp,xp) obtained for a numerical aperture NAd =
0.8 with a central beam stop corresponding to NAd = 0.25. d,e,f Corresponding signal scans measured with
an introduced half-aperture. g,h,i Fits of the signal scans measured with an introduced half-aperture with Eq.
4.61. Fit parameters: g) A = 0.818µm 1, B = 3.33µm 1, Dx = Dy = 0, wz = 1.17µm, wy = 0.240µm. h) A =
0.230µm 1, B = 0.17µm 1, Dx = Dy = 0, wz = 1.49µm, wy = 0.258µm. i) A = 0.276µm 1, B = 0.67µm 1,
Dx = Dy = 0, wz = 1.50µm, wy = 0.269µm.
In terms of setup-alignment and calibration this in turn means that any imperfect alignment of the
detection-objective for instance will in general result in a deformation of the PT detection volume as
shown in Fig. 4.52g), although naturally to a lesser degree. The same holds true for any other mis-
alignment in the optical system which has the effect of an azimuthally asymmetric angular detection
domain A in Eq. (4.2) for the detected power Pd . Hence, the detection via a quadrant photodiode
is better suited as it is insensitive to the lensing effect and only sensitive to the RUTHERFORD-like
deflection.
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Figure 4.53: Cartoon representation of PT signal evaluation in the diffraction framework.
SO far, no analytical expression for the angular dependence of the PT signal was found. While theelectromagnetic GLMT framework is capable of attaining the angular spectrum F(q) of the PT
signal, the computation is laborious and requires the iterative determination of the multilayer scatter
coefficients aL+1n and bL+1n and the evaluation of complicated series expressions. The following model
will provide an analytic description of the angular spectrum of the PT signal and thereby also provide
a prescription for its evaluation with a finite numerical aperture. Even simpler will be the expression
derived for the rel. PT signal detected for zero numerical detection aperture for a particle located on
the optical axis. The results will also naturally extend the wave-mechanical RUTHERFORD model of
the PT signal as presented in section 4.3 to the far field. This is a useful feature of the diffraction
framework, since an evaluation of the photonic RUTHERFORD scattering expressions in this domain
often turned out to be difficult. The description amounts to taking the TL as a purely phase modifying
scatterer. However, in contrast to the model of Hwang and Moerner,34 an extended instead of a point-
like scatterer is considered and the energy redistribution due to the action of the TL will be analyzed
explicitly. Similar diffraction approaches exist for macroscopic PT spectroscopy,83 which are based
on parabolic refractive index perturbations characteristic for a bulk absorption of a beam.
4.4.1 The diffraction integral and the phase mask for a thermal lens
The following discussion will be based on the FRESNEL-KIRCHHOFF diffraction formalism intro-
duced in section 2.5. For a circular aperture geometry it amounts to evaluating the diffraction integral
Eq. (2.49). The general idea of the PT signal evaluation in this approach is represented in a cartoon
style in Fig. 4.53. Similar to the diffraction by a circular aperture which lead to the RAYLEIGH res-
olution criterion for microscopes, a bare spherical particle represents an inverse circular aperture of
diameter D = 2R. A heated NP with its thermal lens surrounding it will likewise represents an in-
verse circular aperture supplemented by an additional variable phase transmission function as a part
of the aperture function A (r), where r2 = x02 + y02 is the square of the aperture plane radial coordi-
nate. This accounts for the phase advance Dc collecteda) and assigns it to the action of the aperture
plane via a phase transmission function TTL (r) = exp(iDc(r)), see Fig. 4.54a). The FRESNEL-grade
approximation now connects the complex field-amplitude of the probe beam Ua (r) in the aperture


























a) In the corresponding publication Ref.,68 a different time-dependence was chosen whereby the signs during the com-
putation are reversed at the appropriate places.
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Although a more general treatment may be easily written down, in this section only an axially sym-





Figure 4.54: a) Geometry for the computation of the phase advance ic(r), Eq. (4.63). b) Geometry for the
diffraction integral, Eq. (4.62). The shading in the image-plane corresponds to the rel. PT signal, Eq. (4.67),
and shows the configuration for a negative detected rel. PT signal F, Eq. (4.64).
metric scenario will be considered. This corresponds to the case of a heated nanoparticle positioned
on the optical axis, as depicted in Fig. 4.54a). The phase advance Dc(r) which modifies the diffrac-
tion integral for an inverse circular aperture can be written down analytically for a single ray which
passes at a distance r from the optical axis the lens which is immersed in a sample slab of thickness L.
To do so, an approximation which amounts to a straight ray calculation will be utilized. This ansatz

















! const.+2n ln(r) . (4.63)
In accord with section 4.3, the interaction strength parameter n =  kRDn/n0 =  k0RDn was used.






and L   r were
used after the analytic integration. Although the integration in the distance r extends to infinity, the




, eq. (2.33), ensures the validity
of the former mentioned inequality. It also means that the size of the TL necessary to be considered
is determined by the waist of the Gaussian beam at the position of the lens, i.e. L   w. This is
equivalent to the finding within the GLMT, that the signal saturated after a certain radius rL   w0 of
the discretized GRIN version of the TL was considered, see Fig. 4.13c). The effective transmission
function TTL (r) of the TL hereby defined may be compared to that of a lens of constant refractive
index nL = n0 +DnL, cf. section 2.5.3 and Table 4.1. The TL is then seen to corresponds to a lens




, i.e. typically a concave
lens with a logarithmic profile when the equivalent lens material is chosen to have a positive optical
contrast DnL > 0. The same may be obtained from a ray-tracing argument in geometrical optics, see
appendix 7.6.5.

















Table 4.1: Transmission functions for the thermal lens and for lenses of constant index of refraction.
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4.4.2 The photothermal signal expressed via the image plane field
The field amplitude in the aperture plane will be taken to be the complex scalar field of the
probing Gaussian beam having a focus displaced by zp from the center of the heated particle,
Ua (r) = UG (r,zp) apart from the factor eikz, see section 2.4.3. According to the general defini-
tion of the rel. PT signal the change in the intensity I µ |U |2 within the image-plane relative to the
constant background intensity of the unperturbed field now defines F:
F(r,z) =
|U (r,z)|2
Dn(DT (zp))  |U (r,z)|
2
Dn=0
|U (r = 0,z)|2
Dn=0
. (4.64)
Through direct computation of the integrals and their numerical evaluation it can be shown that for
small particles R < 100nm the relative signal is not affected much by the geometrical diffraction of
the inverse aperture disc of diameter D = 2R. The diffraction-integral may be extended to R = 0
without an appreciable change in the result, thus simplifying matters considerably. In effect, this
suggests that the effect of the TL on a probing beam is the same, irrespective of whether the diverging
domain around the origin is included. Therefore, the treatment of the untruncated COULOMB-like
photonic potential in section 4.3 leads to a quantitatively and qualitatively satisfactory model of the
real situation in PT microscopy. This is a reasonable observation since the diffraction limited probe
beam is large as compared to the spatial extent of the unphysical divergent part of the photonic
potential that was considered in addition to the actual photonic potential. Also, the omission of
the inverse aperture of the NP is desired since the TL and the accumulated phase shift of the beam
generates the PT signal and the diffraction by the particle aperture is the same for the heated and the
non-heated particle. The following analytic expression on the optical axis (r = 0), corresponding to
the intensity-change detected in a closed aperture scenario is then obtained for the TL only:
F(zp) = exp(2narg(V)) |G(1+ in)|2  1, (4.65)
with the abbreviation V(z,zp) = 1/w2 (zp)  ik/ [2z]  ik/ [2RC(zp)] and G(z) being the complex val-
ued gamma function. The dependence on the image-plane distance z may be dropped in the far field
region by omitting the second summand of V. To obtain an even more compact expression for the
on-axis signal, the notation of section 4.3 will be used. Further, usually only the far field signal is of
concern. The FRAUNHOFER diffraction limit may then be examined by discarding the z-dependent
curvature term in V, see section 2.5.3. Since the absolute value of the number n ⌧ 1 is small, one may
expand the Gamma function, G(1+ in) ⇡ 1  igEn+O
 
n
2 , where gE is EULER’s gamma constant.
Thus, to first order in n one readily finds






which is again linear in the interaction strength encoding parameter n µ Dn/n0a) . This parallels the
earlier findings and is a direct consequence of the degree of lensing depending on the optical contrast
only. This is contrast to the existing literature expression F µ n0Dn.96, 98 A different figure of merit of
a photothermal medium is hereby suggested which is [dn/dT ]n 10 k
 1. An experimental verification
as in Ref.96 is difficult however, since the aberrations sensitively depend on the refractive index n0
and would need to be considered in detail. Note that arctan() is in fact not resulting from the beam’s
GOUY-phase. While this phase shift due to the probe beam’s field-confinement131, 132 is naturally
also present in the current formalism, as indicated by the factor ( i) in the diffraction integral (4.62),
see also Ref.,34 it is independent of whether the field is diffracted additionally by the TL or not. It will
therefore cancel in Eq. (4.64) identically. The resulting dispersion-like signal zp-scan as seen in Fig.
a) The same was found using the focal length expression (4.40), f (b) =  b2k2n , when the rel. PT signal was expressed as
F = 2zp/ f = 4zp nb2effk . Comparing this to Eq. (4.66) suggests instead of b
2
eff = w
2(zp)/2 a choice of b2eff = w
2(zp).


































Figure 4.55: a) Diffraction model prediction of an axial scan of the rel. PT signal F(zp) for zero detection
aperture NAd = 0 and Dz f = 0. The maximum and minimum PT signal are attained at zp (max,min)⇡⌥0.7zR.
b) Angular spectrum of the PT signal normalized to the forward direction, F(q)/F(0 ) for offsets zp =
{ 0.1zR, zR, 2zR, 3zR}. Parameters: R = 10nm, DT0 = 100K, n0 = 1.46, dn/dT =  3.6⇥ 10 4, l =
635nm, w0 = 281nm, lh = 532nm, w0,h = 233nm, defining a beam divergence angle qdiv = arctan(w0/zR)⇡
26  determining the approximate angular extent of the feature.
4.55a) obtained with this expressiona) is consistent with the previous theoretical and experimental
findings of section 4.1.8. Explicitly, in this model the maximum signal is obtained when the heated
particle is offset by about zp = 0.7zR, which is in this case also determined by the confined heating due
to the heating laser which is embodied in the axial dependence of Dn(zp). For the off-axis signal in
the image-plane the radial coordinate r in the image-plane was transformed to an angular coordinate
via tan(q) = r/z. The expression for the signal (Eq. (4.64)) detected under an angle q for r 6= 0 then































1F1 denotes the confluent hypergeometric function of the first kindb) . While somewhat more com-
plicated than the corresponding ABCD model expression (4.48) of a difference of two Gaussians, it
describes the experiments better and incorporates the complex thermal lens n(r) more rigorously, cf.
Fig. 4.40. For small detection angles q ! 0 the expression reduces to the on-axis expression Eq. 4.65
since tan(q)! 0 and 1F1 (c,1,0) = 1 for any number c. For a probing beam positioned behind the
lens (zp < 0), the angular pattern described by this equation shows a peak towards the center and an
annular dip at larger angles, see Fig. 4.55b). For the case of a probing beam being positioned in front
of the lens (zp > 0), the angular pattern simply changes its sign, relative to the previous scenario.
Overall, the energy of the beam is only redistributed by the action of the lens, i.e. an integration of
F(q,zp)sin(q) from 0 to p/2 gives zeroc) . This corresponds to a GOA picture where bundles of
rays would be refracted to form a changed intensity pattern behind the lens.305 The described angular
spectrum of the PT signal as described by Eq. (4.67) also corresponds to earlier findings in the GLMT
formalism (see Fig. 4.20d,f)) and to the notion of a broadened Gaussian beam, whereby the angular
spectrum would be the difference of two Gaussians, as put forward in the ABCD model in section
4.2.2. From the analytical result in Eq. (4.67) one can now compute the total detected photothermal
signal for a finite angular detection domain [qmin,qmax], determined by the numerical aperture (NAd)
a) It may also have been anticipated from the close similarity of the situation presented here and the thermal lens model
used in thin sample slab geometries.83, 84, 306 In these cases, the parabolic refractive index profile approximation for exam-
ple yields an optimal probing beam offset relative to the sample of one confocal distance, zp = zR.
b)
1F1 may be related to the complex-order LAGUERRE polynomial via 1F1 ( ai,1,b) = Lia (b) for a 2 Reals
c) While this fact could not be shown analytically, both energy conservation and numerical evaluations validate this
statement.
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Figure 4.56: Aperture influence and comparison of the diffraction (black) and Gaussian GLMT model (red).
Parameters used for calculations are detailed in the caption of Fig. 4.55. a) On-axis z-scan NAd = 0 of the rel.
PT signal. The superimposed grey dashed curve is the approximation Eq. (4.66) of the diffraction model. b)
On-axis F(zp)-scan for NAd = 0.75 (solid and dashed) and NAd = 0.3 (dashed solid and double-dashed solid).
c) On-axis F(zp)-scan with central beam stop (inverse aperture), i.e. NAd = [0.5,0.75]. The semi-transparent
curves corresponds to no central beam-stop, NAd = 0.75 from b).
of the collecting microscope objective and possible beam stops used. ABBE’s sine condition may
then be used to relate beam stop radii and back focal plane apertures of some radius r to the angular
domain of detection via r (q)/rmax = sin(q)nm/NAd . In this case the detected rel. PT signal is not
the modulation of the intensity detected on-axis or under a certain angle q, but rather one needs to
integrate the angular spectrum given in Eq. (4.67) over the angular detection domain:








wherein the numerical aperture dependent factor FA compensates for taking the constant background
|U (r = 0,z)|2
Dn=0 in the integrand for the normalization leading to Eq. (4.67) instead of the true Gaus-














which again, as in section 4.2.2, depends on the beam’s angle of divergence qdiv = 2/ [kw0] through
the reduced quantity Jr (q) = 2tan2 (q)/q2div. Similar to the derivation there, a change of integration
variables has been done from r to the angle q and the power P contained within a radius r at a distance
z   zR was used. Further, the expressions P0 = pI0w20/2 and I (z) = I0w20/w2 (z) were used for the
fraction of the power collected in the spherical cap area Asphc as obtained by taking a constant on-axis
intensity, Pd,I0 = AsphcI (z), and by using the correct varying intensity as determined by the Gaussian
beam. A factor F which relates the finite angular collection domain signal to the on-axis signal may
be obtained via F (qmin,qmax) = FAF(qmin,qmax,zp)/F(zp).
Now, an axial zp-scan as described by Eq. (4.68) shows a change in sign and a dispersion-like signal
if Dn is changed according to the axial shifting of the absorbing particle with respect to the local
heating laser, and agrees quantitatively reasonably well with the previous models. A direct scaling-
free comparison of the on-axis diffraction formula Eq. (4.65) and the Gaussian GLMT prediction is
shown in Fig. 4.56a). The best agreement is found in the low-focusing regime (w0   l). In the strong
focusing case, the GLMT using the Davis beam deviates from the Gaussian beam description used
here, while within the diffraction treatment the straight ray phase advance approximation, Eq. (4.63),
becomes less accurate. Further zp-scan examples in Fig. 4.56b,c) with finite numerical collection
apertures and using Eq. (4.68) with NAd = 0.3 and NAd = 0.75 extend the agreement to typical
experimental parameters.
The predictions of both models for finite laser beam offsets Dz f are displayed in Fig. 4.57. The
final expression Eq. (4.68) correctly predicts the dependence of the axial PT signal shape and its
dependence on the axial displacement of the heating and the detection beam focus Dz f . In Fig. 4.57,
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Figure 4.57: a) On-axis scans of the rel. PT signal F(zp) for the detection numerical aperture NAd = 0.75 for
Dz f =  2zR,d , . . . ,2zR,d (blue to red). Shown are the diffraction model results (scaled by 1.6, thick solid) and
the Gaussian GLMT model (thin dashed). b) Peak amplitudes of the PT signal versus axial beam displacement
Dz f . The unscaled prediction of the diffraction model are thin dashed-solid lines. c) Normalized axial position
of the peaks, zp (max,min)/zR,d .
the results for F(zp) are shown as solid lines for varying Dz f . For comparison, the GLMT results are
shown by the thin dashed lines. The numerical aperture of the detection lens for these calculations
is NAd = 0.75, resulting in a maximum collection angle of qmax = 30 . The focal displacement
Dz f that is included in n(zp) has been varied from  2zR,d to 2zR,d . The effect in the PT signal can
be seen in Fig. 4.57a). The results match very well with the curves predicted by GLMT and were
discussed before. Also, the dependence of the maximum and the minimum signal amplitude on the
focal displacement Dz f shows a reasonable agreement, see Fig. 4.57b). The influence of Dz f on
the maxima and minima position is depicted in Fig. 4.57c). The axial distance between maximum
and minimum is the shortest for Dz f = 0. In this region the predictions of both theories are nearly
identical. Only for a large focal displacement Dz f > 1.5zR,d a significant deviation is observable.
A direct consequence of the given angular pattern of the PT signal, which has now been reduced
to a simple analytical form, is the possibility of an inversion of the photothermal signal. By using
an annular aperture, only the annular region described by Eq. (4.67) may be collected, and the total
collected signal as described by Eq. (4.68) will be of opposite sign as compared to the use of a usual
circular aperture (Objective’s numerical aperture NAd).
4.4.3 Experimental demonstration of the signal inversion
The angular pattern in Fig. 4.55b) of the PT signal has two consequences: Firstly, the rel. PT signal
is maximal if the detection is on-axis or in a small angular detection domain around the forward
direction, see Fig. 4.57b) and 4.57c). Secondly, the relative as well as the absolute PT signal (along
with its signal-to-noise ratio) will decrease if the angular collection domain extends across the zero-
crossing of the angular pattern. A signal inversion for the collection of an annular region of detection
angles is also readily expected from the found pattern. An experiment demonstrating the signal
inversion via this method is shown in Fig. 4.58 for [qmin,qmax] = [21 ,31 ]. The identical sample used
before was remeasured, i.e. a R = 30nm AuNP embedded in PDMS, only modifying the detection
channel accordingly.
The measurement presented in Fig. 4.58 confirms the signal inversion readily expected from the
angular spectrum of the PT signal and naturally also matches the calculations using the generalized
LORENZ-MIE theory supplemented by the exact beam shape coefficients.
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4.4.4 Connection to photothermal RUTHERFORD scattering
The exact agreement found in the forward direction between FRESNEL/FRAUNHOFER diffraction and
both the exact solution to the inhomogeneous HELMHOLTZ equation and the GLMT results may have
been expected. In general, a formal correspondence between FRESNEL diffraction and the paraxial
HELMHOLTZ equation exists, see section 2.4.3. Therefore an equivalence between the solution to the
full HELMHOLTZ and the far field FRESNEL diffraction results should naturally agree in the paraxial
forward direction. This fortunate correspondence helps to strengthen the wave-mechanical RUTHER-
FORD scattering picture of focused beams to the point where it becomes quantitative in the far field
where measurements are performed by using the analytical results of this section. Reconsidering the
image plane amplitude for the case of unit incidence field amplitude, U0 = 1, while retaining the
z-dependence, one finds:
























exp(ikz) G(1+ in) 1F1
⇣
 in; 1; i kx22z
⌘
. (4.71)
Eq. (4.70) is the general intermediate result which lead, considering the limit z ⌧ kw2, to the ex-
pression for the rel. PT signal and its angular spectrum as found before. Eq. (4.71) is the simpli-
fication obtained for a plane-wave illumination where V =   ik2z and the relations 1F1 (a;b; x) =
e x1F1 (b a;b;x) and log( i) =  ip/2 were used. Indeed, Eq. (4.71) resembles the exact so-
lution Eq. (4.55) found earlier. Considering the argument of the confluent hypergeometric func-
tion in the forward direction, one may approximate its argument using the coordinate relation
x2 = r2 z2 ⇡ 2z [r  z]. One may then set i kx22z ⇡ ik [r  z] such that an even closer agreement emerges
up to the first logarithmic phase-factor. This correspondence in the near field was also already dis-
cussed in part in section 4.3.3.
Accordingly, also the here found expression for the on-axis rel. PT signal for Gaussian probing F(zp),
Eq. (4.66), generalizes the plane-wave interference signal Eq. (4.53) obtained earlier which resulted
from treating the plane-wave scattering by the TL using the HELMHOLTZ equation. Considering
Gaussian probing for large offsets, F(zp   zR), the plane-wave result is recovered since the wave-
front’s radius of curvature approaches zero as RC ⇡ z2R/z. Also, directly considering plane-wave
probing by setting V =  ik2z , the Eq. (4.66) reduces to F ⇡ pn correctly.






















Figure 4.58: a) On-axis scans of the PT signal F(zp) for the detection numerical aperture NAd = 0.75 cor-
responding to qmax = 31  with (dashed lines) and without (solid lines) a central beam stop. The scans have
been normalized to allow a good comparison of their shape. The black curves represent the experimental data
with a central beam stop corresponding to qmin = 27  and without the beam stop, while the red curves show
the results of the GLMT theory using the exact BSCs with qmin = 25  and qmin = 0 .
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4.5 Plane-wave extinction & scattering by a thermal lens
IT is the aim of this section to characterize the plane-wave scattering characteristics of a thermallens. To this end, the integrated quantity of the total extinction cross-sections will be inspected.
As the ideal TL does not absorb light, the total scattering cross-section is hereby also characterized
and equals the extinction cross-section, ssca = sext. The divergence of these cross-sections, already
encountered in section 4.1.7 Fig. 4.13a,b) for both the total and the fractional cross-sections, will here
find its quantification and further strengthen the point that it is of pivotal importance to considering
focused beam scattering instead of plane-wave interaction in PT microscopy. Instead of considering
the infinite TL directly, a TL cut-off at a finite radius bmax will be assumed, thereby defining its
size-parameter x = kbmax, see Fig. 4.61a). In the limit of x ! •, this section will thereby allow
the extrapolation of the plane-wave scattering characteristics to the case of an infinite TL. It will be
shown, that the simple approaches pursued here, i.e. the eikonal approximation for x   1 and the
BORN approximation for x ⌧ 1, will yield results that are consistent with the existing literature on
COULOMB scattering when transferred to its optical analogon. The appearing divergencies in the
strict forward interference region and the otherwise obtained square dependence on the perturbation
will further illustrate the difficulties arising from the long-distance character of the TL.
4.5.1 The BORN approximation for the ideal and time-dependent thermal lens
The BORN approximation (BA) is expected to give accurate results in light-scattering for any value
of x, provided that the accumulated phase over the extent of the particle is small.307 This ensures that
the total field inside the volume of the scatterer is well approximated by the incident field. For the
TL, this may be translated to the requirement of |2n ln(b/2L) |⌧ 1 (cf. Eq. 4.63), which is evidently
only true when a finite, L < •, and weak TL, n ⌧ 1, is considered. Further, it formally requires
L < b, i.e apparently necessitating the neglect of the diverging part of the potential for b ⇡ 0. While
therefore not evident, same as in QM, the BA performs well for a finite 1/r-potential and thus also
for a weak and finite TL. The solution in the first-order BA is given as the superposition of the
incident wave and a spherical scattered wave of angularly dependent amplitude, U (r) = U i (r) +
eikrr 1 f BA (q), see section 2.6.1. Considering a sharply cut-off COULOMB potential in the first-
order BORN approximation, Eq. (2.55), the scattering amplitude f (q) may be retrieved from the
3D FOURIER transform of the cut-off scattering potential F (r) =  kn/ [2pr]. Then, also the total
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  ! QBAsca ⇡
⇢
4x2n2 x ⌧ 1
8ln(2)n2 x   1 ,
(4.72)
see the red line and the dashed asymptotic expressions in in Fig. 4.59a). For small particles with
x ⌧ 1, a factor of 2/3 is needed to correct the above expression to the situation of incident linear
polarization. This factor was inferred from the observation that the RAYLEIGH result for the scat-
tering efficiency of a homogeneous particle, see Fig. 4.61d), QRsca, Eq. (2.84), was obtained from
the scalar BORN approximation apart from the aforementioned factora) . As the GLMT is vec-
torial in nature, only a single component should be compared to the scalar BA. As seen in Fig.
4.62b), the scattering function of LORENZ-MIE theory in the direction of the incidence polarization
fulfills the relation |S1 (q) |2 = k2| f BA (q) |2. No polarization correction is needed for large parti-
cles since their scattering is independent of polarization, as may also be seen from the highly az-
a) For small particles with x ⌧ 1, RAYLEIGH scattering and the LORENZ-MIE theory (or the GLMT) yield a total scat-
tering cross-section QRAsca =
8
3 x
4|1 M2|2/|2+M2|2 ! 827 x
4|1 M2|2 for low-contrast scatterers M ⇡ 1. From the BA one
finds instead QBAsca ! 49 x
4|M2  1|2 for x ⌧ 1. Therefore, the scalar BA, in the scalar form used here, needs to be corrected
by a factor 2/3 to be in accord with the GLMT theory for small x ⌧ 1.

























































Figure 4.59: a) The extinction and scattering efficiencies Qext, Qsca, respectively, for a TL vs the cut-off radius
size-parameter kbmax in the GLMT framework. Both coincide as no absorption takes place. The TL strength
is n = 3.56⇥10 4, l = 635nm in PDSM n0 = 1.46. The saturation reaches the value predicted by Eq. (4.79)
(solid green line) as the domain of validity, x   1, of the EA is reached. The initial µ x2 dependence is well
described by the BORN approximation, (2/3)⇥ (polarization) Eq. (4.72) (solid red line), while saturating at
the limiting value without the factor (horizontal solid-dashed red line). b) The fractional efficiencies ∂Qext (red
line) and ∂Qsca (blue line) and the total efficiency (black curve). The cut-off radius is bmax = 10nm (x = 0.144).
As no absorption takes plane, energy conservation dictates that the total efficiency goes to zero for q = p. c)
Same as b), but with bmax = 452nm (x = 6.53). Parameters were Dr = 0.1nm, r1 = 1nm.
imuthally isotropic angular scattering pattern for the large TL in Fig. 4.62b)a) . A similar result
to Eq. (4.72) can be found for the total scattering cross-section of a finite-ranged YUKAWA-type
potential n(r) = n0 +Dnexp( r/bmax)Rr 1, yielding the limiting value sBA,Ysca = 16pk2b4maxn2 for
x ⌧ 1 and 4pb2maxn2 for x   1b) . It should also be noted, that the sharply cut-off screening function
in COULOMB-scattering was studied thoroughly in the mid-1970s by M.D. Semon and J.R. Tay-
lor,308, 309 although without considering the extinction efficiency as above. There, it was found that
both in the BORN approximation as well as in the eikonal approximation considered in the next
section the resulting differential scattering cross-section ds/dW = | f BA|2 overestimates the pure
COULOMB result by a factor of 3/2 in the limit of bmax ! •. This observation can be seen also
from the scattering amplitude expression in Eq. (4.72) when compared to the expression (2.106). The
1/2 in access was attributed308 to specular reflection into the direction q of wave-packets with impact
parameters close to b = bmax cos(q/2). Consistent with that, the plane-wave GLMT results indicate
that this overestimation is also present in the electromagnetic problem, see Fig. 4.59a). While this is
true for plane-wave scattering, photothermal microscopy corresponds to the case of a single scattered
wave-packet. Under these circumstances, these difficulties are not expected, see especially the dis-
cussion in Ref.309 after their loc. Eq. (4.12). Indeed, no numerical indication for such a discrepancy
between models including a cut-off (i.e. the GLMT description) and those without (i.e. the models
based on the full or paraxial HELMHOLTZ equation) have been found in direct comparison for focused
beam scattering, see Fig. 4.56.
On the size dependence of the plane-wave cross-sections. The numerical results from the GLMT
calculation as well as the BA, Eq. (4.72), for small cut-off radii considered with x ⌧ 1 for a TL
show an initial dependence of the two cross-sections ssca,ext µ b4max. In Fig. 4.59a) displaying the
efficiencies in a double-logarithmic plot as a function of the size-parameter, this translates into an
initial line with slope two. In contrast, a constant refractive index scatterer shows the RAYLEIGH-
characteristic dependence on the 6th power of the size of the scatterer. Nonetheless, the GLMT
calculations show in this size-regime indeed a dipole pattern in the scattered intensity.
a) For large particles with x   1 and M ⇡ 1 the BA reduces to QBAsca ! |M2   1|2x2/2, in agreement with the GLMT
results. The same limiting value is obtained for the eikonal approximation, i.e. QEAext ! |M2  1|2x2/2, see also Refs.135, 161
b) No dependence on the interaction strength n is obtained in the classical limit for the total cross-section of the cut-off
COULOMB potential291 ssca = pb2max. This is true for any finite potential of range bmax in classical scattering theory.
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For large cut-off radii with corresponding size-parameter x   1, a limiting ssca,ext µ b2max dependence
is reached see Fig. 4.59a). For the efficiencies this translates into a saturating behavior and therefore
resembles the geometrical optics limit, where independent on the details of the material an extinction
efficiency of twice the geometrical cross-section is obtained limx!• Qext = 2. Thereby, the diver-
gence of the limiting behavior for large thermal lenses in the corresponding cross-sections sext = ssca
already encountered in section 4.1.7 Fig. 4.13a) is now quantifiable and will be considered in what
follows. Both diverge quadratically with the cut-off radius bmax in plane-wave scattering and the
proportionality constant is determined by Eq. (4.72) for x   1.
On the angular dependence of the plane-wave scattering amplitude. The angular pattern of the
squared scattering function of the rigorous GLMT calculation shown in Fig. 4.62b), |S1 (q) |2 agrees
perfectly with the corresponding first order BA result k2| f BA (q) |2, Eq. (4.72). As the vectorial BA is
equivalent in its x-polarization component to the scalar BA, and since the physical assumption under-
lying the BA should be well satisfied, this is an expected equivalence, see appendix 7.4 and section
2.6.2. The analytical BA shows that the nodes of the pattern occur at angles q j = 2arcsin( jp/x) with
j 2N, such that for larger finite TL more and more nodes appear and the forward peak angular extent
q1 narrows down according to q1 ⇡ 2p/x. Accordingly, the GLMT results also show the increas-
ingly forward directed action of the TL, see Fig. 4.59b,c), which shows the fractional efficiencies for
two specific cut-off sizes. While a small TL with x ⌧ 1 shows a dipolar scattered intensity pattern
and a fractional intensity that rises accordingly over the entire polar angle range, a large TL scatters
predominantly in the forward direction. In general, it is thus seen that the assumption of a single
effective dipole39, 96 is invalid. Rather, it may be understood as a distribution of effective dipoles
which determines the angular scattering amplitude under typical experimental conditions. Since the
TL is non-absorbing, the adherence to the energy conservation (2.77) ensures that the total integrated










The found agreement of the angular scattering pattern in the BA, with the rigorous plane-wave scat-
tering pattern computed in the the GLMT finally gives support to the claim already made in Ref.98
that the scattered wave of the TL is practically spherical. Therefore a spherical wave-front of the
scattered field can be righteously presumed when the interference of an incident plane wave with the
scattered field by a TL is to be computed as was done in the that reference.
On the perturbation dependence of the plane-wave cross-sections. The efficiency QBAext , Eq.
(4.72), for any finite size of the TL is found to be proportional to the small and dimensionless TL-
strength parameter n2. Similarly, for the scattering amplitude behaves as | f BA (q) |2 µ n2 everywhere.
The plane-wave interaction with the infinite TL in the more rigorous HELMHOLTZ equation showed
the same dependence outside of the forward interference domain, see section 4.3 Eq. (4.53). Within
the interference domain the amplitude was linear in n and independent on the distance from the scat-
terer. This constant forward amplitude cannot be expected to be retrievable in the GLMT framework




kr . Similarly, the first-order BA expression for the forward amplitude f
BA (0 ) =  nx2/k is
known to be incorrect as it is real and would imply a zero extinction cross-section via the optical
theorem (2.80). Also, the optical theorem is only valid for finite potentials and is not applicable in
its standard form to the infinite TL.252 It also diverges as x2 with increasing cut-off radius of the TL
and will not yield the correct finite value found earlier, Eq. (4.53). Indeed, the optical theorem is not
valid for the first-order BA and is only valid to second-order in the BA. The BA however recovers
the correct form of the scattering pattern when compared to the rigorous GLMT results for the fi-
nite TL, see Fig. 4.62b). The total scattering cross-section in unscreened COULOMB scattering when
renormalized correctly may also be evaluated for small perturbations using [252, Eq. 28] and givesa)
a) The integral I± (n) given in Eq. (28) of Ref.252 may be approximated if the confluent hypergeometric function of
second genus U (1  in,1, iz) is approximated for n ⇡ 0, which yields approximately p+6.6n.
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ssca = n2 [2pr/k]p, approximately µ n2 as well, although spuriously depending on the distance r of
the observing detector due to the long-range character of the potential. This may be seen to be indeed
consistent with the above results for sBAsca,ext from Eq. (4.72).
In general, the integral equation of potential scattering in the first-order BORN approximation, Eq.
(2.55), and its solution eik ·r + f (q)eik ·r/r for a fixed incidence wave vector k, seems to be a further
good candidate as a starting point for a simple description of the PT signal. However, the forward
interference domain would specifically need to be considered instead of the plane-wave illumination
considered here, and the finite amplitude obtained for a screened potential would need to be con-
sidered since f BA (0 ) µ x2 diverges. Also, in any case the intrinsic assumption of a decomposition
with a scattered spherical wave will result in an interference signal that decays with increasing dis-




. Such an approach, if possible, could then be
along the lines of the approach taken in section 4.3, i.e. by considering a suitable angular spectrum
representation of the incidence probing beam, in order to recover the interference determined rel. PT
signal. It may be a useful approximation for the high frequency limit in PT microscopy and would
be similar to the work of S. Berciaud el at.98a) , although it would need to be modified to include
an arbitrarily positioned focused beam in order to yield sensible results. A focused beam scattering
framework could also be achieved by introducing the Gaussian beam field UG, Eq. (2.33), instead of a
plane wave in the defining equation of the scattering amplitude f in the integral equation of potential
scattering (2.54) or in its vectorial variant Eq. (7.3). This would make the amplitude complex-valued
and no longer expressible as a simple FOURIER-transform due to the complex phase-structure of the
beam field. Therefore, the analytical character of the BA would most likely be lost.
The BORN approximation for the full thermal-wave lens n(r, t). If instead of the approximated
ideal TL the proper harmonically heated TL n(r, t) according to Eq. (2.9) is used, one may evaluate the
corresponding scalar scattering amplitude f BA
W
(q, t) under the assumption that terms of order Dn2/n20
can be neglected, i.e. retaining only terms µ r 1. This is the scalar version of the HERTZ vector
approach taken in Ref.98 Explicating the time-dependence for harmonic heating at the frequency Wh
and treating n as a time-independent constant, one finds
f BA
W
(q, t) = f BA (q)+ cos(Wht) f BAcos (q)+ sin(Wht) f
BA
sin (q) , (4.73)





















As the scattering potential still includes the infinite r 1 contribution, the ill-defined part f BA (q)
corresponding to the unmodulated background term remains in the BA. The additional in-phase co-
sine term naturally approaches the RUTHERFORD scattering amplitude as the heating frequency ap-
proaches the steady-state limit for small frequencies and accordingly the thermal diffusion length




. This correspondence holds also well for
finite diffusion lengths provided that the angle q is large enough such that
p
2Rthk sin(q/2)   1.
However, in the direct forward direction this term vanishes exactly, f BAcos (0 ) = 0, while the out-of-
phase sine term remains finite and yields f BAsin (0
 ) =  R2thkn. The two time-dependent scattering





reads, apart from the time-dependence e iwt ,
















a) The derivation of loc. Eq. (2)-(4) of Ref.98 are detailed in Ref. [103, Appendix A, p. 539]. As mentioned there, the
central assumption of an effective induced polarization perturbation P µ Ei (r) by the unperturbed incident field Ei (r)
amounts to the first-order BORN approximation.


























Figure 4.60: a) Plane wave scattering amplitudes f (q) for the instantaneous scattering problem of an incident
plane wave along k scattered by the thermal lens. For the exact TL solution n(r, t) with Rth = 100nm, the
instantaneous scattering amplitude is f BA
W
(q, t), Eq. (4.73). Its individual parts given by (4.74) are plotted as
well. Also shown is the scaled and unscaled RUTHERFORD solution fC (q) =  nsin 2 (q/2)/2k, the cut-off
solution (4.72) with bmax = Rth/
p
2ln(2) (such that in the limit x ! • the efficiencies are equivalent to the
YUKAWA-screened potential) and the YUKAWA-type TL. b) Sketch of the scattering geometry. The scalar BA




/4p, Eq. (2.54), providing a source distribution of
spherical waves. The effective polarization perturbation concept98 considers induced dipoles. Each volume
element dV (box) may be envisaged to act as an effective dipole p(r0), see text. The same holds true for the
weak scattering in the vectorial BA, see section 7.4.
where the first term, while uncomputable without the trick of first introducing a YUKAWA potential
and successively considering the limit of infinite screening length, is static, the second spherical wave
is modulated in-phase and out-of-phase with the heating µ [1+ cos(Wht)]. The scattered field of a
vectorial electromagnetic plane wave with a polarization vector ê0 reads
Es (r, t) = E0 êr ⇥ [êr ⇥ ê0]eikr iwt r 1 f BA
W
(q, t) , (4.76)
see section 7.4 and Fig. 4.60. This solution corresponds to the vectorial form of Ref.,98 where the
scattered far field was derived from an inhomogeneous probe-beam induced polarization perturbation
P(r0) = e0n 20 DcEi = 2e0n
 1
0 Dn(r0)Ei (r0) and the corresponding electric HERTZ potential Pe (r)
via E = —⇥—⇥Pe. Similarly, the vectorial BA may be regarded as a superposition principle for an
extended distribution of dipole sources96 p(r0) = 2n0DnEidV , see Fig. 4.60b). Although no notion
of a frequency shift by ±Wh was introduced here,98, 103 the result (4.73) could naturally be expressed
in such a fashion. However, the solution is only valid for plane-wave scattering, as an incident plane
wave was assumed to obtain the scattered field. Similar to the plane-wave PT signal found as the
solution to the HELMHOLTZ equation, i.e. when photonic RUTHERFORD scattering was considered,
the result is approximate only as it neglects the focusing of the scattered probing beam. As the previ-
ous sections have shown, it is the forward interference of the plane-wave solution which corresponds
to the PT signal. More specifically, it is the forward total EM field being the sum of the scattered
and the incident field. Here, only the out-of-phase forward amplitude in the BORN approximation
remains finite for finite frequencies while it diverges unphysically µ R2th as the modulation becomes
quasi-static. Therefore, a plane-wave treatment of such a TL for PT imaging, such as in Ref.98 ap-
pears problematic, even if the self-interference and the scattering contribution were to be modified
according to the actual probing beam profile and the axial TL offset. A similar scattering behavior as
the finite TL n(r, t) can be seen for the YUKAWA-type finite TL, see solid black line in Fig. 4.60a).
Also in this case, the well-known reduction to the diverging RUTHERFORD result fC µ sin 2 (q/2)
for infinite screening-length is found. The total cross-section
RR
4p | f BA
W
(q, t) |2dW diverges in any
case in the static limit Rth ! •, whether the two time-dependent parts alone are considered or if
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a) b) c) d)
Figure 4.61: a) Geometry of the sharply cut-off screened TL scatterer n(r) = n0 +DnR/r, b) the finite TL
scatterer in a cylinder of hight 2bmax, c) the finite cylinder of hight bmax and d) the a sphere with constant
refractive index np in a medium with n0.
the known to be divergent RUTHERFORD amplitude is included. It might be promising to substitute
S1,2 ! ik f BA
W
(q, t), i.e. the here obtained plane-wave amplitudes as the plane-wave scattering func-
tions into the GLMT expressions for the factional cross-sections for a focused beam as done in section
4.1.4. However, already the scatter term ssca (qmax), (4.14), would diverge in the low-frequency limit
as noted before. It is only thanks to the focused probing of the TL and the decomposition of the scat-
tering amplitude into corresponding partial waves via the TL multilayer scattering MIE coefficients
aL+1n and bL+1n that the signal converged for instance in the GLMT framework, see section 4.1.7.
For the dynamic heating, a substitution might work although it was not tested. Alternatively, similar
to the BORN approximation of the ideal TL in the previous paragraph, the focused beam structure
instead of a plane-wave illumination could be included in the calculation of the scattered wave am-
plitude and the full EM field. The simple ansatz of an interference term µ [1+ cos(q)] is then seen
to be the first order term in a slowly converging series in the general case. This corresponds to the
acknowledgement of Ref.98 that the assumption of a spherical wavefront of the probing beam is not
the actual situation in an experiment. It should further be noted, that the integration in the forward
direction of the total EM field over a half-space solid angle of 2p, as suggested in that reference,
should yield zero, provided that the beam divergence fulfills qdiv < p, as the interaction of a focused
beam corresponds to an energy redistribution only.
4.5.2 The eikonal approximation for the ideal thermal lens and x   1
As the BORN approximation intrinsically assumes a spherical scattered wave, which is a problem-
atic assumption for a long-range COULOMB-like potential, a further weak scatterer ansatz shall be
pursued which does not require this assumption. The eikonal approximation (EA) in the small angle
domain [136, ch. 2.3] will therefore be investigated. Following the work of S.K. Sharma and D.J.
Somerford135 one may evaluate in an analytic fashion the eikonal S (r) in the wave function of the
form U = U0 exp(ikS), as described in section 2.4.4. The EA is expected to be valid for scattering
by weak inhomogeneities with |n2/n20  1|⌧ 1 and large size parameter x   1. Arguably, these as-
sumptions could be regarded to be valid for a weak TL, although again the untruncated nature of the
field of the ideal TL poses some trouble regarding this statement. Nonetheless, it has been suggested
that the EA improves for long-range potentials [136, 2.6], which specifically makes it an ideal candi-
date for the treatment of the ideal TL. Considering again the finite TL with cut-off radius bmax, Fig.
4.61a), and retaining in n2 only the term µ 1/r, one may analytically evaluate the associated scat-
tering function S which is related to the scattering amplitude via135, 136 S (q) =  ik f (q), see section
2.6.2. Specifically, the expression given in Ref. [135, Eq. 4.5], will be used:
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Figure 4.62: a) The extinction, absorption and scattering efficiencies Qext, Qabs and Qsca, respectively, for a
TL around a R = 10nm AuNP vs the cut-off radius bmax. The TL strength is n = 3.562⇥ 10 3, l = 635nm
in PDSM n0 = 1.46. The saturation reaches the value predicted by Eq. (4.79) or (4.72) (dashed line, the
small absorption contribution of the AuNP was added). The cross-sections were already shown in Fig. 4.13a).
The initial decrease of Qsca and Qabs are the constant scattering and absorption due to the central AuNP,
which dominate initially. b) The scattering amplitudes for a TL with x = 22.87, bmax = 1583nm, n as in a).
|S1 (q) |2 + |S2 (q) |2 in the GLMT framework (blue solid line), |S1 (q) |2 (bright blue solid-dashed), |S2 (q) |2
(bright blue, solid double-dashed), in the EA with a finite TL (green solid line), |SEA (q) |2 using Eq. (4.78),





sin(q/2) 4 and in the BORN approximation k2| f BA (q) |2 (red
solid line). A central R = 1nm AuNP was assumed, contributing negligibly to the scattering.
Using the expression for the phase advance determined before, Eq. (4.63), c = Dc(b) = 2n ln(b/2L),
but now setting L! L(b) =
p
b2max  b2 to accumulate the phase only over the finite spherical volume








F2 ({1+ in} ;{1,2} ;E (q))
 
, (4.78)
where the argument E (q) = b2maxk2 [cos(q) 1]/2 was abbreviated for convenience and
pFq
 
{a1, . . . ,ap} ;
 




is the generalized hypergeometric function. The scattering inten-
sity pattern for a weak mesoscopic TL with bmax ⇡ 1.6µm is shown in Fig. 4.62b) and compared to
the GLMT and the BA prediction. The forward amplitude is SEA (0 ) = inx2 ln(2) which equals the
BA value apart from the factor ln(2). The general characteristics of the angular structure are indeed
found to be reproduced as well, while also the qualitative agreement to the GLMT results is some-
what worse. Now, using the optical theorem (2.80) and the forward value of the scattering function,



















where the last approximation is the first term in an expansion in the TL strength |n|= | kRDn/n0|⌧
1, which was assumed to be small in the EA. The corresponding efficiency again saturates at a finite
value, as earlier for x   1. This result agrees also quantitatively to within less than one percent with
the limiting value for increasing GRIN size in calculations using the BA and the GLMT framework,
see Fig. 4.59a) and 4.62a). This is the expected agreement in the size-domain of validity of the EA.
The good agreement with the BA is expected since the EA is closely related to the BORN series
approximation.135, 162, 310 In view of the FRESNEL-KIRCHHOFF diffraction approach taken in section
4.4, it is further of interest to inspect yet another finite volume version of the TL scatterer. To this
end, an unphysical and artificial azimuthally symmetric TL medium of finite and similar volume, but
shaped as a cylinder of radius bmax can be imagined. The FRESNEL diffraction was applicable to the
forward direction and successfully described the scattering of a Gaussian beam by a TL. It should be
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noted that with respect to plane-wave scattering, rather the ansatz of the accumulated phase Dc(r) as
the aperture transmission function in the FRAUNHOFER diffraction limit, i.e. Eq. (2.49) without the
curvature term, corresponds to the anomalous diffraction approximation (ADA). The ADA take the
phase advance expression to be linear in the refractive index n instead: the ADA is exactly equivalent




in the evaluation of the phase advance used in the scattering function
is replaced by 2 [M 1].135, 136, 162 In case of the TL profile, these two expression coincide up to the
neglected small term µ 1/r2. Therefore, the expression obtained via Eq. (4.77) should correspond to
the angular pattern in the scalar FRAUNHOFER diffraction approximation as introduced in section 4.4
applied to plane waves.
Evaluating again the forward scattering amplitude and using the optical theorem, one finds QEAext ⇡
2cLn2, where cL = 1 for a cylinder of axial hight bmax and cL = 1+2ln(2)2 + ln(4) for a cylinder of
hight 2bmax which fills a cube of side lengths 2bmax, see Fig. 4.61b,c). While structurally equivalent,
the last expression is about a factor 1.3 larger than the spherically cut-off expression (4.79). The
reason that no evidence of such a discrepancy was found when compared to the results of the GLMT
show that only the plane-wave integrated quantity is affected, while the forward transmitted power,
Eq. (4.66), is insensitive to the difference due to the finite probing with a focused beam which does
not sense the difference between these two finite volume TL equivalents if they are taken to be large.
In this cylindrical geometry, the scattering amplitude in the limit of an infinite TL scatterer can be ob-





sin(q/2) 4, see black dashed-solid line in Fig. 4.62b), and the
associated differential scattering cross-section ds/dW = |S (q) |2/k2 agrees well with the RUTHER-
FORD result, Eq. (2.106). The same divergence is found in the forward direction as for the standard
interference-neglecting approach using the full HELMHOLTZ solution.
In conclusion, the EA delivers a wave-function U (r) = exp(ik ·r+ ic(r?)) which does not intrinsi-
cally require a spherical wave form as the BA does, and allows some analytical progress for plane-
wave scattering by finite and infinite TLs, as demonstrated above. However, also in this approxima-
tion the forward-directed scalar electric field diverges for the ideal TL.
4.5.3 Lessons to be learned from plane-wave scattering by thermal lenses
From the above discussions, the TL is seen to be predominantly a phase-modifying element showing
the characteristics of a large scatterer in the geometrical optics size regime and acting mostly in the
forward direction, in contrast to a point dipole scatterer. The forward direction, which determines
the PT signal, is special and requires a careful analysis. The treatment of the TL for plane-wave
scattering showed difficult-to-handle divergencies and hardly any insight could be gained concerning
this forward interference. Again, the focusing of the wave that interacts with the TL scatterer which
was discussed in detail in the main part of this thesis proves to be of utmost importance for PT
microscopy. As the probing beam is well approximated by a plane wave close to the beam waist only,
a treatment starting from plane-wave scattering and later introducing the correct self-interference as
in Ref.98 is probably able to accurately describe the PT signal when it is probed centrally. However,
the signal is zero for central probing of the TL as demonstrated in the preceding sections. In the
situation where the PT signal is maximal, i.e. for zp ⇠ zR, the wavefronts of the probe beam have
a minimal radius of curvature (i.e. possess a maximal curvature) whereby the plane-wave BORN
scattering amplitude will be inadequate. Also the total field would need to be considered in addition
to the interference term for moderate induced temperatures and detection apertures.
Finally, the similarities between the finite TL with the results for the infinite TL, as shown in Fig.
4.62b), support the suitability of the approximation of a modulated and either sharply cut-off or
unscreened ideal TL as an approximation to the real situation. On all cases, the angular redistribution
of a plane wave show similar characteristics, obviously resembling each other closer the larger the
thermal diffusion length Rth or the cut-off radius bmax gets.
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4.6 What is a lens? And is n(r) a lens?
One of the most implicative conclusions of the study of the photothermal signal generation mech-
anism, which was pursued both theoretically and experimentally in the course of this thesis, is the
notion of the refractive index perturbation around a heated nanoparticle as a thermal lens (TL). The
apprehension of the variety of phenomena associated with PT single particle microscopy as the out-
come of the action of a lens makes each of them readily comprehensible and intuitively controllable.
The lens was seen to exhibit characteristics of both a nanoscopic as well as a macroscopic nature
and is thus a rather unique type of lens. It is therefore reasonable to first define what the term ”lens”
entails. To cite E. Hecht:2
”In the most general terms, a lens is a refracting device (i.e. a discontinuity in the pre-
vailing medium) that reconfigures a transmitted energy distribution.”
While the word ”refracting” seems to admit a definition of lenses only in the realm of ray optics, as
devised by NEWTON, this term nowadays includes focusing devices in a much broader sense. A zone
plate, for instance, introduces a specific spatially variable phase retardation and may be treated in a
wave-diffraction formalism.2 Also, a complex-valued cylindrically symmetric transmission function




may be chosen to express the action of a simple thin lens of focal length
f on the propagation of an incident electromagnetic wave, as discussed in section 2.5. Also, flat re-
fracting metamaterial lenses which use phase characteristics of coherent multi-scattering of specially
designed arrays of scatterers (or holes) or photonic crystals may be used to focus light efficiently,
coining the terms ”super lenses” and ”hyper lenses”, see311 and references therein. In much the
same way, SNELL’s law of refraction has recently found its generalization to metamaterials312 and
thereby expanded the notion of plane interface refraction to include phase and amplitude modulations
by coherent scattering of complex nano-structured surfaces. It is thus clear, that certain phenomena
which are typically referred to as scattering or diffraction may fall under the term of lensing, sensu
lato, provided that a focusing or defocusing is attained by the interaction of light with the optical
system in question. Regarding scattering, already from the introductory section 2.6.7 it should be
clear that for particles large as compared to the wavelength, the attempt to describe the interaction
of light with a spherical particle may loose its common meaning while retaining its accuracy and
mathematical correctness. The concept of lensing will then better describe the interaction. This shall
be briefly illustrated with two well-known and easily apprehensible physical phenomena before some
final remarks shall be made regarding the thermal lens.
Optical tweezers in the GOA picture The working principle of optical tweezers for transparent
microparticles is still today best described and comprehensible in the geometrical optics pictures
developed by A. Ashkin.313 The optical forces acting on such a dielectric sphere when held in a
tweezer were derived using a momentum balance and the refraction and resulting net-deflection of
rays under the action of particle acting as a ball lens, as sketched in Fig. 4.63. Nowadays, a scattering
framework, the generalized LORENZ-MIE theory or equivalent EM momentum transfer formulations
account precisely for the forces and signals with all accompanying peculiarities, even for particles
smaller or similar to the wavelength.32, 155, 314
Irrespective of the approximations taken or the framework chosen for the description of the light-
particle interaction in an optical tweezer, a reconfiguration of the transmitted energy distribution and
the electromagnetic momentum connected with it is the source of the photonic forces. Thereby, in
the broad sense of the definition quoted above, the particle acting as a lens in connection with the
conservation of momentum accounts for the trapping forces.
Mesoscopic ball lenses A further well-suited and related example in which lensing and scattering
become closely intertwined was already discussed in section 4.1.8. There, mesoscopic ball lenses
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have been analyzed with respect to their interaction characteristics with Gaussian beams. A definition
of a lens was then given which may be taken as a refined version of the previous text-book definition.
It better allowed to discriminate between objects commonly referred to as scatterers and lens-like
particles, although a perfectly strict distinction is as difficult and elusive as is the difference between
scattering and diffraction.3, 201, 202 The specific lensing ability of such a mesoscopic ball lens revealed
itself in the interaction with a Gaussian beam which lead to characteristic features in the near and
far fields. The focused beam interaction characteristics of ball lenses315, 316 and gradient refractive
index lenses (GRINs)274 have been studied in the GOA and compared to the more rigorous GLMT
scattering framework. An excellent agreement was naturally found for large particles. The transition
of validity between these frameworks for single scatterers occurs at a length-scale of the particle to
about the wavelength of illumination.
On a practical side, the plane-wave focusing properties of lossless dielectric microspheres are uti-
lized in micro patterning,317, 318 laser cleaning319 and many other applications as summarized in a
recent review.279 The phenomenology of this field enhancement under plane-wave illumination was
theoretically investigated first on mesoscopic cylinders in 2004320 and henceforth termed photonic
nanojets.321 Many studies followed and the focusing properties in the mesoscopic domain is an ac-
tive research area still today.280–282 As a further application the tight focusing through microspheres
combined with focused beam illumination was soon used in the context of FCS, see Refs.284, 285
A particular example is given in Fig. 4.64 which shows such the basic properties of a nanojet for a
plane-wave illuminated polystyrene microparticle of diameter 2µm in water. A clear focusing effect
is readily seen by observing the near field pattern |Et|2 behind the sphere. As indicated by the dotted
line, a focusing to a diffraction-limited spot may be observeda) . The inset shows a lateral cut through
this focus plane where a 34-fold intensity increase is attained relative to the incident plane-wave
intensity. An axial cut through the total field’s intensity, |Et (z) |2, reveals the true focus position
at about f = 1.57µm, as seen in Fig. 4.24b)b) . A GOA treatment gives a paraxial focal length of
fBL = 3.06µm. The discrepancy is somewhat expected as the longitudinal spherical aberration of a
GOA ball lens is strong and causes a decrease of the focal length down to 1.87µm with increasing
distance to the optical axis until total internal reflection is reached at an impact parameter b⇡ 0.92µm.
This can be seen in the inset of this figure. The limiting focal lengths are indicated by the dashed lines.
As impact parameters may be imagined to be weighted by their occurrence, the smaller limiting focal
length can be expected to be closer to the real focus position. A more insightful discussion of this
discrepancy of the geometrical optics focus and the focus obtained by scalar or vectorial diffraction
can be found in Ref.283 where, however, evanescent field contributions are unaccounted for and
a) While a similar pattern in the scattered near field occurs for an opaque AuNP of the same size, the total field inhibits a
field decrease in the shadow region rather than a focus region of enhanced intensity, see appendix Fig. 7.12b,c,d).
b) A further demonstration of the lens-like properties of the microsphere ball lens is given in Fig. 7.5 in the appendix.
There, logarithmic near field plots show the ability to collimate (a part of) a Gaussian beam if it is placed at least a focal
length in front of the particle.
maximum restoring forceweak restoring force no restoring force
(centered)
unobstructed rays
Figure 4.63: Geometrical optics (GO) picture of the optical trapping of a large dielectric particle.
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Figure 4.64: Phenomenology of a microscopic polystyrene sphere in water (nBL = 1.59, nm = 1.33, RBL =
1µm) acting as a ball lens on an incident plane wave with l = 532nm. The paraxial focal length of this ball
lens is fBL = 3.06µm. a) Near field |Et|2 and POYNTING vector flow field (arrows). The inset shows the cross-
section indicated by the dotted line. b) Axial cross-section through the true focus in a) showing |Et|2 (red) and
|Stot| (black). The inset shows the variation of the focal length fBL (b) with the impact parameter b as obtained
in the GOA, see section 7.6.5.
therefore fail for particles smaller than a few wavelengths. The near field for plane-wave illumination
of mesoscopic particles thus deviates in its details from the predictions made by GOA, a known
fact for photonic nanojets.321 Still, the main characteristics of lensing describe the phenomenology
well.279
A nice application of microscopic lenses apart from trapping has been introduced by J.P. Brody et
al.322 In this study, they used self-assembled polystyrene microsphere doublet in which the large
non-fluorescent sphere acts as a lens for the light emitted by the smaller attached fluorescing sphere.
With such particles the rotational diffusion dynamics could be tracked and the signal discussed within
a simple GOA picture of a ball lens. The large polystyrene microsphere in this particular study had a
diameter of 1.1µm.
The thermal lens as a gradient refractive index lens It is thus a reasonable and not completely
unexpected conclusion which was drawn throughout the different sections of this chapter, that the
TL n(r) = n0 +DnR/r taken as a GRIN scatterer can be best understood by its lensing capability. A
multitude of scattering characteristics have been found to be comparable to that of ball lenses and a
GOA informed hybrid approach has been shown to reproduce even semiquantitatively the PT signal
phenomenology. However, the thermal (GRIN) lens is a fairly special lens in the sense that it is not
equivalent to a single or two consecutive spherical refracting interfaces in its ability to (paraxially)
transform planar wavefronts to converging spherical ones. In ray optics, the lens was seen to exhibit
strong aberrations, while in wave optics a peculiar diffraction near field pattern was found. The
thermal lens was rather seen to resemble a classical lens with a logarithmic thickness profile or phase
mask property. Nonetheless, its ability to reconfigure the energy flux of an incident field parallels
the focusing or defocusing action of such a lens closely. It is in this sense, that the TL investigated
throughout this thesis may indeed be characterized by its ability to spatially redistribute without
absorption a given incident energy distribution in the forward direction, and thereby to be accurately
termed a thermal lens. Evidently, the lensing action is independent on the framework finally chosen
to describe and characterize this characteristic interaction in detail. All provided models are in accord
with this interpretation and further explicate the limits of this simple picture. While the means for the
accurate computation of the PT signal have been presented throughout the previous sections, they all
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5.1 Generalized photothermal correlation spectroscopy (incl. twin-PhoCS)
THE powerful concept of signal correlations in time corresponding to a small focal volume as donein FCS (see introductory section 2.8.2) has been extended to photothermal detection in pho-
tothermal correlation spectroscopy, PhoCS.38, 39, 41 At this point, the implications will be discussed
which the findings of the previous sections regarding the PT signal have on this spectroscopic method.
Previously, the generic properties of a general photothermal detection volume in forward direction
have been analyzed in detail. In general, the spatial signal shape was dual lobed possessing two in-
dividual sub-volumes differing in phase or sign, i.e. there were two district spatial regions in which
an absorbing NP generates either a positive PT signal DPd if it is located in one region or a negative
PT signal if it is located in the other region. Also, using a quadrant photodiode detector, a splitting
of the detection volume Fx,yRF in the lateral directions was demonstrated. The details of the shape
of the effective PT detection volume were shown to depend on a multitude of parameters of which
some were controllable. For instance the numerical detection aperture NAd was shown to control the
spatial extent of the detection volume, while the mutual axial laser offset Dz f or the corresponding
offset on each lateral dimension enhanced either one of the two lobes relative to the other according
to the heating beam’s PSF. So far, the experiments and theory concerned fixed particles scanned in a
controlled and well-defined manner through the focal region. Now, the PT signal F shall be used to
study the diffusive dynamics of absorbing NPs in solution. The erratic motion of laser heated solvent
particles, i.e. their hot BROWNian motion as introduced in section 2.8, causes signal burst events as
their random walks cross the focal region. These events can be categorized according to the scheme
represented in Fig. 5.1a), exemplarily shown for the axially split lensing signal F. The particles can
either traverse the positive signal sub-volume only, the negative signal sub-volume only, first the pos-
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Figure 5.1: a) A schematic representation of the event types occurring for diffusion measurements in twin-
PhoCS. b) Potential axial heterogeneous dynamics measurable as an axially layered profile for the diffusion
coefficient D(z) of a colloid. c) Schematic of the superposed effect of an axial flow on the diffusion. d)
Example of the auto-correlation functions GabsACF (t) and GACF (t). e) Example of the cross-correlation functions
with flow, G+ ,VzCCF (t), and without appreciable flow, G
+ 
CCF (t).
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signal(s) corr. type symbol event type behavior sensitive to
Pd ACF G3DGACF 3 , 4  decay average mobility, D
F ACF GACF 3 , 4  decay average mobility, D
|F| ACF GabsACF 3 , 4  decay average mobility, D
F+ ACF G+ACF 4  decay mobility in pos. sub-volume, D+
F  ACF G ACF 3  decay mobility in neg. sub-volume, D 
F+,F  CCF G+ CCF 2  peak axial mobility and flow Vz
F ,F+ CCF G +CCF 1  peak axial mobility and flow Vz














CCF 1  peak lateral mobility and flow Vy
Table 5.1: Overview of various correlation functions available from the photothermal signal time-traces. Eq.
(2.94) was then used to obtain analytical expressions, where Fa and Fb were substituted with the corresponding
signal given in the first column. Given are the symbols used in the text. Also indicated are the event types the
various correlation functions are sensitive to.
traces will then yield the characteristic mobility of the particles reminiscent of FCS. However, due to
the two detection sub-volumes distinguishable by the signals phase or sign, cross-correlation func-
tion are feasible and reveal even minute flow-velocities to unprecedented sensitivity. The following
paragraphs demonstrate the complementing nature of both auto- and cross-correlation data in PhoCS
measurements and will shortly trace the theoretical description of this new twist to the PT correlation
scheme.
Theoretical description of correlation analysis in generalized PhoCS To obtain a theoretical
description of the cross- and auto-correlation functions, particles undergoing BROWNian motion with
additional advection are considered. The advection process is herein characterized by the determin-
istic spatially constant flow field V(r), while the BROWNian motion is quantified via the diffusion
coefficient D of the particles. Now, the correlation function may be computed from recorded time-
traces via the (cross-)correlation function estimator (CFE)
G(t) =
hFa (t)Fb (t + t)i
h|F(t)|i2 . (5.1)
Here, Fa and Fb denote the signals which are to be correlated, see table 5.1. The CFE may then be
compared to the theoretically evaluated expressions of the correlation functions as computed via Eq.
(2.94) and using the empirical PT detection volumes. An exhaustive zoo of analytical expressions
for correlation functions have been derived by the author42 using the method described in in section
2.8. The two basic types of correlations which are of interest are the auto-correlation function of
the (phase-sensitive / signed) PT signal GACF (t) and the cross-correlation function G+ CCF, see Fig.
5.1d,e).
Auto-correlations and hot BROWNian motion Using the former one, the diffusion coefficients D
characterizing the BROWNIAN dynamics may be extracted for a known focal geometry via the fit-
parameter relation tD = w2
r





















































Eq. (5.2) is in many ways similar to the ACF (2.96) encountered in FCS, see section 2.8.2. The auto-
correlation of the absolute value the PT signal and the signed PT signal as given by Eq. (5.2) decay
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Figure 5.2: Theoretical absolute value auto-correlation function GabsACF (t) (solid black) and the phase-sensitive
auto-correlation function GACF (t) (red) for pure diffusion, g = 3.65. The phase-sensitive ACF is shown for
perfect symmetry (Z = 0, solid red, Eq. (5.2)) and for the asymmetric case (dashed solid dark red). The values
of Z are a) Z = 0.09 and b) Z = 0.009.
on the time-scale of the diffusion time tD reflecting the average transit-time of particles crossing
either sub-volume, i.e. events in the PT signal time trace of type 3  and 4  in Fig. 5.1a). While





late times, the contrast GACF (0) = 1/hNi remains unaffected by advection and is determined by the
average particle number in the effective detection volume. This relevant focal volume may be defined






comparable to that of a confocal FCS system and is of the order of a fL. The generic
decay characteristics without flow are shown in Fig. 5.2. Characteristic for the ACF of the phase-
sensitive signal is the steeper decay as compared to the ACF of the absolute value of the PT signal
and the ACF in FCS due to the anti-correlated events of type 1  and 2  in Fig. 5.1a). Any asymmetry
in the PT detection volume as described by the empirical parameter z0 removes this particularity
for large lag-times. For accurate measurements of the diffusion coefficient it will thus be beneficial
to auto-correlate the slightly slower decay of the absolute value of the PT signal, |F(t) |. As the
diffusion monitored via photothermal correlation spectroscopy is intrinsically hot to some extent,
the theory of hot BROWNIAN motion (HBM)65–67 as introduced in section 2.8 may be studied. The
extracted diffusion coefficients DHBM for HBM have been analyzed accordingly, finding a mobility
enhancement for increasing heating power in excellent agreement with the theory.
Cross-correlations and advection As the dynamics investigated in PhoCS also intrinsically un-
dergo a momentum-transfer of the heating beam due to absorption, an induced deterministic advec-
tion superimposes HBM in the experiment. While such advective flows bear only small marks on the
auto-correlation function leading to a significant and thus analyzable deviation only for large values
VztD/wr   1, the cross-correlation functions are highly sensitive towards the flow-enhanced or sup-
pressed occurrences of anti-correlated events of type 1  and 2  in Fig. 5.1a). The radiation pressure,
computed within the GLMT, which causes this additional small advection has been demonstrated to
be in agreement with the extracted flow velocities in Ref.42
In general, all three velocity components are accessible via cross-correlation analysis of split time-
traces provided that the appropriate signal is recorded. While Vz has already been shown to be
measurable via the cross-correlation of the signal traces F+ (t) and F  (t), the x(y)-component
of the velocity Vx(y) can be extracted from the computed cross-correlation between the split traces
FRF,+ (t)x(y) and F
x(y)
RF,  (t). Thereby, with either 3 successive time-trace recordings or 3 simultaneous































Figure 5.3: Calculations for the cross-correlation function G+ CCF (t) for a symmetric configuration, z0 = 0,
g = 3.65. The analytic approximations of 1st, 3rd and 5th order are indicated by dashed solid, double-dashed
solid and triple-dashed solid lines. a) The cross-correlation difference G+ CCF  G
 +
CCF evaluated at the peak
position and the corresponding timescale. b) The pure cross-correlation function value at the peak position,
GCCF (tz), and the cross-correlation time-scale tz.
lock-in demodulations of the three signal channels of a quadrant photodiode, the full velocity vector
V can be measured and mapped. Specifically, for the axially split empirical PT detection volume
the generic characteristics of the cross-correlation are shown in Fig. 5.3. Although each individual
cross-correlation may be used to extract any flow-velocity, the difference is better suited as it removes
certain artifact which are due to the splitting of the phase-sensitive trace into positive and negative









































The intrinsic timescale corresponding to the anti-correlation peak of the CCF is related to a charac-






The relation tz/tD = 1.24+ 0.31g2 is a good approximation for aspect ratios g > 2, which is the
typical case. The relative contrast of the CCF decreases for increasing longitudinal focus-spread as
G+ CCF (tz)/GACF (0) ⇡
 
17.4+8.27g2
  1. Since this expression is independent on the lateral focus-
size w
r
, it may be used to estimate the beam-shape parameter g.
In Ref. Selmke et al.,42 the high sensitivity to advection velocities was demonstrated to be of the order
of a few 10nm/ms, corresponding in the specific experiment to an advected distance of less than a
particle radius R within the diffusion time tD it takes the NP to cross the focus. To this end, several
time-traces of the photothermal signal of diffusing NPs of radius R = 14nm have been recorded
in water and analyzed accordingly, mostly by the co-authors of the publication R. Schachoff and M.
Braun. The theoretical predictions have been fully confirmed and could be quantitatively compared to
radiation pressures calculated within the GLMT. The high sensitivity is the result of the two disjoint
but closely separated sub-volumes which are sensitive to events of the type 1  and 2  depicted in
Fig. 5.1a). This is a unique feature of PhoCS which was made possible by the results of the previous
sections and without further equipment. Future studies of absorbing NP dynamics will be able to infer
on possible advection in their samples using the same PT setup and the new data analysis scheme put
forward in this section.
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5.2 Photothermal signal distribution analysis (PhoSDA)
AS a direct outcome of the knowledge that has been gained on the detection volume geometry, thecorrelation spectroscopy method has been adapted to the new functional form and the poten-
tialities of the specific split focus feature. Now, to make use of the entirety of the information that is
contained in the data which is acquired for particles in solution in (twin-)PhoCS, a complementing
method that analyzes the average signal distribution characteristics will be presented shortly. The
method, termed ”photothermal signal distribution analysis” (PhoSDA), is convenient for live-setup
and detection volume characterization and is further able to resolve heterogeneous size-distributions
beyond what PhoCS alone can achieve. While many statistical analysis methods have been proposed
and implemented for FCS, as discussed in the introductory section 2.8, most of those methods are
not transferable to the signal in photothermal microscopy. Only the analysis of higher fluctuation
moments (MAFID),241, 242 and burst analysis spectroscopy (BAS) can be applied to PT microscopy
as well. However, BAS relies on a different data set and uses an imposed and strong advection.
MAFID on the other hand gives only a very limited amount of additional information on the studied
system and does so only for tracer mobilities of vastly different mobilities. It is thus highly desirable
to establish a powerful statistical framework which is able to systematically analyze any additional
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Figure 5.4: a) Schematic of the relation N (F) µ V ([F,F+DF]). b) Example of an experimental occurrence
histogram for R = 60nm AuNPs in water. The histogram is almost symmetric with respect to F = 0, signifying
a detection volume calibration with z0 ⇡ 0. The shoulders have different heights, indicating wr,+/wr,  ⇡ 0.8.
c) Theoretical histogram N+ and N  for b = 0.7 and mono-disperse particles (black dotted and thin black
dotted), N+ for a mono-modal size distribution (red dashed-solid) and bi-modal distribution (solid black line).
d) Experimental signal occurrence histogram N+ for a bimodal mixture of R = 20nm and R = 30nm AuNPs
with an adjusted concentration ratio of about n20/n30 ⇡ 10.
Signal statistics in PhoCS This section shall present the idea of a histogram analysis approach73
which is able to support any photothermal correlation spectroscopy measurements without further
equipment or setup modifications. The basis for the description of the histograms is the assumption
that by a random diffusion process all points in space are sampled with equal probability. One may
then derive an expression for the number of events N belonging to a certain signal interval I
F
=
[F,F+DF] for some small but fixed interval-width DF in a finite time trace of a total of NT =
T/Dt data points, wherein T is the time-length of the recorded trace and Dt is its recording time-
resolution. The signal-occurrences N will then be proportional to the total number NT of recorded
signal-magnitudes, the particle number density n and the volume V which covers the space in which
the signal F, Eq. 4.28, is within the interval I
F
, see Fig. 5.4a,b). The histogram N(F), distinguishing
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between the positive and the negative sub-volumes, is therefore given by
N (F) =
⇢
N+ (F) = NT n+V+(IF) µ w2
r,+n+, F > 0
N  (F) = NT n V (IF) µ w2
r, n , F < 0
(5.4)
The unknown function V (I
F
0) = (V
F<F0  VF<F0+DF) depends only on the signal shape and magni-

















 F= 0. They describes
the limiting axial coordinates of the iso-signal surface for a certain signal strength, see Figure 5.4a).
An analytical expression for the shape of the signal histogram may be obtained for a 3D Gaussian
detection volume. Such an approximation is suitable for a setup calibrated for maximum signal
magnitude, i.e. with Dz f ⇡ zR,d . Then, one finds












By characterizing the signal occurrences, the histogram reveals the parameters describing continuous
distributions and relative concentrations of multi-component mixtures, see Fig. 5.4a,b,c). A steep
drop-off of signal occurrences is expected for an idea mono-disperse solution of absorbing particles
at the maximum signal Fmax (black dotted line). Depending on the calibration of the setup, this
cutoff can be different for each sign of the rel. PT signal as each sub-volume will have its own max-
imally achievable signal magnitude. While subfigure a) shows a symmetric scenario with z0 ⇡ 0
and histogram branches extending on the |F|-axis symmetrically both on the positive and negative
side, in general the shape of a signal histogram would be asymmetric and can be used to directly
yield the detection volume parameter z0. As this parameter is especially difficult to assess from
the correlation data, and since a symmetric calibration of the detection sub-volumes is beneficial if
cross-correlations should be used, this is a valuable information. For a given mono-modal normal
size-distribution p(R) = N (hRi,sR), a broader and significantly less steep drop-off is found for each
branch, see the dotted black vs. the red dashed-solid line in subfigure c). For a bi-modal mixture of
two mean particle sizes hR1i and hR2i, the aforementioned effects combine and a two broad steps are
discernible corresponding to the superposition of the two individual histograms for each size. As the
correlation data is dominated strongly by the large particle species, a second smaller component, even
if its concentration is higher, may therefore not be visible to correlation analysis but can be seen right
away in the histogram. Expression (5.6) can be used to quantitatively determine the concentration
ratio in a bi-modal mixture of absorbing particles under the assumption F µ R3, and gives the simple
relation lim
F!0 N (F,R1)/N (F,R2) = n1/n2. Thus, multi-modal populations of absorbing nanopar-
ticles are readily accessible if their concentration ratio is non-unity, which is the normal case. Each
histogram branch will show a step-like feature separated on the signal axis by their signal fraction
R31/R
3
2 and on the occurrence axis they will show an offset corresponding to their concentration-ratio
according to their number-density ratio.
As an example, the histogram of a bi-modal distribution of gold nanoparticles in solution (nanopartz,
R= 20nm and R= 30nm, manufacturer-given standard deviation of s= 1nm and 2nm, respectively)
was analyzed and shown to yield the concentrations and the particle size-ratio, see Fig. 5.4d). No
indication of a bi-modal mixture was found in the corresponding correlation functions. Further details
regarding this method and the analysis are given in the publication Ref.73
In conclusion, PhoSDA can support any photothermal correlation study and provides valuable infor-
mation that is otherwise strictly unattainable or only hard to recover from correlation data alone. It
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6.1 Summary of the results
PHOTOTHERMAL (PT) single particle microscopy represents a promising ultra-sensitive mi-croscopy technique.12, 13 Early on, a general understanding of the origin of the signal existed
in the literature16, 98 and the method was continued to be applied in numerous interesting stud-
ies.14–16, 18–23, 38–41, 43–46, 65, 95, 105, 106 However, the details of the probing were only insufficiently
understood. After the introduction of the self-interferometric approach by the group of B. Lounis
in 2004,13, 98 the ensuing optimization of this microscopy method remained limited to finding better
suited embedding media. A figure of merit of photothermal media, including the refractive index n0,
the optical contrast Dn and the thermal conductivity k, was suggested as a critical factor to maximize
the PT signal.96, 105, 106 The probing itself remained largely untouched. Motivated by the prospect of
advancing and quantifying this far field optical technique, this thesis has presented the first systematic
study and rigorous description of the complex phenomenology of the signal.
Specifically, this thesis has focused on the photothermal signal observed for single absorbing nanopar-
ticles in photothermal microscopy as detected in transmission. The theoretical models and the sup-
porting experiments presented provide an exhaustive analysis of the classical electrodynamic inter-
action of a focused beam with the spherically symmetric refractive index profile around a heated
nanoparticle. It was found, that the interaction of a focused beam effectively senses such a refractive
index perturbation only over the extent of a few times its beam waist. It therefore proved to be a useful
and accurate approximation to take this perturbation in the idealized simple form n(r) = n0+DnR/r,
even for modulated heating at moderate frequencies. The dedicated analysis yielded a clear physical
picture which showed that the characteristic refractive index field, which accompanies the absorption
of a NP, acts as a thermal lens. It is by the action of this lens upon the focused probing beam that
the signal is generated. A spatial redistribution of the energy flux leads to a change in the trans-
mitted power through the collecting objective’s (numerical) aperture. This simple mechanism lead
to a phenomenology which showed similar characteristics as the macroscopic spectroscopy variants,
i.e. thermal lens spectroscopy and beam deflection (mirage) spectroscopy.74 Indeed, many similar-
ities, such as dispersive zp-scans, were unveiled despite the fact that a diffraction limited probing
and appreciable refractive index changes occur on nanoscopic length-scales in the case of photother-
mal single particle microscopy using nanoparticles. Consequently, the description had to include the
wave-nature of light and the physics of focusing of electromagnetic fields, in contrast to the macro-
scopic spectroscopy techniques which rest on bulk absorption and thermal lenses of macroscopic
dimensions and, accordingly, commonly use concepts of geometrical optics. The outcome, however,
shares many aspects with the latter techniques.
While the quantification was achieved in a rigorous ab-initio electromagnetic scattering framework,68
the physics and the simple working mechanism that was unveiled could best be described in a variety
of complementing theoretical frameworks of varying degree of abstraction and accuracy.69–71 These
approaches were subsequently presented in sections 4.1 - 4.5, and are schematically summarized
in Fig. 6.1. The precise treatment of the full electromagnetic problem serves as a benchmark and
lends credence to the introduced simpler models which neglect the central NP and only consider the
idealized refractive index-profile. These necessarily miss certain minor details attributed to vectorial
nature of light, polarization, modified NP scattering or aberration effects. However, these models of
the photothermal signal are still semi-quantitative and have the advantage of providing the intuitive
picture of the photothermal effect.
Results of section 4.1: Exact vectorial diffraction by a thermal lens
The result of the exact treatment of the probe beam scattering by the thermal lens was two-fold.
Firstly, it elevated photothermal microscopy to the status of a quantitative spectroscopy technique
for single nanoparticles without the recourse to ”absorption standards”. The theoretical framework
devised a prescription for the evaluation of transmitted powers Pd for NPs. Thereby it provided
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a practical and well-suited formalism for self-interference microscopic detection schemes30, 34 un-
der realistic experimental conditions with finite collection angles. By representing the NP and its
surrounding thermal lens by a finite but large enough GRIN particle, this allowed for the exact quan-
tification of the PT signal. Thereby, the induced NP temperature and the absorption cross-section
became measurable. For a somewhat simpler probe beam representation chosen and an axial particle
offset only, the theory provided moderately complex expressions. The entire phenomenology of the
thermal lens signal could thus be analyzed and quantitatively compared to experimental results. Sec-
ondly, the lensing action of the thermal lens was seen to necessitate the inclusion of the scattering
contribution in addition to the interference when focused beam scattering is considered. As the no-
tion of heterodyne vs. homodyne is strictly appropriate for purely interferometric detection schemes
only, this means that the thermal lens signal in the photothermal transmission detection scheme need
not necessarily be classified under either of these categories. The interference contribution individu-
ally is interpreted to correspond to a modulated homodyne detection as the reference and the signal
fields originate from the same source (being the artificially decomposed parts of the interacting probe
beam). The significance of both scattering along with interference was found to be a defining and
characteristic feature of lenses in general, evidenced by the example of a mesoscopic ball-lens. This
scattering term originates from the thermal lens only, and is not to be confused with the scattering
contribution due to the nanoparticle itself, which becomes important for large central particles. The
further implication of this is that in a scattering framework the lensing mechanism is complicated and
guised by this artificial decomposition of the probe beam field’s modification. This is in addition to
the already deeply buried physics which lies in the iteratively determined scattering coefficients of
the discretized GRIN representation of the thermal lens.
Results of section 4.2: Gaussian beam transformation by an effective thermal lens
The application of concepts from geometrical optics to the macroscopic photothermal spectroscopy
techniques has been a story of success.74 Remembering that the possibly simplest approach to the
modification of a Gaussian probing beam is found in a hybrid approach, which uses ray transfer
matrices, the problem of refraction of light rays by the thermal lens around heated NPs was consid-
ered next. At first, an intriguingly close correspondence to classical RUTHERFORD scattering was
found.70, 72 Similar to the deflection of a-particles by the electrostatic core-potential of a positively
charged nucleus, rays of light bend through the thermal lens and follow weakly perturbed hyperbolic
trajectories, thus coining the term photonic RUTHERFORD scattering. A pedagogical macroscopic
experiment in ray-optics was shown to visualize a thermal lens directly to the unaided eye. Sub-
sequently, the focal length of the thermal lens was evaluated. It represents in a single quantity the
properties of a lens in geometric optics. Although the thermal lens was seen to exhibit strong spher-
ical aberrations, an effective focal length feff was motivated for the probing Gaussian beam. Based
on this representation of the thermal lens, a minimal model was proposed which inherently incorpo-
rates diffraction-limited focusing by Gaussian beam matrix transformation formalism.70 The thermal
lens has been used to describe the change in the beam divergence and thus the measurable trans-
mission signal: If the thermal lens is placed in the beam path in front of the probing beam focus in
propagation direction, a negative signal results in the narrow forward direction due to an increased
4.1 4.2 4.3 4.4 4.5
Figure 6.1: Schematic summary of the devised models for the scattering on thermal lenses.
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divergence of the beam. When the thermal lens is placed behind the probing beam focus, a positive
signal is detected as a result of the beam being collimated whereby more power is transmitted and
detected. While intuitive, this model also remains analytical throughout, semi-quantitative, and is
instructive in the sense that a detection volume is found which is the product of the involved lasers’
point-spread functions times a linear function of the axial coordinate. For a maximum PT signal, an
optimum relative offset of the probing and the heating beam of about one RAYLEIGH-range is readily
obtained, in accord with the experiments and the other frameworks. Further, a simple interpretation
is given for the observed angular pattern of the photothermal signal in terms of beam waists modified
by the action of a lens. Arguably, this model simplifies the complex thermal lens to a simple spherical
lens. However, an experimental realization of photothermal microscopy with nearly Gaussian beams
shows the model’s predictions to be in fair agreement with the experiment, apart from its intuitive
appeal.
Results of section 4.3: Solution to the scalar wave equation in a thermal lens medium
The physical origin of the photothermal signal is that of a lensing action, i.e. the redistribution of an
electromagnetic energy flux. It is therefore understandable that considering the same problem under
the simplifying assumption of scalar electric fields will cover the most important characteristics of
the photothermal signal and will still be quantitative and rigorous. Accordingly, the next step in ap-
proximating the physics of the photothermal signal consisted in the analysis of the inhomogeneous
HELMHOLTZ equation. The scalar wave-optical scattering of the probing beam by the thermal lens
was now found to be mappable onto the theory of quantum mechanical scattering of charged particle
wave-packets on a bare COULOMB potential.71, 72 Herein, the focused beam is conveniently handled
using a simple angular spectrum representation. This allows the characterization of the near field
spatial distribution of the photothermal signal for the first time. In addition to the on-axis lensing
mechanism, an off-axis photothermal deflection was found. While this deflection remains hidden in
regular photothermal microscopy experiments due to the dominance by the larger lensing effect, this
photonic RUTHERFORD-like deflection effect was shown to be measurable via a quadrant photodi-
ode.71 Although it may be regarded as a natural consequence of the established analogon to charged
particle deflection by a COULOMB potential, it is already a consequence of the overarching under-
standing of n(r) as being a gradient refractive index lens: Probing a lens non-centrally naturally
causes a beam deflection. This novel detection variant for photothermal single particle microscopy
completes the correspondences to the macroscopic photothermal spectroscopy techniques. It further
provides a qualitatively different set of laterally split photothermal detection volumes. By combining
the generalized photothermal signals, i.e. including deflection and lensing, the possibility is unrav-
eled to determine the octant in which the particle is located relative to the probing beam focus. While
this approach has been shown to be conceptually powerful and even quantitatively matching the ex-
perimentally measured far field results, the theoretical framework proved to inherit the difficulties of
the far field interference handling encountered in the unshielded COULOMB scattering problem in
quantum mechanics.
Results of section 4.4: Scalar diffraction by a thermal lens
The results of the far field signal for the former model and the accurate scattering description have
been demonstrated to match a minimal model based on the paraxial HELMHOLTZ equation in the
form of scalar FRESNEL-KIRCHHOFF diffraction.69 The action of a thermal lens was simplified to a
pure collected phase advance due to a variable phase mask. The thermal lens was thus represented
by a pure phase transmission function which again deviated in its form from a simple spherical lens,
while ultimately showing a similar effect on the propagation of a Gaussian beam. Compact analyt-
ical results of the angular photothermal signal pattern F(q) and axial signal scans F(zp) are found
in this framework in the FRAUNHOFER far field approximation. It is therefore a valuable exten-
sion of both the proper scattering framework and the intuitive wave-optical HELMHOLTZ solution as
it circumvents their computational difficulties while remaining paraxially accurate even for moder-
ately focused beams. On a practical side, the analytic description allows to easily asses the aperture
CHAPTER 6. SUMMARY AND OUTLOOK 164
dependence of the photothermal signal and thereby the determine the optimal detection aperture
qmax ⇡ qdiv for a given probe beam divergence. Further, the model correctly predicted the experimen-
tally observed ability to invert the photothermal signal upon the introduction of an inverse aperture in
the detection path.
Results of section 4.5: Plane wave scattering by a thermal lens
Finally, the plane-wave scattering characteristics have been investigated using the concept of a weak
scatterer, i.e. under the BORN and the eikonal approximation of thermal lens scattering. While these
results have been shown to be in accord with the early theoretical treatment by S. Berciaud,98 several
difficulties arising in such an approach have been discussed. Inherent to the scattering of plane waves
by the thermal lens, even in its correct exponentially damped thermal diffusion-wave form, is an un-
derlying divergence in connection with the infinite and unshielded part µ r 1 which is well-known
for the BORN approximation as applied to the COULOMB potential. It is thus seen to be the sine
qua non to include the finite size of the focused probe beam for a rigorous treatment. The analy-
sis further showed, that the thermal lens is far from behaving as a dipole scatterer. Instead of the
angular scattering pattern of a dipole µ cos2 (q)cos2 (f)+ sin2 (f), an azimuthally almost perfectly
symmetric pattern characteristic for large and lens-like scatterers is obtained. In fact, in the context
of MIE theory the ideal thermal lens is infinite in size. Instead of a single equivalent dipole, it is thus
essential to account for the extended nature of an effective dipole distribution as which the scattering
potential may be seen. The results complement the rigorous scattering treatment of focused beams
and the photonic RUTHERFORD scattering analysis while potentially allowing to formulate an analyt-
ical focused beam scattering approach which would be well-suited for the full thermal diffusion-wave
refractive index field.
Results of section 4.6: The thermal lens compared to other mesoscopic lenses
Supported by the wealth of findings and experimental demonstrations, the term thermal lens was then
ultimately deemed to be a well-suited overarching concept for the specific refractive index profile
created around absorbing nanoparticles. Since at first sight this refractive index perturbation did not
lend itself to such an interpretation, it was finally contrasted against similar successful and helpful
concepts in related optical mesoscopic applications.
Estimated impact of the results
In conclusion, the PT signal generating mechanism has been described and explored exhaustively.
A new controllable phenomenology such as axial and laterally phase-split detection volumes has
been measured and explained. Several models explicitly lead to a figure of merit for a photothermal
medium similar to but distinct from Ref.,96 here being [dn/dT ]n 10 k
 1, i.e. the optical contrast. The
proposed models should find broad use and application in future studies in colloidal- and biosciences.
For instance, the generated insight provides guidelines for the optimization of the signal, on how
to extract the exact NP position for a given scatter signal or photothermal signal scan, on where
to expect the relative focal planes for the fluorescence and the photothermal signal and on how to
extract quantities such as induced temperatures and absorption cross-sections from the photothermal
signal. The recently demonstrated high sensitivity of photothermal detection at the level of single
molecules14, 22, 23 and its advantageous properties when compared to fluorescence microscopy will
likely make the hereby thoroughly understood method an active and growing research area in the
years to come.
Results of chapter 5: Methodological applications
Having characterized and modeled the photothermal signal, a few immediate methodological conse-
quences have been subsequently explored. First, the photothermal correlation spectroscopy tech-
nique38, 39, 41 as applied to diffusing metal nanoparticles has been extended42 to now include the
general twin-focal structures of the photothermal detection volume. In the case of the axially split
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detection volume of the single photodiode detection scheme, the resulting (auto-/cross-) correlation
functions have been formulated explicitly and reveal the generic new features and abilities of the
method. The intrinsic but previously untapped potential resides in the unique split focal detection
volume and allows, when analyzed and configured accordingly, for the extraction of axial dynam-
ical heterogeneities or additional advective axial flows by the introduced cross-correlation function
between the two photothermal detection sub-volumes. The prospect of this new correlation analysis
is emphasized by the unparalleled sensitivity and unlimited observation time when used in combi-
nation with metallic NP tracers. This twin-PhoCS technique has been complemented by the sta-
tistical analysis of the photothermal signal histograms of freely diffusing NPs, an analysis technique
termed PhoSDA.73 The modeling of the signal histograms allows for the extraction of the calibration-
dependent detection-volume parameters, or, once determined, allows for the determination of particle
concentrations and size-dispersions, rendering it a versatile tool for future colloidal studies and char-
acterization. The gained understanding of the photothermal correlation spectroscopy allowed for the
first time the quantitative comparison of the theory of hot BROWNian motion by Rings et al. to twin-
PhoCS measurements65, 66 and for the induced low flow velocities due to radiation pressure acting on
the diffusing NPs in a PhoCS measurement. While not demonstrated specifically, the photothermal
RUTHERFORD deflection microscopy with its laterally split focal geometry can be used to probe lat-
eral flows in colloidal samples with ultra-high precision by using a cross-correlation analysis similar
to the one detailed in axial twin-PhoCS.42 First promising experiments are currently undertaken by
members of the group.
6.2 Outlook
THE conceptual framing of the the probe-beam modification occurring in photothermal single par-ticle microscopy as the action of a modulated lens was annexed by a set of frameworks of
varying degree of accuracy and abstraction. Each of these models can provide a fruitful basis for
various future investigations. A short list of possible future studies which would directly benefit
from the results of this thesis can be categorized under two superordinate topics, namely that of
non-spherical nanoscopic refractive index perturbations, and time-dependent photothermal effects.
Especially the former approach is motivated by the RUTHERFORD scattering analogy. In nuclear
physics it is common practice to closely analyze the scattering characteristics to gain information on
the scattering (and core) potential, whereby one is naturally led to expect that the same methodology
should be practicable in the optical domain. The latter category would extend the already developed
pump-probe spectroscopy methods on nanoparticles.62–64
General nanoscopic perturbations in the medium’s refractive index
• Heated nanoparticles have been suggested to be able to drive nanoscopic phase transitions. A
concentric spherical region of a different phase has been used in liquid crystals to enhance the
PT signal.105, 106 Also photothermally driven melted phase in ice323 or gas-bubbles could be
imagined to be created around heated NPs. The formulated generalized LORENZ-MIE frame-
work may be used to make statements about observable consequences of such phenomena,
although in its current form it would abstract from the optical anisotropy. Fig. 7.6 shows
the result for a thermally driven phase-boundary of radius RBL separating the NP enclosing
concentrically located air-bubble from the water solution. If such a nano air-bubble could be
generated, the signal observed should show a strong non-linearity. As the usual photothermal
signal depends linearly on the heating power and is typically of the order of F ⇡ 10 3, such
a nano-bubble would leave an easily identifiable signature. Further, if the phase-boundary is
expanded to scales larger than the beam-waist and the wavelength of the probing beam, the ana-
lytical ABCD beam transformation framework F = 2z/ f µ 1/RBL may be used to describe and
understand the situation properly as a lensing experiment, similar to conventional photothermal
CHAPTER 6. SUMMARY AND OUTLOOK 166
single particle microscopy with its thermal lens. In the nano-bubble regime, however, naturally
the generalized LORENZ-MIE theory must be used.
• Metallic nanorods and nanowires with dimensions of several micrometers will result in a dis-
tinct temperature profile upon resonant illumination. Photothermally heated nano wires, for
instance, will approximately act as line-heat sources which cause a logarithmic refractive in-





instead of the 1/r-type profile around a point-like nanopar-
ticle, see appendix 7.7. The basic conceptual approach pursued in this thesis may be applied
to photothermal microscopy on such objects along the lines of the solutions to the spherically
symmetric variant. For instance, the similarity of the photothermal probe beam interaction with
the photonic potential in the context of the HELMHOLTZ equation to the SCHRÖDINGIER equa-
tion in quantum mechanical scattering may be exploited to find an accurate description of the
problem. For the wires, the available literature on scattering by logarithmic potentials324, 325
could be used. If an exact description is desired, an extension to PT microscopy might be for-
mulated in a framework similar to the generalized LORENZ-MIE theory, but for cylinders326, 327
or, in the case of nanorods, for spheroidal particles.328
• The temperature profile around an active thermophoretic Janus particle swimmer, i.e. a half
gold-coated polystyrene sphere, exhibits a characteristic asymmetry as shown in Fig. 6.3. This
asymmetry could be used to obtain a corresponding PT deflection signal which would allow
an extraction of the particle orientation and thus for feed-back controlled actuation, a method
which has been termed ”photon nudging”.329
Studying of the time-dependence of photothermal effects
• The time dependence of the photothermal signal generated by ultra-short light pulses for heat-
ing and detection may be studied by a straightforward extension of the GLMT framework to
the time domain via its frequency decomposition as demonstrated in several publications by
P. Laven.202 Short processes such as the hindered thermal transport due to the KAPITZA re-
sistivity110 or the ballistic heat transfer regime330, 331 may then be studied. Also, a time-gated
filtering mechanism of such pulsed photothermal signals may be a further feasible approach to
enhance the selectivity and sensitivity of the method.
• The explicit time dependence of the full thermal lens n(r, t) may be used to extract information
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Figure 6.2: Phenomenology of an air-bubble of increasing radius RBL concentrically enclosing a R = 10nm
AuNP interacting with a Gaussian beam (l = 635nm, w0 = 281nm, zR = 0.52µm in water nm = 1.33. a)
Rel. difference signal F = DPd/Pinc = [P
AuNP,BL
d  PAuNPd ]/Pinc vs. the radius of the air-bubble for zp =  zR
an NAd = 0.05 (on-axis). The dashed red line indicates the ABCD calculation with F = 2zp/ fBL µ R 1BL,
and the focal length fBL µ RBL given by eq. 4.24. e) Axial F(zp) scans for fixed air-bubble radii RBL =


















Figure 6.3: a) Asymmetric temperature profile T (r,q) for a capped sphere of R = 30nm with ksphere = km ⌧
kAu plotted perpendicular to the cap-orientation (theory by A. Würger, private communication). b) Same as but
for R = 200nm in the same field of view, showing the strongly inhomogeneous temperature region for r ⇡ R.
c) Scheme for photon-nudging: A particle is laser-heated only if it is oriented within an acceptance angle (red
triangle) towards a target. Its self-thermophoretic motion will then actuate the particle towards the target.
GLMT framework which was presented in this thesis. Alternatively, It should therefore be
a valuable exercise to extend the diffraction formalism to this end. The interfacial KAPITZA
resistivity as well as the thermal conductivity will then become measurable as they influence
the time-varying thermal lens.
• The details of the time-dependent electromagnetic interaction with very small nanoparticles
could be further analyzed quantitatively with PT or interference microscopy in the GLMT
framework. MIE theory for an ideal sphere of a material characterized by its bulk dielec-
tric constant predicts an absorption spectrum of constant width and position for small metal-
lic nanoparticles. However, experimentally it is well know that for very small NP of a few
nm size a blue-shift and a broadening occurs.332 By applying quantitative PT or transmis-
sion spectroscopy, new data and insight could be gained on effects such as quantum confine-
ment,333, 334 phonon-surface scattering, electron spill-out,333, 334 chemical interface damping335
or non-locality.334, 336, 337
Apart from these major fields, the following topics appear worthwhile investigating:
• It should be of interest to determine wether the deflection and lensing of the probe beam in-
fluences the signal in photothermal interference contrast (PIC) microscopy and similar related
photothermal detection schemes.
• The diffraction framework was shown two be a particularly well-suited method to obtain quick
an precise results for on-axis photothermal signals without recourse to the complex scattering
framework. It should therefore be a valuable exercise to extend the formalism to the evalu-
ation of deflection signals in photonic RUTHERFORD scattering microscopy or the full time-
dependent thermal lens.
• Although in this thesis only the unbound energy spectrum corresponding to E = n20/2 > 0
related to beam scattering was considered, one might imagine a photothermal confinement
of light to occur in certain metamaterials with n20 < 0, similar to the classical confinement
of emitted electrons in an attractive COULOMB potential.338 While the theoretical existence
has long been recognized since the original publication of ”F=ma” optics,138 an experimental
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7.1 Material parameters
The following table lists the most important parameters used throughout the calculations of pho-
tothermal signals, scatter images and thermal diffusion analysis.
param. water PDMS gold glass (BK7) immers. oil Units
n0 1.33 1.46 0.17+3.6i 1.525 1.518 [1]
dn
dT  1.05⇥10
 4  3.6⇥10 4  2.0⇥10 6  2.7⇥10 4 [1/K]
k 0.6 0.15 317 1.114 0.29 [W/Km]
r 1.00⇥103 0.97⇥103 19.32⇥103 [kg/m3]
cp 4187 1500 129 [J/kg K]
Table 7.1: Material parameters: thermal conductivity k (water:,339 gold:110), thermorefractive coefficient
dn/dT (PDMS:,340 water:,278 see also341), refractive index n0 (gold: for l = 635nm from Ref.,216 note on
imm. oil bottle), mass density r and specific heat capacity at constant pressure cp. For PDMS, cp and r were
taken from the supplementary information of Ref.342
Viscosity of water Taken from Ref.:65 h(T ) = h
•
exp(A/(T  TVF)), TVF = 152K, A= 497, h• =
2.98⇥10 5 Nsm 2.
7.2 Calculation parameters
Exact scatter scans, Fig. 4.4 and Fig. 4.5 Particle parameters: R= 30nm, nAu(lh) = 0.516+2.23i
and nAu(ld) = 0.175+3.46i.216 Common sample parameters: n0 = 1, n⇤g = 1.514, n2 = 1.46. Param-
eter specific for NAd = 0.75 objective: k0Dd⇤g = 720. Specific for NAd = 0.3 objective: k0Dd⇤g = 650.
Illumination specific parameters are NAill = 1.4, d = 15µm, n1 = 1.525 for l = 532nm with waist of
wa = 1.8mm and n1 = 1.505 for l = 635nm with back-aperture waist wa = 1.6mm. The microscope
objectives effective focal length is f = 1.8mm, resulting in overfilling factors f/wd = gd = 1.125 and
f/wh = gh = 1.
Photothermal scans, Fig. 4.17 Apart from the parameters as given above, the following parameters
were used for the calculation of the PT signals. Detection laser power: PPM,d = 250µW, heating laser
power PPM,h = 100µW, both already converted to peak-to-peak. Discretization parameters: number
of angles for numerical angular signal integration: N
q
= 400, number of layers for multi-shell scatter-
coefficients an and bn: NL = 370, layer spacing: r j = R+Dr j1.4 with j = 1, . . . ,NL and Dr = R/50.
Number of angles for the evaluation of the BSCs: N
a
= 6000, mmax = 30, nmax given by scattnlay and
k0Dd⇤g = 720. The Pabs (xp,zp) maps yield the following effective gaussian parameters: w0,d = 281
nm, zR,d = 570 nm, w0,h = 233 nm, zR,h = 468 nm.
The power-meter aperture was the same as the microscope objective back-aperture, i.e. cPM = 1. The
Gaussian GLMT calculation gives: DT G0 = 96K. Further, the following factors have been calculated
caberr = 0.384, cT,h = 0.86, cG = 1.225, see section 7.5.3. The absorption cross-section was found
to be sGabs (zp = 0) = 1.15⇥ 104 nm2 which is close to the plane wave MIE-cross section (gn = 1):
s
Mie
abs = 1.16⇥ 104 nm2. The exact calculation yields a temperature elevation of DT E0 = 95K which
is obtained with sEabs = 2.56⇥ 10 7 m2, sillinc = 4.16⇥ 10 6 m2, sdinc = 1.65⇥ 10 6 m2 for the given
parameters.
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Fig. 4.19 The same parameters as in Fig. 4.17 for the case with aberrations. For turning off the
aberrations the following parameters have been altered to simulate a perfect match of the microscope
objective design conditions: k0Dd⇤g = 0, n2 = 1.525. These values have been used for the evaluation of
the BSCs only, and not for the evaluations of the scattering coefficients and absorption cross-sections.
Wave-mechanical photonic RUTHERFORD calculation, Fig. 4.48 For the far field results the fol-
lowing discretization was used to numerically describe the perturbed and unperturbed wave-packet:
DJ = s
J
/120, Dj = 2p/320.
Further parameters for Fig. 4.30 NL = 625, Dr = 0.5nm, Nq = 400.
7.3 Interactive simulation scripts (Processing)
Several interactive scripts were written by the author in the java-based programming language Pro-
cessing. The programming package is freely available via www.processing.org. The scripts
themselves are available on the group’s homepage under http://www.uni-leipzig.de/˜physik/
software.html. These scripts allow an interactive conceptual study of the presented phenomena
and facilitate the acquisition of an intuition regarding the corresponding phenomena. Thereby, hot
BROWNian motion, the photothermal signal phenomenology and the classical photonic RUTHER-
FORD scattering can easily be visualized.
Figure 7.1: Processing scripts on the photothermal signal phenomenology, geometrical optics photonic
RUTHERFORD scattering and hot BROWNian motion (left to right).
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7.4 Vectorial scattering in the BORN approximation
In section 2.6.1, scattering of scalar electromagnetic waves were considered. The vectorial nature of
light can be considered in a very similar fashion based on the inhomogeneous wave equation for the
displacement field D(r) as obtained immediately from the MEs (2.10) and using the operator identity
—






= —⇥ [—⇥ (D  e0E)]+ e0
∂
∂t
—⇥ (B µ0H) , (7.1)
where the right-hand side is a small perturbation and thus treatable in the same way as a scattering
potential in the BORN approximation. Assuming that a solution Di (r) is known to the homogeneous
part of Eq. (7.1), and considering only weak perturbations, the formal solution of Eq. (7.1) can be
found in in the book of D. Jackson [116, Ch. 10 A]. Assuming further a non-magnetic material with
B µ0H = 0 one finds,







0 ⇥ (D  e0E)
⇤
d3r0 (7.2)
or, equivalently and approximated in the far field with êr being the unit normal vector in the observa-
tion direction r:








0 êr ⇥ [êr ⇥ (D  e0E)]d3r0. (7.3)
The integrand can be seen to represent dipoles,116 as the scattered far-field from an electric dipole











In a medium, e0 in the above equations should be replaced by the value of the average dielectric
constant hei, i.e. D ⇡ [hei+De(r)]E such that the source term will contain dipolar scatterers of the
form D e0E ⇡ DDe(r)/hei. The effective dipoles then read p(r) = EiDe/heidV = 2n0DnEidV , see
also Gaiduk et al.96 However, in contrast to the cited reference, it is a distribution of such dipoles and
not a single one, see also section 4.5. Far away from the dielectric perturbation, the solution (7.3) for
an incident plane wave Di (r) = ê0D0eik ·r with polarization vector ê0 reads in the first-order BA:116

















with q = ks ki and the vector triple-product êr⇥ [êr ⇥ ê0] = êr (êr · ê0)  ê0. The differential scatter-
ing cross-section for a fixed polarization ê is then given by ds/dW = |ê⇤ · f|2/|D0|2 with the complex
conjugate only being important for circular polarization. For a small RAYLEIGH particle with x ⌧ 1,
using ê⇤ ? êr, the result may be written as ds/dW ! k4R6|De/3hei|2|ê⇤ · ê0|2 which is the quasi-static
limit of the scattering by a polarizable sphere. Evidently, the result for the vectorial scattering ampli-
tude fBA is analogous to the scalar scattering amplitude f BA (2.55) and the scattering potential (2.54)
using the relation e = e0n2 and hei= e0n0. Further, this ansatz is finally completely equivalent to the
HERTZ vector potential ansatz with an effective polarization perturbation103 which was chosen by S.
Berciaud et al. in Ref.98 but here without the recourse to an induced polarization but directly using
a given refractive index field. Although the statement that the TL may be modeled by a distribution
of effective dipoles as in Ref.,96 its extended nature makes the analogy to a simple sub-wavelength
dipole rather fruitless. If an incident x-polarized plane wave with ê0 = êx is considered, and the scat-
tered field polarization ê ? êx is taken in the y-plane, the corresponding results of k2|ê · fBA|2 can be
compared to |S1 (q) |2 in the GLMT, i.e. at f = p/2, see Eq. (2.70) of section 2.6.3.
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7.5 Details regarding the scattering framework
7.5.1 Connection between Gmn,TE,TM of Ref.1 and gmn,TE,TM in the GLMT
The definition of the spherical harmonics expansion coefficients Gmn ’s introduced by A. Neves are




























































For m   0 one has for the TM case X = X
0 while for TE one has X = X
0 . Then, using Y(1)n = jn and

















The BSCs gmn fulfill the symmetry condition g
 m
n,TM,TE = ( 1)
n+1 gm⇤n,TM,TE for all m, which is easily
checked by inspection of Eq. 7.6 and 7.7. Thus, only gmn,TM/TE for m   0 need to be evaluated
numerically while the coefficients for m < 0 may be obtained through the above stated relation.
7.5.2 Off-axis BSCs including aberration (single interface)













































































a2 = k2r0 sina2 and cosa2 =
q
1  (n1/n2)2 sin2 a1. Here, Pmn = Pmn (cosa2) ,tmn =
t
m
n (cosa2). Török et al.151, 153, 344 say: YNi = hN 1nNsN,z   n1h1s1,z which yields for a two-slab
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Figure 7.2: a) FRESNEL coefficients for reflection R (dashed-solid) and transmission T (solid) for parallel p
(blue) and perpendicular s (red) polarization. Situation 1 displays the results for n1 = 1.518 and n2 = 1.46,
while situation 2 shows the results for n1 = 1.46 and n2 = 1. The angular domain of total internal reflection
is the shaded region on the right of each plot. The dashed lines indicate typical integration angle of qmax =
{12 ,31 ,67 } corresponding to NAd = {0.3,0.75,1.4}. b) Sketch of integration angles for exact BSCs.
system considered here, N = 2, indeed h1 = d = hN 1, k2s2,z k1s1,z = k2 cosa2 k1 cosa1 and there-























To include the intrinsic objective design aberration which cancels the aberration of a glass-cover-slip
under design conditions (ng = n⇤g, dg = d⇤g etc.), one may introduce an additional initial aberration
function in the integrand of Im
n, TMTE
as a further phase Y⇤i , i.e. an additional phase factor exp( ik0Y⇤i ).
To simplify matters, a reasonable form is
Y
⇤
i = d⇤n1 cosa1 (7.13)
motivated by the treatment given in Ref.144 The parameter d⇤ is a fit-parameter that physically con-
tains all otherwise non-considered aberrations that might be present due to non-design parameters
of immersion-oil and coverglass (layer-thicknesses, refractve indices) and the additional interface.
This non-considered interface between coverglass and immersion-oil has low optical contrast, since
ng ⇡ ni in the experiment. This justifies those subsummations into a single term. Using eqn. 7.10 and








k2 f e ik1 f i me imf0Imn, TMTE
, g |m|n,TM,TE = ( 1)
n+1 g|m|⇤n,TM,TE. (7.14)
7.5.3 Details on the incidence power Pinc
For homogeneous illumination of the back-aperture of an objective fulfilling the ABBE sine condition,
the transmitted total incidence power Pinc detected without any particle in the beam-path to be used
for background normalization of transmission scans, see Ref. [26, loc. Eq. (50)]:
Pinc = Iip f 2
⇥
sin2 qmax   sin2 qmin
⇤
(7.15)
In order to obtain an analogous expression for a microscope objective back aperture which is illumi-
nated by a Gaussian collimated beam, the calculation must be redone. With ABBE’s sine condition,
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per solid angle dW = sinqdfdq the power dP = I (r)rdrdf is contained. Then, the sine condition
relates the incident beam cylinder sector distance to the angle q via the effective focal length f of
the objective, r = f sinq. Therefore, dr/dq = f cosq and the intensity is obtained from the incident




















Using the first-order series expansion for g ⌧ 1, i.e. plane wave illumination and a constant intensity
I0 filling the aperture, this reduces to Eq. (7.15). The FRESNEL expression for transmittance Tp and
Ts are both close to 1, i.e. Tp,s ⇡ 1, such that no reflection needs to be considered for n1 = 1.525
and n2 = 1.46, see Fig. 7.2. This is not the case for the detection consideration. Here, they may be
included as an average T (q) = Ts (q)/2+Tp (q)/2 in the angular integration. Since the same holds
true for the collected signal in which this is not considered, for the relative signal the factor is omitted
for the detection, too. For heating estimates the incident power on the particle is needed, and hence
q
ill
m = arcsin(NAill/n1) is taken, while for the detection background intensity, qdmax = arcsin(NAd/n2)






inc/I0 and sabs = Pabs/I0 and thus
sabs/sillinc = Pabs/Pinc, and this may be used to calculate absorbed powers via Pabs = Pincsabs/s
ill
inc
and the latter may be used for signal normalization with n3 = 1 for air. note that Pinc is the power
which passes the back entrance objective aperture of radius robj,e. This power may be connected to


























here, the subscript e denotes the reference to the physical back entrance aperture of the objective.
For a given aperture radius robj,e the beam-waist wa,e of the incident beam at this position may be
related to the effective lens parameters via robj = f sinqm = f NA/n1 and robj,e/wa,e = robj/wa, such
that wa,e = robj,e (wa/ f )(n1/NA) = robj,eg 1n1/NA. A further factor of cT,532 = 0.86 or cT,635 = 0.83
for 532nm or 635nm wavelength accounts for the transmission of the used objective (Olympus,








































such that the total power Pinc which is to be used in the Gaussian approximation in order to compute






and thereby the absorbed power Pabs = I0sGabs with the help




For g = 1 and n1 = 1.46 and NAill = 1.4 this coefficient takes the value cG = 1.225. This means, that
the following absorbed powers can be compared and used to calculate the temperature rise induced
via DT0 = Pabs/(4pkR):
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7.5.4 Details on the incidence power Pinc for arbitrary beams
si is of the form of a CAUCHY-sum and was obtained since Â•n=1 an Â
•
m=1 bm = Â
•
n=1 An with An =
Â
n
m=1 ambn m+1 was used twice and higher order missing terms were neglected a) . Therefore one
may easily check the above expression by inserting the far-field limits into eqns. (7.24-7.24), taking
one summand each with the appropriate subscript and then simplify until the f-dependence drops out
after integration over 2p. Also the r-dependence cancels correctly. To ensure numerical stability, the
proposed method of for Dn ⌘ Pn  tn was used, which relies on the direct recurrence relations for Dn
and read:267























The integral may be further simplified by noting that
R b






a, see [3, loc.
Eq. 4.24], such that only the integrals for odd n need to be evaluated numerically.
7.5.5 Explicit expressions for the spherical field components of Es,i and Hs,i















































































































































































































m=1 [ambn +anbm]  Â
nmax



















m=1 anbnmax m+1, which was used for Eq. 4.9 neglecting the higher order terms from the
second sum.
CHAPTER 7. APPENDIX 176


























































































































































These expressions have been used in their asymptotic form for the fractional cross-section eval-
uations. Alternatively, one may write y(1)n = jn, and exploit the trick by J.A. Lock174 to ex-
plicitly express the derivative of the spherical BESSEL function via recurrence relations j0n =
jn 1   [n+1] jn/z and jn 1 + jn+1 = [2n+1] jn/z. Successive application of these shows that
(z jn (z))0 = z [ jn 1  n jn/z] and (z jn)00 = n(n+1) jn/z  z jn. Then, one may find in the current nota-
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such that in the near-forward direction, where Pn ⇡ tn, one finds with êx = cos(q) êq   sin(q) êf and











Nngn [Pn + tn] for q ⌧ 1, kr   1, (7.26)
From which the Gaussian beam may be recovered with the corresponding BSCs.174 The scattered
field components are:



















































Pn   ibnry(4)n (kr)tn
 
,




































































































The resulting far-field expressions when r ! • have been presented for the scattered field in the
theory part of this thesis and were used to compute the detectable power Pd . The near-field expres-
sions for off-axis illumination have not been considered but may be obtained in the same fashion
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from the scattering BROMWICH scalar potentials UsTE,TM. As the explicit evaluation of the electric
incident beam field used recurrence relations which are valid for any spherical BESSEL function, a











Nngn [Pn + tn] [an +bn] for q ⌧ 1, kr   1. (7.28)
The assumption of equal electric and magnetic scattering coefficients an ⇡ bn is valid for any particle
in the DEBYE series decomposition for the diffracted part.174
7.5.6 Note on the time-dependence and the corresponding sign-conventions in M
The appearance of h(2)n in the MIE scatter coefficients (2.63) and (2.64) instead of h
(1)
n as in standard
Ref.3 is a direct consequence of the imposed condition that an outgoing spherical wave should be the
solution and a time-dependence of exp(+iwt) was assumed. With the alternate choice of a exp( iwt)
time dependence, zy(3)n (z) = zh
(1)
n represents an outgoing spherical wave (Ref. [173, II.5.4]). This
also applies to the expressions of the scattering coefficients {an, bn, cn, dn}, eqn. (2.63) and (2.64),
in which xn(z) appears. The chosen exp(+iwt)-time dependence in connection with the relation
k = w
p
µe necessitates the relative refractive index to be written as M = n  ik, wherein n and k
are both positive and represent the real and imaginary part of the complex relative refractive index of
the scatterer. This means: in order to compare cross-section results from scattering-frameworks with
different sign-conventions, a choice of h(2)n and M = n  ik should be equivalent to a calculation with
h(1)n and M = n+ ik. For the near fields, in which also the imaginary part of the scatter-coefficients is
important, only the current choice is valid.
7.5.7 Recurrence relation for Pn and tn
In case of off-axis scattering, the following recurrence relations were used for the numerical eval-
uation of the matrices X and Y as introduced in section 4.1.3 for the computation of the fractional





















































The fourth relation is only to be used for m  n 2. The last relation indicates that P|m|n µ P |m|n . For









n   (n+m) Pmn 1.
 
(7.30)
In case of on-axis scattering, the following recurrence relations as given in Refs.188, 346 were used:





n 1Pn 2 (q) (n   2) ,
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7.5.8 Gaussian beam shape coefficients: Off-axis
The beam shape coefficients in the localized approximation177 are expressed in terms of the following
auxiliary functions:
x+0 = x0/w0, y
+
0 = y0/w0, z
+












2n+1 if m = 0,
  2
2n+1













































































































if m < 0.
(7.32)
The BSCs for each relative offset the beam waist with respect to the particle may then be computed
via expression (2.74) given in section 2.6.5. These BSCs have been implemented both in a fast c-code
and in a Mathematica scripts made publicly available on the groups homepage and may be used to
generate scatter images or to calculate radiation forces via the generalized LORENZ-MIE theory.
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7.5.9 Multilayered Scatterer
As a benchmark of the involved multilayered scatterer computations, the example given in Ref.188
was reproduced and is shown in Fig. 7.3. Also demonstrated is the validity of the approach developed
for the total field Et as described in Ref.174 The expressions given in section 4.1.4 correctly account
for the detectable intensity in the forward region for Gaussian illumination. While the scattered
intensity |Es (q) |2 (blue) coincides with the total field intensity |Et (q) |2 over most of the displayed
angular extent, both intensities deviate strongly in the angular domain corresponding to the angular
spread of the incidence beam, qdiv ⇡ 0.5. The scatter coefficients obtained using this algorithm rely
on a different sign-convention. The complex refractive index should have a positive imaginary part

























Figure 7.3: a) Total (solid black), scattered (solid blue) and incidence field (dashed black) intensities for
a R = 50µm water sphere, np = 1.333 in air, nm = 1 illuminated centrally by a Gaussian beam with w0 =
10µm, l = 620.4nm, reproducing Fig. 5 b) and d) from Ref.174 b) Scattering intensities for a GRIN lens with
ml = m1 + 0.5 [mL  m1] [1  cos(pt)], t = [l  1]/ [L 1], x1 = 0.0001xL, xl = x1 + [xL   x1] [l  1]/ [L 1],
l = 1, . . . ,L, xL = 59.4, n1 = 1.43, nL = 1.33, L = 100, l = 514.5nm, reproducing Fig. 4 of Ref.175 (S1 and S2
are mixed for this particular plot, while the other plots of the given reference have been reproduced correctly.
This is certainly due to a typo in this reference.)
7.5.10 POYNTING-vector and energy flow fields








= Stx êx +
Sty êy +Stz êz, with unit vectors ê in spherical and cartesian coordinates.
The time averaged POYNTING vector of the total electromagnetic fields was written as the sum of
three terms, hSti = hSinci+ hSexti+ hSscai. Any PONYTING-vector, either of the total field, the in-
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cidence or the scattered field, may be computed individually, although for a shaped incidence beam
only the perturbed field energy flux St describes a measurable quantity.
The energy flux for a time-harmonic field, i.e. with a exp(iwt) dependence on time, may be given by
the time-averaged POYNTING vector hSi which is easily expressed in either a spherical or a cartesian




} are derived from
the total electromagnetic field components in this basis via St = Et ⇥Ht the cross-product expression


































The transformation to cartesian coordinates (i.e. for plotting) may be done with the appropriate trans-
formation matrix and reads explicitly for the xz and yz plane. (see Fig. 7.4):
Sz = cos(q)Sr   sin(q)Sq, Sx = sin(q)Sr + cos(q)Sq (7.34)
Using the field expressions given in section 2.6.3 one can study the near-field field structure for the
interaction of a plane wave or focused beam incident onto a particle. To check the method, Fig.
6 of Ref.347 has been reproduced, supporting the complex field calculations done in this thesis.
A logarithmic version of the micro particle ball lens near field which has been introduced in Fig.
4.24 is provided in Fig. 7.5. The two plots encountered before are here supplemented by two more
configurations where the beam was focused at a distance f and 1.5 f in front of the lens, where
f = 1.57µm is the actual focus position which was obtained for plane wave illumination. At these
positions, a collocation of the almost spherical wavefronts of the Gaussian beam are achieved. As the
POYNTING-vector flow lines indicate, for the largest offset the collimation is best, while a significant
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Figure 7.5: Phenomenology of a ball lens (polystyrene, nBL = 1.59 interacting with a Gaussian beam (l =





for particle offsets of zp = { zR,+zR}. b) Particle offsets zp = { 1.57µm, 2.35µm}. The arrows show the
flow field of the POYNTING-vector St.
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Figure 7.6: Phenomenology of an air-bubble of increasing radius rBL concentrically enclosing a R = 10nm
AuNP interacting with a Gaussian beam (l = 635nm, w0 = 281nm, zR = 0.52µm in water nm = 1.33. a) Rel.
difference signal F = DPd/Pinc = [P
AuNP,BL
d  PAuNPd ]/Pinc vs. the radius of the air-bubble for zp =  zR an
NAd = 0.05 (on-axis). The dashed red line indicates the ABCD calculation with F = 2zp/ fBL µ r 1BL, and the
focal length fBL µ rBL given by Eq. 4.24. The gray dashed line includes the finite NAd correction factor F ,
Eq. 4.47. The inset shows the decomposition of F into scattering (blue) and interference (red) contributions.
b) Same as a) but for NAd = 0.75. c) Same as a) but for zp = +zR. d) Same as b) but for zp = +zR. e) Axial
F(zp) scans for air-bubble radii rBL = {0.1µm,0.5µm,1.0µm,5.0µm}.
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7.5.11 Convergence
In any computation within the GLMT framework care needs to be taken to ensure that the infinite
series solution converges to the desired accuracy with only a finite number of terms considered in any
practical evaluation. The maximum order of multipoles nmax needed for far field computations was
taken from Ref.188 as nmax = x+ 4.3x1/3 + 1 and further 15 multipoles was added to this number.
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Figure 7.7: Near fields |Et |2 for l = 532nm, w0 = 15µm and a polystyrene sphere with n = 1.59+0.001i in
water (nm = 1.33) for nmax = {28,48,100} (left to right).
the actual values. For the off-axis scatter images and the evaluation of the sums eqs. (4.10) and
(4.11) the maximum number of azimuthal modes mmax = 25 was used while for on-axis parts of
such scans mmax = 1 was used. Although the maximum number of azimuthal modes necessary varies
spatially and increases for growing lateral offsets systematically, no such optimization and adaption
was used in the computations. A guide towards optimization of the necessary number of multipoles
n and m can be found in Ref.348 Thus, a further increase in computation efficiency is expected to be
achievable if these guidelines are incorporated accordingly. The convergence towards the true near
field distribution for increasing number of included multipoles nmax is seen in Fig. 7.7. In section
4.1.4 it was stated, that the interference term dominates the scatter scans for small particles with
x ⌧ 1. This can be seen in Fig. 7.8c,d) where the angular distribution of the relative scatter intensity
Isca/Iinc (blue) is almost negligible for the R = 30nm AuNP when compared to the contribution of
extinction Isca/Iinc (red).























































































































Figure 7.8: Axial scatter signal scans DPd/Pinc of a R= 30nm AuNP in PDMS illuminated by Gaussian beams
and recorded with NAd = 0.75 for varying maximum multipole orders nmax = {1, . . . ,10,15,20,30,40,50}.
a) Wavelength l = 635nm, w0 = 315nm and kw0 = 4.6. The inset shows the convergence at zp =
{0, 4.00µm, 1.5µm} b) Wavelength l = 532nm, w0 = 330nm and kw0 = 5.7. c) Rel. scatter signal con-
tributions at zp =  400nm: Isca (q) (blue), Iext (q) (red), Isca (q)+ Iext (q) (black). The extinction contribution
is shown for nmax = 1, . . . ,9. d) Same as c) but at zp =  1.5µm and nmax = 1, . . . ,15. e) Same as a) but for
NAd = 0.05 and f) Same as c) but for NAd = 0.05 and at zp = 0.4µm.
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7.5.12 Further evaluations in the GLMT framework
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Figure 7.9: Axial scatter signal scans DPd (zp)/Pinc computed with Eq. 4.3 for Gaussian illumination and
radii R = {10nm,30nm,50nm,100nm} (left to right). Parameters are: a-d) NAd = 0.1, beam waists
w0 = 281l/ [635nm]. e-h) NAd = 0.3, beam waists w0 = 281l/ [635nm]. i-l) NAd = 0.3, beam waists
w0 = 500l/ [635nm].
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Figure 7.10: PT signal decomposition in the GLMT framework for a R = 10nm AuNP in PDMS. Laser-offset
Dz f = 0. a,b,c) Numerical detection aperture NAd = 0.75 (the corresponding collection angle qmax is marked
by a dashed line enclosing the grey area). Decomposition of DT -scans of the rel. PT signal DPd/Pinc (black)
into DPsca/Pinc (blue) and DPext/Pinc (red) at various axial coordinates. The dashed black (grey) lines on the
DT -axis indicate the temperatures DT = {(7.14K),(71.4K),143K} which occur at zp ±0.3µm for scans with
DT = {(10K),(100K),200K} at zp = 0. The insets show such a F(zp)-scan for DT = 200K with a dashed line
indicating the axial position of the DT -scan. The white dashed lines superposed on the plot in a) are polynomial
fits (see text). d,e,f) Numerical detection aperture NAd = 0.1. g,h,i) Corresponding angular signature of the
difference of the integrands of Dssca (qmax) (Eq. 4.14) and Dsext (qmax) (Eq. 4.15) at the axial coordinates (top)
and with DT = 200K. The insets show the result of integration of the integrand times psin(q)/k2 up to some
qmax, i.e. Dssca (qmax) and Dsext (qmax) in [nm2]. The right axis show the incidence term (grey lines), i.e. the
integrand and the integral of sinc (qmax) (Eq. 4.9).
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Figure 7.11: Phenomenology of a ball lenses of various radii (polystyrene, nBL = 1.59 interacting with a
Gaussian beam (l = 532nm, w0 = 250nm, divergence angle qdiv = 29  in water nm = 1.33. a) Axial scans




/|Einc|2 as collected in forward direction (NAd = 0.1. The solid-
dashed black lines shows the result for a constant nBL = 1.59, while the solid black line (filled to zero) assumes




. The solid-dashed and
solid green lines show the corresponding results for the ABCD lens approximation 2zp/ fBL. b) Angular signal
decomposition of the rel. difference signal into scattering (blue), interference (red) and the total difference
signal (black). The axial particle coordinate is zp =  zR. c) Corresponding integrated cross-sections ssca (q),
sext (q) and their sum (black and filled to zero). d) Corresponding refractive index contrast plots of the rel.
difference signal as obtained for NAd = 0.1.
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Figure 7.12: a) Near field plots of the (logarithm of the) total field |Etot|2 for AuNPs of radii R =
{30nm,100nm,500nm} (left to right) interacting with a Gaussian beam (l = 635nm, w0 = 281nm) in PDMS
nm = 1.46. b) Near field of the (logarithm of the) total and scattered fields |Etot|2 and c) |Esca|2 AuNP
R = 500nm in water nm = 1.33 interacting with a plane wave of wavelength l = 532nm. Dielectric con-
stant for the plane wave illumination was assumed to be that of gold for 635nm for easier comparison. This
corresponds to the physical situation of an actual AuNP when the length-scale is stretched by a factor 1.2 since
GLMT only depends on the unit less quantity x = kR. d) Shows an axial scan of |Etot (z) |2 through b). The
fitted exponential decay (white dashed line) over 16 orders of magnitude has a characteristic decay-length of































Figure 7.13: Fit parameters of the rel. PT signal scans of Fig. 4.28. a) Normalized axial position of the positive
peak zp (max)/zR,d . b) Normalized lateral width of the PT signal at the positive peak position wr,+/wr,eff.
c) Normalized axial signal shape fit parameter z0/wz. d) Normalized axial position of the negative peak
zp (min)/zR,d . e) Normalized lateral width of the PT signal at the negative peak position wr, /wr,eff. f)
Normalized axial signal shape fit parameter wz/zR,d .
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Figure 7.14: PT signal of a R = 10nm AuNP in PDMS recorded using a dynamic mode. a) The relative signal
Pd (t)/Pinc over one cycle using the full thermal wave solution n(r, t), Eq. (2.9), for Rth = {•,829nm,200nm},
NAd = 0.75. b) Same as c) but with NAd = 0.05.
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7.5.13 Diffraction model: Comparison of angular PT signal pattern to the GLMT
Fig. 7.15 shows a direct comparison of the angular spectrum as computed within the scalar diffraction
model and as computed in the vectorial GLMT model. Since the diffraction model computation is
a paraxial computation, deviations are expected for large angles q at any particle offset zp. Further,
since the GLMT model is based on the Davis beam, deviations are expected for large offsets zp. These






























Figure 7.15: Angular spectrum of the PT signal normalized to the forward direction, F(q)/F(0 ) for offsets
zp = { 0.1zR, zR, 2zR, 3zR} (black to blue) and zp = {0.1zR,zR,2zR,3zR} (black to red) for a R = 10nm
particle. The dashed lines in the plots of the diffraction model show two corresponding GLMT results for direct
comparison.
7.6 Details on geometrical optics models
7.6.1 Geometrical optics: Exact solution r (f) for |bx|< 1
The solution to the ray equation in the TL medium presented in section 4.2 relied on the assumption
that |bx| > 1, which is valid under most practical experimental conditions. However, allowing the
impact parameter to become very small, g would become imaginary. This peculiarity is due to the
presence of the attractive inverse cubic interaction term which dominates the inverse squared term at
small distances, see Eq. (4.29). Instead of Eq. (4.32), one then needs to solve a differential equation
of the form u00   c1u = c2 with positive c1. Its general solution is:
rs (f) =
ps
e1 exp(gsf)+ e2 exp( gsf)+1
, (7.35)
with the positive perturbation parameter determined by g2s = g2 and parameter ps = p. This ansatz
allows the incoming ray to have the correct distance at infinity, i.e. lim
f!p sin(f)rs (f) = b, and gives












The solution (7.35) is valid for both the attractive and repulsive case. In the former case the solution
is a mixture of the hyperbolic sine and cosine which describes trajectories approaching from infinity
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and falling within a finite time into the coordinate origin. It does so without a closest distance rm.
Both phenomena continue the limiting behavior of Eq. (4.33) where the closest approach distance
goes to zero and the scattering angle q diverges to infinity as |bx|! 1, i.e. the rays revolve evermore
vigorously around the origin, see dashed orange lines in Fig. (4.36). In the case of repulsive inter-
action the solution given above guises a solution involving only the hyperbolic cosine, equivalent to
solution (4.33) with complex argument (g) for the cosine.
7.6.2 Correspondences in photonic and partile RUTHERFORD scattering
The following table 7.2 summarizes the correspondences in ray-optical photonic and classical parti-
cle RUTHERFORD scattering. In comparison with certain results of the exact treatment of photonic
symbol quantity photonic scattering particle scattering
v(r) velocity n(r) v(r)
V (r) potential n20x
 1r 1 Cr 1
L angular momentum n0b mv0b
C force constant  n0RDn q1q2/ [4pe0]
E total energy n20/2 mv
2
0/2
rC closest approach (on-axis) 2x 1 C/E








































Table 7.2: Correspondence table showcasing different expressions in ray-optical photonic and classical particle
RUTHERFORD scattering.
scattering by the ideal TL n(r) = n0 +DnR/r, some remarks are in order. The discrepancy by a
factor of 2 between the expression for the distance of closest approach for head-on collision, rC, in
particle scattering and the exact value from Eq. (4.35) for the exact TL trajectories, rm (0) = x 1, can
be explained as follows. The difference stems from the fact that for b ! 0 the validity of the approx-
imation bx   1 and thus Eq. (4.37) breaks down and instead, Eq. (4.33) and (7.35) are strictly valid.
The same argument explains the difference between the specific closest distances rmin (b) and rm (b)
for individual trajectories with a finite impact parameter. For the repulsive case (Dn < 0), Eq. (4.29)
shows an additional attractive inverse radius-cubed interaction resulting in a closer approach. Solving
Eq. (4.35) without such a term yields the photonic RUTHERFORD rmin (b)-value listed in Table 7.2.
The exact trajectories will thus penetrate the classical RUTHERFORD shadow region246, 247 given by
the paraboloid of revolution rs = 4x 1/ [1  cos(f)]. For large impact parameters or a weak TL with
bx   1 the two expressions coincide and the GOA shadow region behind a typical thermal lens may
therefore be determined from the RUTHERFORD scattering expression rs for the shadow region.
7.6.3 On the difference in the definition of optical energy
Typically,138, 140 it is stated that the parametrization condition of ”F=ma” optics, Eq. (2.46), in the
form of 12 |r
0|2   12 n
2 = 0, corresponds to the total energy analog, comprised of a kinetic energy term
1
2 |r
0|2 and a potential energy term   12 n
2, and thus that a given optical problem would be equivalent to
the mechanical scenario at zero energy E = 0. However, due to the inclusion of the additional constant
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shift +n20/2 of the potential energy scale in V , necessitated by including n0 in the refractive index
profile Eq. (??), one finds that in this case the mechanical zero-energy scenario does not represent
the optical problem at hand (cf. footnote 15 of the Evans et al. ”F=ma”-optics138). Indeed, the
parabolic unit-eccentricity orbits of zero-energy particle scattering was not the found (approximate)
solution. Here, 12 |r
0|2 +V   n20/2 = 0 and E is to be identified with the first two terms yielding the
mechanical total energy analog E = n20/2. Thus, only the unbound (hyperbolic) trajectories from
classical celestial mechanics or RUTHERFORD scattering are attainable for n0 6= 0 and n0 being a
real-valued number corresponding to a transparent medium.
7.6.4 Ray-optics photothermal signal
This brief section gives an expression for the rel. PT signal as it would be obtained for an ideal thermal
lens in a ray optics picture of a focused Gaussian beam. This model is bound to fail as the diffraction














condition, from the sketch and from the definition of the numerical aperture NAd of the detection lens







! b = sin(a)zp, n0 sin(amax) = NAd , aout = ain ±q (7.37)
To obtain an expression for the rel. PT signal, the power P(r) of a gaussian beam of beam-width w0
contained within a radius r and the corresponding angle a is used in the far-field, see section 4.1.2.











wherein acrit solves the transcendental equation




Expanding sin(acrit) around amax in the transcendental equation for the critical collection angle
acrit ⇡ amax one may find the approximate expression













Insertion of eqn. (7.40) into eqn. (7.38) yields unphysical results due to the 1/pzp divergence of acrit
for vanishingly small particle offsets zpx ⌧ 1. Hereby a divergence of the rel. PT signal would be
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predicted by this pure ray-optics treatment. It also shows the monotonic behavior of the pure ray-
optics calculation of the photothermal signal which is a consequence of the missing optimal distance
where the lens is probed by the actual diffraction-limited focus. Instead, ray-optics predicts a better
probing, and thus larger signal, the closer the infinitely sharp ray-optics focus gets to the thermal lens.
7.6.5 Thick lens raytracing and the equivalent lens shape for a given aberration
This section provides the means to approximately determine a thick weak lens profile to mimic the
optical properties of an inhomogeneous radially symmetric lens with some aberration f (b), that
is with some given dependence of the focal length f on the distance b of the incident ray to the
optical axis. As stated before, the thermal lens may be viewed as a divergent lens having a spherical
aberration. For a weak lens there will be a simple symmetric lens which behaves asymptotically just
like the thermal lens for paraxial rays. Here, the refractions are described by SNELL’s law relating
the angles ai which they enclose with the surface-normals. Using successive ray-tracing across the







For the weak thermal lens we had the quadratic focal length dependence f ⇡ b2x/2. Together with
the above result a differential equation for the thickness function z(b) can now be stated:




Thus, for large impact parameters bx   1 the following lens profile mimmicks a thermal lens: z(x) =
x
 1 (n 1) 1 log(xC1) +C2. A specific realization of such a lens was simulated and is depicted
in Fig. 7.17a) in a 2D accurate thick-lens ray-tracing. Fig. 7.17b) shows the actual dependence of
the focal length f on the impact parameter for this rigorous non-paraxial ray-tracing. For large
impact parameters a power-law fit (red dashed line) revealed a dependence as µ b1.91, which indeed
approximates the paraxial dependence f µ b2 for which the lens was designed for. A proper 3D
rendering further gives a realistic view on such a constant refractive index lens which is equivalent to
the TL, see Fig. 7.17c). If the first interface is kept flat, i.e. a plano-convex or a plano-concave lens
is considered, one finds twice the focal length (half the focusing power) as compared to the above
expression 7.41. In general, in order to obtain a relationship of the focal length f and the impact
parameter b of the kind f µ ba one needs a lens-thickness function which fulfills the differential
equation z0(b) = b1 a.
The jello lens Ref. [349, 8.19] combined with the above results gives an easy instruction of how to
create a divergent lens with f µ b3. While the TL has a characteristic aberration as f µ b2, the optical
distortion will be similar in this case. By putting a metal sphere of mass m which approximates a
point-like force Fz = mg onto a cube of jello a radially symmetric vertical surface displacement field






! z(b) = uz (b) µ
1
r





The lensing effect and the emerging shadow behind a homogeneously illuminated jello cube of this
kind then resembles the thermal lens. An experimental demonstration using supermarket jello left
cooling in a CD-box validated this picture and may serve as a quick demonstration of PT microscopy
if an oscillating point-stress is applied to the jello surface and the resulting modulated intensity change
behind the lens is observed.














Figure 7.17: a) Thick-lens ray-tracing of a lens with n = 1.5 in air with variable thickness d (r) =
1+ 0.5ln(3r+1). b) Focal length dependence f (b) via thick-lens ray-tracing. Red dashed line shows fit
f = 2.44⇤b1.91. c) 3D ray-tracing of the same lens. d) Experimental image taken through a macroscopic TL
medium, with f µ b2. e) Reference image taken through the medium without heating.
7.7 Thermal lens around a wire of radius R
Instead of a spherical heat source, a line-heat source may approximate an experiment situation. As
usual, k is the thermal conductivity of the medium, Q = [P/ly]d(x)d(z) the amount of heat per unit
time and volume generated, ly   lx and ly   R. Solving the steady state heat conduction equation




























where cylindrical coordinates have been used and r2 = x2 + y2. The resulting thermal lens is then
given by
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7.8 Twin-PhoCS: Graphic illustration of the CCF integrand
The behavior of the cross-correlation function G+ CCF (t) may be best understood by visualizing the
axial part of the integral (2.94) with Fa = F+ and Fb = F , see Fig. 7.18. The map of the integrand
after a finite time t has negative values in the integration domain of the upper left one lower right
quadrant. The entire integrand’s evolution with time is illustrated for different times t/tD, while the
evolution of the upper left quadrant in the integration domain for the cross-correlation is depicted in
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